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REPFACE. 


In offering to students and teachers a new edition of 
the Elements of Euclid, it will be proper to give some ac- 
count of the plan on which it has been arranged, and of the 
advantages which it hopes to present. 

Geometry may be considered te form the real founda- 
tion of mathematical instruction, It is true that some 
acquaintance with Arithmetic and Algebra usually precedes 
the study of Geometry; but in the former subjects a begin- 
ner spends much of his time in gaining a practical facility 
in the application of rules to examples, while in the latter 
subject he is wholly occupied in cxercising his reasoning 
faculties. 

In England the text-book of Geometry consists of the 
Elements of Euclid; for nearly every official programine of 
instruction or examination explicitly includes some portion 
of this work. Numerous attempts have becn made to find 
an appropriate substitute for the Elements of Euclid; but 
such attempts, fortunately, have hitherto been made in 
rain. The advantages attending a common standard of 
reference in such an important subject, can hardly be over- 
estimated ; and it is extremely improbable, if Euchd were 
once abandoned, that any agreement would exist as to the 
author who should replace him, It cannot be denied that 
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defects and difficulties occur in the Elements of Euclid, and 
that these become more obvious as we examine the work 
more closely; but probably during such examination the 
conviction will grow deeper that these defects and diffi- 
cultics are due in a great incasure to the nature of the 
subject itself, and to the place which it ocenpies in a course 
of education; and it may be readily believed that an equally 
minute criticism of any other work on Geometry would 
reveal more and graver blemishes. 

Of all the editions of Euclid that of Robert Simson Ins 
been the most extensively used in’ Englind, and the pre- 
sent edition substantially reproduces Simson’s; but his 
translation has been carefully compared with the original, 
and somo alterations have been made, which it is hoped 
will be found to be improvements. These alterations, how- 
ever, are of no great Importance; most of them have been 
introduced with the view of rendering the language more 
uniform, by constantly using the same words when the 
same meaning is to be expressed. 

As the Elements of Euclid are usually placed in’ the 
hands of young students, it is important to exhibit the work 
in such a form as will assist them in overcoming the diffi- 
eulties which they experience on their first introduction to 
processes of continuous argument. No method appears to 
be so useful as that of breaking up the demonstrations into 
their constituent parts; this was strongly recommended 
by Professor Do Morgan more than thirty years ago as a 
suitablo exercise for students, and the plan has been adopt- 
ed moro or less closely in some modern editions. An ex- 
ecllent example of this method of exhibiting the Elements 
of Euclid will be found in an cdition in quarto, published 
at the Hague, in the French language, in 1762. Two per- 
sons are nanicd in the title-page as concerned in the work, 
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Koenig and Blassicre. This edition has served as the 
model for that which is now offered to the student: somo 
slivht modifications have necessarily been made, owing to 
the difference in the size of the pages. 

It will be perceived then, that in the present edition 
each distinct assertion in the argument begins a new line; 
and at the ends of the lines are placed the necessary refer: 
ences to the preceding principles on which the assertions 
depend. Moreover, the lonzer propositions are distributed 
into subordiniute parts, which are distinguished: by breaks 
at the beginning of the lines. 

This edition contains all the propositions which are 
usually read in the Universities, After the text will be 
found a selection of notes; these are intended to indicate 
and explain the principal difficulties which have been 
noticed in the Elements of Euclid, and to supply the most 
importiut inferences which can be drawn front the propo- 
sitions. ‘Ihe notes relate to Geometry exclusively; they 
do not introduce developments involving Arithmetic and 
Algebra, because these latter subjects are always studied 
in special works, and because Geometry alone presents sul- 
ficient matter to occupy the attention of carly students, 
After some hesitation on the point. all remarks relating to 
Logic have also been excluded. Although the study of 
Logic appears to be reviving in this country, and may 
eventually obtain a more assured position than it) now 
holds ina course of liberal education, yet at present few 
persons tuke up Logic before Geometry; and it sxecms 
therefore premature to devote space to a subject which will 
be altogether unsuitable to the majority of those who use a 
work like the present. 

After the notes will be fonnd an Appendix, consisting of 
propositions supplemental to those in the Llements of 
Euchd; it is hoped that a judicious choice hus been made 
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from the abundant materials which exist for such an Ap- 
pendix, The propositions selected are worthy of notice on 
various grounds; some for their simplicity, some for their 
value us geometrical facts, and some as being problems 
which may naturally suggest themsclyes, but of which the 
solutions are not very obvious. 

The work finishes with a collection of exercises. Geo- 
metrical deductions afford a most valuable discipline for a 
student of mathematics, especially in the earlier period of 
his course; the numerous departments of analysis which 
subsequently demand his attention will leave him but little 
tine then for pure Geometry. It scems however that the 
habits of mind which the study of pure Geometry tends to 
form, furnish an advantageous corrective for some of the 
evils resulting from an exclusive devotion to Analysis, and 
it is thorefore desirablo to engage the attention of begin- 
ners with geometrical exercises. 

Many persons whose duties have rendered them familiar 
with the examination of large numbers of students in 
elementary mathematics have noticed with regret the 
frequent failures in geometrical deductions, Several col- 
lections of exereises ready exist, but the general com- 
plaint is that they are too difficult. Those in the present 
volume may be divided into two parts; the first part con- 
tains 440 exercises, which it is hoped will not be found 
boyond the power of carly students; the second part consists 
of the remainder, which may be reserved for practice at a 
later stage. ‘These exercises have been principally selected 
from College and University examination papers, and have 
been tested by long experience with pupils. It will be seen 
that they are distributed into sections according to the 
propositions in the Elements of Euclid on which they chiefly 
depend. As far as possible they are arranged in order of 
difficulty, but it must sometimes happen, as is the case 
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in the Elements of Euclid, that one example prepares 
the way for a set of others which are much easier than 
itself. It should be observed that the exercises relate to 
pure Geometry; al examples which would find a more 
suitable place in works on Trigonometry or Algebraical 
Geometry have been carefully rejected. 

It only remains to advert to the mechanical exceution 
of the volume, to which great attention has been devoted, 
The figures will be found to be unusually large and dis- 
tinct, and they have been repeated when necessary, so that 
they always occur In inmediate connexion with the corre- 
sponding text. The type and paper have been chosen so 
ax to render the volume as clear and attractive as possible. 
The design of the editor and of the publishers has been to 
produce a practically useful edition of the Klements of 
Euclid, at a moderate cost ; and they trust that the design 
has been fairly realised. 

Any suggestions or corrections relating to the work 
will be most thankfully received. 


I. TODUUNT ER, 


St Joun’s CoLurGcse, 
October 1862. 


. KUCLIDS ELEMENTS. 


BOOK 1, 
DEFINITIONS, 
1 A pois is that which has no parts, or which has no 
magnitude. 
2, A line is length without breadth. 


3. The extremitics of a line are points, 


4, A straight line ig that which lies evenly between 
its extreme points, 


5. A superficios is that which has only length and 
breadth. 


6. The extromities of a superficies arc lincs. 


7. <A plane superficies is that in which any two pointe 
being taken, the straight line between them lics wholly in 
that superficies, 


8. A plane angle is the inclination of two lines to one 
another in a plane, which mect together, but are not in the 
saine (lirection, 

4 
I 
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9. A plane rectilineal angle is the inchnation of two 
straight lines to one another, which meet together, but are 
not in the same straight line. 


Note. When several angles are at one point #4, any 
one of them is expressed by three letters, of which the 
letter which is at the vertex of the angle, that is, at the 
point at which the straight lines that contain ‘the angle 
meet one another, is put between the other two letters, 
and one of these two letters is somewhere on one of 
those straight lines, and the other letter on the other 
straight line. hus, tho angle which is contained by the 


, yo : : ms 


straight lincs AB, CB is named the angle 4 BU, or CBA ; 
the angle which is 

is named the angle ABD, or DBA; and the angle which 
is contained by the straight lines DB, C2 is named the 
angle DBC, or CBD; but if there be only one angle at a 
point, it may be expressed by a letter placed at that point; 
as tho anglo at £. 


10. When a straight line standing 
on another straight line, makes the adja- | 
cent angles equal to one another, each of 
the angles is called a right angle; and 
the straight line which stands on the 
other is called a perpendicular to it. i. 


. uae An obtuse rie is that which a 

is greater than a right angle. a 
ate, 

_ 12. An acute angle is that which \ 

is less than a right angle. 


DEFINITIONS. 3 
13. A term or boundary is the extremity of any thing. 


14. A figure is that which is onclosed by one or more 
boundaries. 


oy 

15. A circle is a plane figure | 
contained by one line, which is 
“dled the circumference, and is | \ 
such, that all straight Jines drawn ape OR ee ae 
from a certain point within the \ 
figure to the circumference are 
equal to one another : 


16. And this point is called the centre of the circle. 


17. A diameter of a circle is a straight line drawn 
through the centre, and terminated both ways by the cir- 
cunference. 


[A radius of a circle isa straight line drawn from the 
centre to the circumference. | 


1s. A semicirele is the figure contained by a diameter 
and the part of the circumference cnt off by the dinudeter. 


19. A segment of a circle is the figure contained by a 
straight line and the circmaference which it cuts off, 


20. Rectilineal figures are those which are contained 
by straigzht lines: 
21. Trilateral figures, or triangles, by three straight 
Hines: 


22. Quadrilateral figures by four straight lines: 


23. Multilateral figures, or polygous, by more than 
four straight lines. 


24. Of three-sided figures, Va 


An equilateral triangle is that which 
has three equal sides: 
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25. An isosceles triangle is that 
which has two sides equal: 


26. A scalone triangle is that 
which has threo uncqual sides: 


27. A rvight-augled triangle is that 
which has a right angle: 
[The side opposite to the right 
angle in a right-angled triangle is fre- 
quently called the hypotenuse. | 


28. An obtusc-angled trianglo is 
that which has an obtuse angle : 


29. An acute-angled triangle is 
that which has three acute angles. 


Of four-sided figures, 


30. A square is that which has 
all its sides oqual, and all its angles 
right angles : 


31. An oblong 1s that which has 
all its angles right angles, but not all 
ita sides equal : 


32. A rhombus is that which has 
all its sides equal, but its angles are 
not right angles : 
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33. A rhomboid is that which has a 
its opposite sides equal to one another, a 
but all its sides are not equal, nor its ; ie 
angles right angles : ae 


34. All other four-sided figures besides these are 
called trapeziums. 


35. Parallel straight lines aro such wane oe 
as are in the same plane, and which 
being produced ever so far both ways = 
do not meet. 


[Note. The terms oblong aud rhomboid are not often 
used. Practically the following definitions are used. Any 
four-sided figure is called a guadrilateral. A line joming 
two opposite angles of a quadrilateral is called a diagonal. 
A quadrilateral which has its opposite sides parallel is 
called a parallelogram, The words square and rhombus 
are used in the sense defined by Euclid; and the word 
rectangle is used instead of the word oblong. 


Nome writers propose to restrict the word (rapezium 
to a quadrilateral which has two of its sides parallel ; and 
it would certainly be convenient if this restriction were 
universally adopted. | 


POSTULATES. 


Let it be granted, 


1. That a straight line may be drawn from any one 
point to any other point : 


2. That a terminated straight line may be produced to 
any length in a straight line : 


3. And that a circle may be described from any centro, 
‘at any distance from that centre. 
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AXIOMS. 


1, Things which are equal to the same thing are equal 
to one another. 


2. If equals be added to equals the wholes are equal. 


3. If equals be taken from equals the remamders are 
equal, 


4. If equals be added to unequals the wholes are 
unequal, 


5. If equals be taken from unequals the remainders 
are uncqual. 


6G. Things which are double of the same thing are 
equal to one another. 


7. Things which are halves of the same thing are 
equal to one another. 


S$. Magnitudes which coincide with one another, that 
is, which exactly fill the same space, are equal to one 
another. 


9, The whole is greater than its part. 
10. Two straight lines cannot enclose a space. 
11. All right angles are equal to one another. 


12. If a straight line mect two straight lines, so as to 
make the two interior angles on the same side of 1t taken 
together less thnn two right angles, these straight lines, 
being continually produced, shall at length mect on that 
side on which are the angles which are lcss than two right 


angles, ‘ 


PROPOSITION 1. PROBLEM. 


To describe an equilateral triangle on a given finite 
straight line. 


Let AZ be the given straight line: it is required to 
describe an equilateral triangle on AZ, 


ane eon 
Si. = 
/ Fe ia \ ~ 
fie .\ 
(D ‘ —— ‘g : 
\ ‘A fe 
Ns 


From .the centre A, at the distance AZ, describe tho 


circle BCD. [ Postulate 3, 
From the centre B, at the distance BA, describe theo 
circle AACE, [Postulate 3. 


From the point Cat which the circles cut one another, draw 
the straight lines CA and CB to the points A and B. [Post. 1. 


ABC shall be an equilateral triangle. 
Because the point 4 is the centre of the circle BCD, 


AC is equal to AB. [Definition 15. 
And because the point B is the centre of the circlo ACE, 
BC is equal to BA. _ [Definition 15. 


But it has been shewn that C.1 is equal to 4B; 
therefore CA and CB are each of them equal to AB. 


But things which are equal to the same thing are: equal to 
one another. [Axiom 1. 


Therefore CA is equal to CB. 

Therefore CA, AB, BC are equal to one another. 
Wherefore the triangle ABC is equilateral,  [Def. 24. 

and it is described on the given straight line AB. Q£.¥. 
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PROPOSITION 2. PRORLEM. 


Froma given point to draw a straight line equal tu a 
given straight line. 
Let A be the given point, and BC the given straight 
line: it is required to draw from the point A a straizht 
line equal to BC. 


From the point A to Bdraw 


the straight line AB; [Post. 1. an 

and on it describe the equi- 7 = 
lateral triangle DAB, — [I. 1. aw 

and produce the straight lines NS 

DA, DB to Fand FL [Post. 2. cae (oom 4 Th. } 
From the centre 2, at the dis- NA B, fe ae 
tance BC, describe the circle “SG ee . 


CCH, meeting DF at G. [Post. 8. ! 
From the centre ), at the dis- 
tance DG, describe the circle Ee 
GKL, mecting DF at L. (Post. 3. 
AJ, shall be equal to BC. 

Because the point B is the centre of the circle CG/Z, 


BC is equal to BG. [Dupinition 1h, 
And becauso the point D is the centre of the circle GAZ, 
DL is equal to DG ; [Definition 15, 
and DA, DZ parts of them are equal ; [Definition 24. 
thereforo the remainder AZ is equal to the remainder 
BG. [Axiom 8. 


But it has been shewn that BC is equal to BG ; 
therefore 4 Z and BC are each of them equal to BG. 


But things which are equal to the same thing are equal tu 
one another. [Axiom 1. 


Therefore AZ is equal to BC. 
Wherefore from the giren point Aa sti eight line AL 
has been dr aren equal to the given straight line BC. Q.¥.P. 
PROPOSITION 3. PROBLEM. 


From the greater af two giten straight lines to cut off 
a part equal to the lese. = 


Let AB and C be tho two given straight lines, of which 
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AB is the greater: it is required to cut off from AB, tho 
greater, a part cqual to C' the less. 


From the point A draw 





the straight line AD equal Ye 

to C; [I. 2. e - 

and from the centre 4, at : f ; 
the distance A/), describe COA c 2B 
the circle DEF meeting 4B 

at 2: [ Postulate 3. "Rho. oO 


‘tweets e 


AL shall be equal to ¢ 
Because the point of is the centre of the circle DEF, 


AF is equal to £2). [ Definition 15. 
But Cis equal to AD, [ Construction. 
Therefore «LH and Caro each of them equal to 4D. 

Therefore A # is equal to C, — [Axiom 1. 


Wherefore from AB the greater of two given straight 
lines a part AE has been ent off equal to C the leas, Quer. 


PROPOSITION 4. THEOREM. 


Tf two trianales have tico sides of the one equal to two 
sides of the other, each to each, aud hare also the angles 
contained by those sides equal to’one another, they shall 
also have their bases or third sides equal; and the two 
triangles shall be equal, and their other angles shall be 
equal, each to each, namely those to which the equal sides 
are opposite, 

Let ABC, DEF be two triangles which have the two sides 
AB, AC equal to the two sides DL, DJ’, cach to each, nanicly, 
AB to DE, and AC to 
DF, and the angle BAC A. D 
cqual to the angle BD /': ie 5 
the base BC'shall be equal Ie : 
to the base LF, and the i . 
triangle ABC to the tri- | % . 
angle DES, and the other | ‘ 3 
anglesshall beequal,cach y-- = GQ pet hs 
to each, to which the equal : 
sides are opposite, namely, the angle APC to the angle 
DEF, and the angle 4C% to the angle DEF. 
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For if the triangle A BC be applied to the triangle DEF, 
go that the point A may be on the point 7, and the 


straight line A on the re es 
straight line M#, the es . 


point 2 will coincide with 
the point 4, because AB 








isequal to DEL [/yp. | . t 

And, 48 coinciding with ‘ i a 
DE, AC will fall on DF = eae C 
because the angle BAC = & C F 
is equal to the angle ADF, © = [Hypothesis 
Therefore also the point C will coincide with the point F, 
because AC is equal to DF, [ Mypothesis, 


But the point B was shewn to coincide with the point £, 
therefore the base BC will coincide with the base “F'; 
because, 2 coinciding with // and C with F, if the hase BC 
devs not coincide with the base ZF, two straight lines will 
enclose a space ; which is impossible. [Axriom 10, 
Therefore the base BC coincides with the base £F, and is 
equal to it. [lawton &, 
Therefore the whole triangle .1 BC coincides with the whole 
triangle DEF, and is equal to it. [Ariom 8. 
And the other angles of the one coincide with the other 
angles of the other, and are equal to them, namely, the 
angle AC to the angle DEF, and the angle {CB to tho 
angle DFE. 
Wherefore, if tico triangles &e. QED, 


PROPOSITION 5, THEOREM, 


The angles at the base of an tsoseel:s triangle are equal 
fo one another; and tf the equal sides he produced the 
angles on the other side of the base shall be equal to one 
another. 


Let ABC be an isosceles triangle, having the side AB 
equal to tho side .1C, and let the straight lines 4B, AC 
be produced to D and £: the angle ABC shall be equal to 
the angle .4CB, and the angle CBD to the angle BCE. 

In BD take any point F, 
aud from 4 £ the greater cut off 4G equal to.A F the less, [1.3. 


BOOK LI. 5. It 


and join FC, GB. 

Because A Fis equal tod G, [Constr 
and AB to AC, [Mupothests, 
the two sides Ff, Care equal to the 
two sides Gul, AB, each to cach: and ! \ 
they contain the angle /4@ common Bie 
to the two triangles AFC, AGB; —_— \ 
therefore the base #’°C is equal to the a 
base G2, and the triangle -LFC to "\ 
the triangle -1G@ 2, and the remaining / \ 
angles of the one to the remaining —, f 
anyles of the other, each to each, te 2 ki 
Which the equal sides are opposite, 
namely the angle AC?’ to the angle ABC, and the angle 


. > Pp 


AFC to the angle AGS. fl. 4. 
And beeanse the whole 4" is equal to the whale AG, 
of which the parts .12, 210 are equal, [| Mupothects 


the remainder 3/18 cqual to the remainder CG). [Acton 2. 
And FC! was shewn to be equal to G2 ; 
therefore the two cides BF, #C are equal to the two sides 
CG, OB, each to each; | 
and the angle BC was shewn to be equal to the angle CGB ; 
therefore the triangles BEC, CAB aro equal, and their 
other angles are equal, each to cach, to which the equal 
sides are opposite, namely the angle FBC to the angle 
GC2, and the angle BCF to the angle CBC, (Tr. 4, 
And since it has been shewn that the wholv angle 4 2! 
is cyqual to the whole angle ACL, 
and that the parts of these, the angles CBG, BOCK are also 
equal ; 
therefore the remaining angle ABC is equal to the remain- 
ing angle ACB, which are the angles at the base of the 
triangle ABC. [A.riom 3. 
And it has also been shewn that the angle FBC is 
equal to the angle GC, which are the angles on the other 
side of the base. 


Wherefore. (he angles &c. QED. 


Corollary. Ticnce every equilateral triangle is also 
equiangtlor, 
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PROPOSITION 6. THEOREM. 
If to angles of a triangle be equal to one another, the 


sides alao which sublend, or are oppo- A 

site to, the equal angles, shall be equal /\ 

to one another. Dd. \ 
Let ABC bo a triangle, having the hoy 


angle ABC equal to the angle C2: the 
side AC shall be equal to the side 42. 
For if AC bo not equal to .4 8B, one / 
of them must be greater than the other. p/ — 
Let .4 2 be the greater, and from it 
eut of DS equal to .1C' the less, [T. 3. 
and join DC 
Then, because in the triangles DBC, ACB, 
DR is equal to AC, (Construction. 
and BC ia common to both, 
tho two sides DL, BC aro equal to the two sides AC, CB, 
cach to each ; 
and tho angle DC is oqual to tho anglo CA; [ Hypothesis, 
therefore the base DC is equal to the base AB, and the 
igle DBC is cqual to the triangle ACR, {1. 4. 
© leas to tho groater; which is absurd. [Axiom 9. 
Thereforo .4 B is not uncqual to AC, that is, it is equal to it. 
Wherefore, {/ tiro angles &c. Quy. 
Corollary. Hence every equiangular triangle is also 
equilateral. = 7 
PROPOSITION 7. THEOREM. 


On the same base, and on the same side of it, there can- 
not be two triangles hacing their 
aides which are terminated at one Go Dp 
artremity of the base equal ty one x ~ 
another, and likewise those echich a 
are terminated at the other er- ma 
tremity. / a‘ 


If it be geome on the same , 
base AB, and on the same side of E 
it, let there be two triangles .4CB, 
ADB, having their sides CA, DA, 
which are terminated at the extremity 4 of the base, equal 
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to one another, and likewise their sides CB, DB, which aro 
terminated at B. 

Join CD. Inthe case in which the vertex of each tri- 
angle is without the other triangle ; 
because AC is equal to AD, [7ypothesia, 
the anglo ACD is equal to the angle 4 DC. [!. 6. 
But the angle ACD is greater than the angle BCD, [Ax. ». 
therofore the angle ADC’ is also greater than the angld 


CD; 


much moro then is the angle BDC greater than the anglo 
BCD. 


Again, because BC is equal to BD, (J/ypothesia, 
the angle BDC is equal to the angle BCD. [l. 5. 
But it has been shewn to be greater; which is impossible, 
But if one of the vertices as , 
D, be within the other trianglo i, i 
ACB, produce AC, AD WE, F. ° Cy 
\ 


Then because AC’ is equal to / \ 
AD, in the triangle ACD, [//yp- / AY 
the angles ECD, FDC, on tho | 
other side of the base CD, aro / 


equal to one another. {f. 5. f ae * 
But the-angle ECD is greator A B 
than the angie BCD, [Axiom 9, 


Peretore the anglo FDC is also greater than tho angio 
ae more then is the angle BDC greater than the angle 


Again, because BC is equal to BD, [Flypothesis. 
the angle BDC is equal to the angle BCD. (I. 5. 
Bat it has been shewn to be greater ; which is impossible. 
The case in which the vertex of one triangle is on a side 
of the other needs no demonstration. 
Wherefore, on the same base kc. QED. 
ies siesta 8 THEOREM. a 
triangles have two sides of the one equal to 
sides Of the other, each to aachy and have likewise their 
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bases equal, the angle which is contained by the treo sides 
Uf the one shall be equal to the angle which ts contaimed by 
the two sides, equal to them, of the other. 

Let ABC, DEF be two triangles, having the two sides 
AB, AC equal to the two sides DE, DF, cach to cach, 
namely AB to DE, and AC to DF, and alsu the base BC 
equal to the base EF’; the angle /7.4( shall be equal to the 
angle EDF. 


}> 4 
A 2 G 
a | a 
| \ / XN 


7 a | 
¥ ame | +. hk } 
For if the triangle 4 BC be applied to the triafgle DEF, 


#0 that the point 2 may be on the point Z, and the straight 
line ZC on the straight line ZF, the point C will also coin- 
cide with tho point F, because BC is equal to EF. [Hyp. 
Therefore, BC coinciding with EF, BA and AC will coin- 
cide with ED and DF. 

For if the base BC coincides with the base EF, but the 
sides £.4, CA do not coincide with the sides LD, FD, but 
have a different situation as FG, FG; then on the samo 
“base and on the same aide of it there will be two triangles 
having their sides which are terminated at one extremity 
of the base cqual to one another, and likewise their sides 
which are terminated at the other extremity. 

But thisjs impossible. (I. 7. 
Therefore since the base BC coincides with the base EF, 
the sides B.A, AC must coincide with the sides ED, DF. 
Therefore aleo the angle BAC coincides with the angle 


EDF, and is equal to it. [Aziom 8. 
Wherefore, {/f tro triangles &c.  9.5D. 


PROPOSITION 9. PROBLEM. 
To disect a given rectilineal angle, thai is to divide tt 
tanto two equal angles. 
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Let BAC be the given rectilincal 
angle : it Is required to bisect it. 

Take any point D in AB, and 
from AC’ cut off AX equal to 
AD; LI. 3. 
join DE, and on DE, on the sido 
remote from A, deseribe the equi- 





lateral triangle DEF. (i. 1. 
Join AF. The straight line A’ shall bisect the angle 2). 10a 
Becauso A 7) is equal to AE, fe ‘nnatruction, 


and 4 F' is common to the two triangles DAF, £A F, 
the two sides DA, AF aro equal to the two sides EA, AF, 
cach to each ; 
and the base Ji is equal to the base BF; [Definition 24, 
therofore tho angle 1A F is equal to the angle HAF. [1. 8, 
Wherefore the giren rectilincal angle BAC ta bisected 
by the straight line AF. QEF. 
PROP@SITION 10. PROBLEM. 

T» bisect a given finite straight line, that ta to dirtde it 

info two equal parts, 


Let AB bo the given straight ‘ 
line : it is required to divide it into 
itwo equal parts, \ 
, Describe on it an equilateral 

gle 4 BC, (t. 1. 
d bisect the angle ACB by the a 

ima line CD, meeting AB at 
wo. 1. 9. 
AB shalt be cut into two equal parts at the point DV. 

Because AC is equal to CB, [ Definition 24, 


and CD is common to the two triangles ACD, BCD, 
the two sides AC, CD are equal to the two sides BC, CD, 
each to each ; 


and the angie ACD is equal to the angle BCD;  [Constr. 
therefore the base AD is equal to the base DB. (. 4. 


Wherefore the giren straight line AB is divided into 
hen equal parte at the point D. Q.E.F. 
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PROPOSITION 11. PROBLEM. 
To draw a atraight line at right anglea to a gicen 


straight line, from a given Fr 
point tn the same, ) 
let AB be the given py 
straight line, and ( the given an 
point in it: it is required to _ 
draw from the point Ca We | 
Straight line at right angles Reo, Aer Tc, eee 
“ea 4B. A OD C | S| 
Take any point 7 in AC, and make CF equal to CD. [1 3. 
On DE describe the equilateral triangle JL/, [f., 
and join CF. : 


The straight line C7 drawn from the given point C shall 
be at right angles to the given straight line 42, ; 
Because 2C is equal to CE, [ Conatruction, 
and CF’ is common to the two triangles DCF, ECF; 
the two sides DC, CF are equal to the two sides ZC, CF, 
each to each ; 
and the base DF’ is equal to the hase EF’; [Definition 24. 
therefore tho angle YCF is equal to the angle ECF; [1. 8. 
aml they are adjacent angles. 
But when a straight lino, standing on another straight 
line, makes the adjacent angles cyual to one another, cach 
of the angles is called a right angle ; [Definition 10. 
therefore cach of the angles DC'F, ECF is a right angle. 
Wherefore from the giren point Cin thegiven straight 
line AB, CF is been draven at right angles to AB. one 
. Corollary. By the help of this pcoblem it may be shewr 
that two straight lines cannot : 
have a common scgment. 
ezaight Eines d BC 2.0 
two tlines 4 BC, AB 
have the segment AB com- 


E 
! 
} 
mon to both of them. | ts 
From the point 2 draw ee ee 
BE 2 right angles to A 28. G 

Then, bocguse AAC is a straight line, (Hypothesis, 


the angle CBE is equal to the angle EBA. — [ DeKaition 10. 


a 


* oe (4 
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Also, because ABD is a straight line, [ Hypothesis. 

the angle DBE is equal to the angle EBA. 

Therefore the angle DBE is equal to tho angle CBE, [Az. 1. 

the less to the greater; which is impossible. [Ariom 9: 
Wherefore ttey straight lines cannot have a common 

seginent, 


PROPOSITION 12. PROBLEM. 

To draw a straight line perpendicidar to a giren 
straight line of an unlimited length, from a gicen point 
without it. 

Let AB be the given straight line, which may be pro- 
duced to any length both ways, and let C be the given point 
Without it: it is required to draw from the point C a 
straight line perpendicular to AB, 

Take any point Don C 
the other sido of A, and on 
from the centre C, at the 
distance (D, describe the . 5 
circle EGF, mecting AB at \ ’ \ Pa 
F and G. [Poatulate 3. ce Lane oe 
Bisect FG at //, (I. 10. re ae 
and join C77. 

The straight line C/7 drawn from the given point 0 
shall be perpendicular to the given straight linc 4 JZ. 

Join CF, CG. | 

Because F/f is equal to HG, {Coustruction. 
and HC ia common to the two a FHC, GHC; 
the two sides FH, HC aro equal to the two sides GH, HC, 
each to each ; 
and the base CF is equal to the base CG; = [Definition 15. 
therefore the angle CHF is equal to the angle CHG ; [1.8. 
and they are adjacent, angles. . 

But when a straight line, standing on another cpt line, 
makes the adjacent angles equal to one another, each of the 
angles is called right e, and the straight line which 
stands on tho other is called a perpendicular to it. [Def 10. 

Wherefore a perpendicular CH has been drawn to 
the given straight line AB from the given point C with- 
out il, ORY, ‘ 


1 
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PROPOSITION 13. THEOREM. 


The angles which one straight line makes tith another 
straight line on one side of it, either are tev rightangles, 
or are together equal tu tea right angles. 

Let the straight line 4B make with the straight line 
CD, on one side of it, the angles CBA, ABD: these cither 
aro two right anglés, or are together cqual to two right 
angles. 

A E 


nme eee 


For if the angle CB.4 is cqual to the angle ABD, cach 
of them is a right angle. [Definition 10, 


But if not, from the point B draw BE at right angles to 
CD; [l. 11. 


therofore the angles CBE, EBD arc two right angles.[D¢f.10. 


N lair p. i CBE is cqual to the two 7 CBA,ABE; 
to each of these equals add the angle EBD ; 


therefore the angles CBE, EBD are cqual to the three 
angles CBA, ABE, EBD. [Aziom 2. 


aoe the angie st ia.oqual, to the two angles DBE, 


to each of these equals add the angle ABC; 
therefore the es DBA, ABC are equal to the threo 


angles DBE, ELA, ABC. [Axiom 2. 
But the angles CBE, EBD have beon shewn to be equal 
to the same three angics. 


Therefore the angles CBE, EBD are equal to the : 
DBA, ABC. a ia 


But CBE, EBD are two right angles; 
therefore DBA, ABC are together equal to two right 


Wherefore, the angle &c.  0.ED. 
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PROPOSITION 14. THEOREM. 


If, ata point ina atraight line, two other etraight lines, 
on the opposite sides of it, make the adjacent angles toge- 
ther equal to two right angles, thease tv straight lines 
shall be in one and the same straight line, 


At the point 2 in the atraight line AB, let the two 
straight lines BC, BD, on the opposite sides of AB, mako 
the adjacent angles ABC, A y together oqual to two 
right angles: BD shall be in the samostraight line with CB. 

For if BD be not in A 
the same straight line with { 

CB, let BE be in the samo : 

straight line with it. 

Then because tho straight 

line AZ makes with the f , 
straight line CBE, on one i Pees _* 
side of it, the angles ABC, = G0 
ABE, these angles are to- 

gether equal to two right angles. [¥. 13. 
But the angles ABC, ABD are also together ccjnal to two 
right angles. ! [ /ypothesis. 
Therefore the anglos ABC, ABE are equal to the angics 
ABC, ABD. ; a 
From each of these equals take away the common angle 
ABC, and the remaining angle ABE is equal to the remain- 
ing angle ABD, [Axiom 8, 
the leas to the greater; which is impossible. 

Therefore BZ is not in the same straight line with OZ. 

And in the same manner it may be shewn that no other 
can be in tho same straight line with it but BD; 
therefore BD is in the same straight linc with CB. 


Wherefore, {f at a point &c. @5.D. 


PROPOSITION 15. THEOREM. 


If two straight lines cut one another, the vertical, or 
opposite, angles shali be equal, eas 
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Let the two straight lines AB, CD cut one another at 
the point £; the angle AEC shall be equal to the angle 
DEB, and the angle CEB 
to the angle AED. 

Because the straight lino ee 
AE makes with the yh B 
lino CD the angles CEA, ~ 
AED, these angles are toge- dD 
ther equal to two right angles. [T. 13. 
Again, because the straight line 24 makes with the straight 
linc A/} the angles AED, DEB, these also aro together 
equal to two right angles. [1. 13. 
But the angles Ch, AED have been shewn to be toge- 
ther equal to two right angles. 

Therofore the angles CEA, AED are equal to the angles 
AED, DEB. 

¥rom each of theso cquals take away the common angle 
4=9), and the remaining angle (EA is equal to the re- 

_ ing angle DES. [A riom 3. 

In the same manner it may bo shewn that the angle 
CEB is equal to the angle 4 ED. 

Wherefore, ¢f ttco straight lincs &e. QB. 


Corollary 1. From this it is manifest that. if two straight 
lines cut one another, the angles which they make at the 
going where they cut, are er equal to four rightangles. 


Coro 2. And consequently, that all the angles made 
by any number of straight lines meeting at one point, are 
together equal to four right angles. 


PROPOSITION 16. THEOREM. 
Uf one side of a triangle be produc ectertor angle 
shall be greater than either of the in opposite Bs pe 

Let ABC be a triangle, and let one side BC be pro- 
duced to D: the exterior angle ACD shall be greater than 
eithor of the interior opposite angles CB.A, B.AC. 

Bisect AC at Z, [I. 10. 
join BE and produce it to F, making ZF equal to EB, (I. 3. 
and join FC. 

AE is to EC, and BEto EF; [Constr. 


Because 
the two sides 42, EB are equal to the two sides CE, EF, 
each to each ; 


ai QA 
| 
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and the angle AEB is equal to the anglo CHEF, 
because they are opposite ver- 

tical anglos ; (1. 18, x + 
therefore tho triangle .1FB 

in oqual to the triangle CEF, 


and the remaining angles to Xf, 

tho remaining angles, cach to / ef 

each, to which the equal sides ; V/ 

are opposite ; {I. 4 f; ae - a ‘ a aaeaGs 2 


therefore the angle BAE ix 

equal to the angle ECF. 

But the angle EC'/) is greater 

than the anglo ACP. (.t.rrom 9, G 

Thercfure the angle ACD is greater than tho angle BAE. 
In the same manner if BC he bisected, and the side AC 

bo produced to G, it may bo shewn that the angle BCG, 

that is tho anglo ACY, is greater than the anglo ABC. [1. 15. 
Wherefore, fone aide &e. Quen. 


PROPOSITION 17. THEOREM, 
Any teu angles of a (riangle are together leas than tice 

right angles. 

Let .1{8C be a triangle: any two of its angles are- 
together leas than two right angles. : 

Produce BC to D, a 

Then because ACD ia the exte- 
rior anglo of the triangle ABC, it 
is greater than the interior oppo- 
site angle ABC. [I. 16. ‘ 
To cach of theseadd the angleACB // -) 0 =z 
Therefore the angles AC), ACB : 
are greater than the angles 420, ACH. 
But the angles ACD, ACS are togethor equal to two right 
angles. LI. 13. 


Therefore the angles ABC, ACB are together less than 
two right angles. 

Iu the same manner it may be shewn that the angles 
BAG, ACB, as also the angles CAB, ABC, are 
leas than two right angles. 

Wherefore, any ico angles Ge. Q.¥.D. 
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PROPOSITION 18. THEOREM. 


The greater side of exggy triangle has the greater 
angle opposite to it. 

Let ABC be a triangle, of which the sido AC is greator 
than the side AB: the angle ABC is also greater than the 
angle ACB, 

Because AC is greater thin 
AB, make AD equal to 4B, [1. 3. 
and join BD. 


Thon, bocauso 4 72 is the ex- 
terior angle of tho triangle BDC, : 
it is greator than tho interior op» =[{—"—" -—@ 
posite angle DCB. (I. 16. 

But tho angle 4 DB is cqual to tho angle ABD, (l. 5, 

because tho side 4D is cqual to tho sido 4B, (Constr. 

nah the angle .18D is also greater than the angle 
UB. 

Much more then ia the angle ABO greater than the angle 

ACB. . o [4 zi mes 9. 


Wherefore, the greater side &c. QED. 


PROPOSITION 19. THEOREM, 
The greater anyle of every triangle is subtended by the 
greater side, or has the greater side opposite to it, 


i ith -. aay to} ieee the angle ABC is 
grea n tho angte : thw side .1C’ is also greater 
than the sido 4 7}. 


For if not, .1C must be either 
equal to 48 or less than 4B. AX 


But AC is not equal to .1B, i 

for then the angle 4B woul 

be equal to theangie ACB, [I.5. le ine 
but it is not; » (Hypothesis. 

thorefure AC is not oqual to 42. 

Neoithor is AC less than 4B, 


for then the angle ABC would be less than the angle 
ACB; ‘ {I. 18. 


but it is not ; [ Hypothesis. 
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therefore AC & not less than AB. 
And it has been shewn that 4C is not equal to AB. 
Therefore AC is greater than AB. 

Wherefore, the greater angle &e. Q.5.D. 


PROPOSITION 20. THEOREM. 


Any tee sides of a triangle are together greater than 
the third aide. 

Let ABC be a triangle: wy two sides of it are together 
greater than the third side ; 1 
namely, BA, AC (greater than 
BC; and AB, BC greater than 
AC: and BC, CA greater than see 

AB. 


Produce BA to D, i a 
nuking AD oqual to dC, 
and join DC. % 

Then, because AD is equal to AC, 
the angle ADC ia equal to the angle ACD. 
But the angle AC'D is greater than the angle ACD. (Ace, 9. 
Therefore the anglo BCD is greater than the angle BDC. 


And ee the Meebo atk Pte ee fo hs 
greater than its angle B d that the grea ein 
subtended by the ab ai sido; ; “tL 19 


therefore the side BD is greater than the side BC. 
But BD is equal to BA and AC. 
Therefore BA, AC are greater than BC. 
In the same manner it: may be shewn that 42, BC are 
greater than AC, and BC, CA groater than AZ. 
Wherefore, any two sides &c. QED. f 





PROPOSITION 21, THEOREM. 


If from the ends of the side of a triangle there be draton 
two straight lines to a point within the triangle, these 
shall be less than the other tio sides Of the triangle, but 
shall contain a greater angle. 
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t ABC be at and from the ts B,C, 

the a of the sid ee” ee 

let the two straight lines A 

BD, CD be drawn to tho ha 
int D within the tria Lak an 
D, DC shall be J 

than tho other two sides r,t 

BA, AC of the trianglo, : 

but shall contain an anglo eee fy ete 

BDC greater than the 's) Ys 

anglo BAC. 

Produce BD to meet AC at E£. 

Because two sides of a trianglo are greater than tho 
third side, the two sides B.4, AE of the trianglo ABE are 
greater than the sido BE. [f. 20, 
To oach of these add EU’ 

Therefore BA, .1C are greater than BE, EC. 

Again ; tho two sides CH, ED of tho triangle CED are 

greater than tho third side CD. {f. 20. 

To cach of these add DB. 

Therefore CE, EB are greater than CD, DZ. 

But it has been shewn that 24, AC are greater than 

BE, EC; 

much more then are B.A, AC greater than BD, DC. 
Again, ome the exterior angle of any triangle is 


than the interior site angle, the exterior 
Sige £ BDC of tho triangle CDE i is greater than sae coh 


For tho samo reason, the exterior angle CEB of the tri- 

angle ABE is greater than tho angle BA E. 

But it has beon shewn that tho angle BDC is greater than 

the angle CEB ; 

much more then is the anglc BDC greater than the angle 
AC. 


“Wherefore, (//rom the ends &. Q.ED. 


| ated 
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PROPOSITION 22. PRUBLEM. 


To make a triangle of which the sides shall be equal to 
theve given straight lines, but any tteo ichatecer of these 
inuat be greater than the third. 


Let 4, 2, C be the three given straight lines, of which 
any two whateror aro greater than the third; namely, 
A and B greater than (; 4 and C' greater than 3; and 
Band ( greater than A : it is required to make a triangle 


of which the sides shall bo equal to 4, 3, C, each to cach. 


Take a straight lino _ 
DE terminated at the 


ia 
point D, but unlimited : om to 
towarda F, and make t ; / : 
DF equal to A, FG We ee -\y- 
equal to B, and G71 \ | , l) 
equal to ¢! fl. 3. \ ay 
From tho centro F, Ps . ye 
at the distanco FJ), _— Res 
describo the — circlo 5 aaah 
DKL. [ Post, 3. 


From the centre G, at the distance GH, describe the circlo 
H{LK, cutting the former circle at X, 

Join AF, AG. Tho triangle AFG shall have its sides 
equal to the three straight lines A, B, C. 


' Because the point F ix the centro of the circle DKL, 


FD is equal to FA. [ Definition 15, 
But FD is equal to .4. [Conatruction, 
Therefore FA is equal to A. [Axiom 1, 
Again, because the point G ia the centre of the circle LK, 
GH is equal to GK. [ Definition 15, 
But GH is equal to C. { Construction, 
Therefore GX is equal to C. [Aziom 1, 
And FG is equal to B. [Conatruction. 


Therefore the three straight lincs K/, FG, GK are equal 
to the three 4, B, C. 

Wherefore the triangle KFG has ite three sides 
KF, FG, GK equal to the three given straight lines 
A, B, C. On. 


26 EUCLIDS ELEMENTS. 


PROPOSITION 23. PROBLEM. 


At @ given porns tn a given straight line, to make a 
rectilineal angle equal to a given rectuineal angle. 


Let AB be the aren straight line, and 4 the given 
point in it, and CE tho given rectilineal angle: it is 
required ty make ut the given point A, in the given straight 
eyed an angle cqual to the given rectilineal angle 
DCE. 

In CAD, CE take any 
points 7), Ly and join DE. 
Make the triangle .{ FG the 
sides of which shall be equal 
to tho three straight lines 
CD, DE, EC; so that AF 
shall be equal to C/), 1 4F to 
CE, and £G to DE. [I. 22. 
The angle FAG shall be 
equal to tho anglo DCE. 


Because F'A, AG are equal to DC, CE, each to each, 
and the base #’G equal to the base DE; [Construction. 
therefore the angle FAG is equal to the angle DCE. [I. 8. 


Wherefore at the giren point A in the given straight! 
line AB, the angle FAG has been made equal to the given 
rectilineal angle DCE. Q.£.¥. 





PROPOSITION 24. THEOREM. 


two triangles hace two sides of the one equal to tico 
sides of the other, each to cach, but the angle contained by 
the tewo sides of one of them greater than the angle con- 
tained by the two sides equal to them, of the other, the base 
of that which has the greater angle shall be greater than 
the base «of the other. 


Let ABC, DEF be two triangles, which have the two 
aides AB, AC, equal to the two sides DE, DF, each to 
each, namely, 4B to DE, and AC to DF, but the angle 
BAC greater than the anglo EDF: the base BC shall 
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greater than the baso 
EF. 


A 
Of the two sides iN 
DE, DF, \et DE bo 
the side which is not x 


greater than the other. 
Ke tro 7 


yint J) in | 
tho straight line DE, A cane 


make the angle EDG 
equal to the angle 





BAG, ({. 23. 
and make Df equal to AC or DF, (Tr. 3. 
and join EG, GF. 

Because A 2's equal to DE, [ Hypothesis. 
and ACto DG. [ Construction. 


the two sides BA, AC are equal to tho two sides BD, DG, 
each to cach ; 


and the anglo BAC is equal to the angle EDG; = (Conatr. 


therefore the base BC is equal to the base EG. (1. 4. 
And because DG is equal to DF, [Construction. 
the angle DGF is equal to the angle DFG. {T. 6. 


But the angle DG F is greater than the angle EGF. (Ax. 9. 
Therefore the angle DFG is greater than tho angle EGF. 
Much more then is the angle EFG greater than tho angle 
EG F. [Axiom 9. 
And because the angle EFG of the triangle EFG is 


greater than its angle EGF, and that the greater angle is 
subtended by the greater side, fi. 19. 


therefore the side EG is greater than the side FF. 

But EG was shewn to be equal to BC; 

thercfore BC is greater than EF. 
Wherefore, if tivo triangles &c. OED. 


PROPOSITION 25. THEOREM. 


If two triangles have two sides of the one equal to too 
cides of the other, each to cach, but the base of the ome 
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greater than the base of the other, the angle cont ‘by 
the sides of that which has the greater base, shall be 
greater than the angle contained by the sidea equal to 
them, of the other. 

Let ABC, DEF be two triangles, which have the two 
sides AB, AC oqual to the two sides DE, DF, each to 
each, namely, A to DE, and .1( to DF, but the base 
BC ter than the hase ZF: the angle BAC shall 
eer than the anglo < 1 


* 


‘ 


For if not, the angle 
_BAC must be cither equal 
to the angle EDF or less 
than the angle ELF. 5 \ 


But tho angle BAC isnot | 
equal to the angle EDF, Co: KF 
for then the baso C' 

would bo equal to the base EF’; [I. 4. 


but it is not; . [ upothesis, 

therefore the angle B.C 'is not equal to the angle EDF. 

Neither is the angle BAC less than the angle EDF, 

for then the base BC' would be less than the hase EF; [1. 24. 

but it is not ; [Hupothesis, 

therefore the angle B.C is not lesa than the angle EDF. 

And it has been shewn that the angle BAC is not equal 

to the angle EDF. 

Therefore the angle BAC is greater than'the angle EDF. 
Wherefore, if treo triangles &c. yp. 


PROPOSITION 26. THEOREM. 


Uf two triangles hace two angles of the une equal to leo 
anglea of the other, eich to each, and one side equal to 
one side, namely, either the sides adjacent to the equal 
angles, or sides which are opposite to equal es in each, 
then shall the other sides be eyuad, each to each, and aleo 
a angle of the one equal to the third angle of the 
other. 


° 


Let ABC, DEF be two triangles, which have the 
angles ABC, BCA equal to the angles DEF, EF D, each 
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. cach, namcly, ABC to DEF, and BCA to FFD; and 
Act them have also one sido equal to ono side ; and firat let 
‘those sides be equal which are adjacent to tho oqual anglos 
‘in the two triangles, namely, BC to EF’: the other sidos 
‘shall be equal, each to each, nanmcly, AB to DE, and 
21C to OF, and the third 
angle JLAC' equal to the A 
third angle BJF’. 
For if AB be not * 
equal to 434, one of them 
must be yreater than the = | 
other Let cf be the 







wee OD 
e 


greater, an make HG yy Cc US } 
equal to 4, [f. 3. 
and join OC, 

Then because G2 is equal to DE, [Condtruction, 


and PU to EF; © UM ypothesia, 


the two sides G3, BC are oqual to tho two sides DE, EF, 
each to cach ; 


and the angle GBC is equal to the angle DEF ; [Hypothenia, 


therefore the triangle GBC is equal to the triangle DEF, 
and the uther angles to the other angles, each to each, to 
Which tho equal sides are opposite ; [f. 4. 


therefore the anglo GCB is egual to the angle DFE. 

But the angle DFE is equal tothe angle ACB. [ Hypothesis. 
Therefore the angle G73 is equal to the angle ACB, [Az. 1. 
the lesa to the greater ; which is impossible. 

Therefore A# is not unequal to DE, 

that is, it is equal to it ; 

and BC is equal to EF; [ Hypothesis. 


therefore the two sides AB, BC arc equal to the two sides 
DE, EF, each to each ; 

and the angle 4 BC is equal to the angle DEF’; (Hypothesis. 
therefore the base AC is equal to the base DF, and the 
third angle BAC to the third angle EDF. {.4. 
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Next, let sides which are opposite to equal ie in 
each risngle be equal to one another, namely 
DE : likewieo in this caso the other sidea shall fBasped 
each to each, namely, BO to EF, and AC to DF, cau 
also tho third angle #.AC cqual to the third angle EDF. 


For if BC bo not D 
equal to £F, one of them K N 
must be greater than . es 
Lot HO bo tl te -_ | 

10 ater, ‘. 
and make Bil ead to | x ~\ ~~ 
EF, [I. 3. a ef ee 
and join AH. fe ao} 

Then becauso B// is equal to EF, (¢‘onatruction, 
and ABto DE; [/ypoth esta, 
the sk wee AB, BH are equal to the two sides DE, EF, 

» cach ; 
aud the angle 4 B/7is equal to the angle DEF ; [ Hypothesis. 
therefore the triangle ABH is cqual to the triangle DEF, 
and the other angles to tho other angles, each to each, to 
which the «qual sides are opposite ; [I. 4. 
therefore the angle B/TA is equal to the angle EF D. 
But the angle EF'D is equal to the angle BCA. [Hypothesis 
Therefore the angio BHA is equal to the angle BCA; [Az.1. 
that is, the oxterior angle BHA of oe se AHC is 
equal to its interior opposite angle J 


which is irapossible. [I. 16. 
Therefore BC is not uncqual to EF, 

that is, it is equal to it ; 

and AB is equal to DE; [ Hypothesis, 


therefore the two sides AB, BC are equal to the two sides 

DE, EF, each to each ; 

and the angle ABC is equal to the angle DEF ; [Hypothesis. 

therefore the base AC is Oe ee 

third angle BAC to the angle EDF. {1. 
Wherefore, if two triangles &c. QED. 
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PROPOSITION 27. THEOREM. 


Uf a straight line falling on two other atraight linc, 
make the alternate angles equal to one another, the trey 
straight lines shall be parallel to une another. 


_ Let the straight lino AF, which falls on the two straight 
lines AB, CD, make the alternate angles ARF, BED 
eyual to one another: 4 sball be parallel to CD. 


For if not, 48 and CD, being produced, will meet 
either towards 8, D or towards A,C. Lot them be pro- 
duced and mect towards S, D at the point G. 


/ 


/ 
| mre 
ale 


Cc fen ae Marans enemas Mes aaa 5 
é 


‘ 


Therefore GEF is a triangle, and its exterior anglo ALF 
is greater than the interior oppusite angle 2FG; = [1 16, 
But the angle AEF is also cqual to theangleo EFG ; [Hyp. 
which is impossible. 
Therefore AB and CD being produced, do not mect to- 
wards &, D. 

In the same manner, jt may be shewn that they do not 
meet towards 4,('- 
But those straight lines which being produced ever so far 
both ways do not meet, are parallel. [Defnttion 35. 
Therefore AB is parallel to CD. 

Wherefore, (fa straight line &e. Qx.p. 


PROPOSITION 28. THEOREM. 

If a straight line falling om two other straight lines, 
make the exterior Le ih reper eiadhaonzalior 8 rid atid 
angle on proposes pe Mtoe ae ee the yon 
angles on the same 6g wo right 
thoes eeceat Maes chal le padldl (0 One onthe 
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Let tho straight line EF, which falls on the two 
straight lines AB, CD, make the exterior angle EGB 
equal to tho interior and opposite angle G//D on the same 
side, or make the interior angles on the same side BGH, 
GHD together equal to two right angles: 4/3 shall be 
parallel to CD. 

Because the angle EGB is sy. 
oqual to the angle G41), [A up. 


and the angle £G 2 is also equal 





to the anglo AGH, [1. 15. “ae 

therefure the angle AGH is 

equal to the angle GZ/D),; [Az.1, —D 

and they are alternate angles; 

thorefore AZ is parallel to 

CD. (I. 27. 
Again; because the angles BGA, GH) are together 

oqual to two right angles, [Muypothesia. 

and the angles AGH, BGH aro also together equal to two 

right anglea, {1. 18. 


therefore the angles AGH, BGH are equal to the angles 

BGH, GHD, 

Takeaway the commonangle BG // ; therefore the remaining 

angle 4G H isequal to the remaining angle G//D ; [Axiom 3. 

and they aro altcrnato angles ; 

therefuro 4 B is parallel to CD. [I. 27. 
Wherefore, if a straight line &c.  9.£.0. 


PROPOSITION 29. THEOREM. 


Uf a stvaight line fall on tico parallel straight lines, 
it makes the alternate angles equal to one another, and 
the exterior angle equal to thé\intcrior and opposite angle 
on the same nde; and alo the two interior angles on 
the same side together equal to tero right angles. 


Let the straight line BF fall on the two 
atraight lines AB, CD: the altergate angies AGH, GHD 
shall be to one another, and the exterior angie 
EGH shall be equal to the interior and opposite angle 
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in the same sido, G277D, and tho two interior angles on 
the same side, BG//, GHD, shall bo togother equal to two 
right anglea, 

For if tho angle s1G/I be FA 
not equal to the angle G//7), ~ 
one of then must be greater iis wee ge 
than tho other; Ict the angle A Ge 
AGH be the greater. ve 
Then the angle .{@// is greater ena | ocala 
than the angle (//D; * p 
to each of them add the angio i 
BOHN: 
thorefore the angles AGH, BG! aro greater than tho 
angles BGH, GHD. 
But tho angles AG//, BGI aro together equal to two 
right angles ; [f. 13. 
therefore the angles BG/T, GHD aro together less than 
two right angles. 
But if a straight line mect two straight lines, so as to 
mako the two interior angles on the same side of it, taken 
together, less than two right angles, theso straight lines 
being continually produced, shall at length meet on that 
side on which are the angles which are less than two 
right angles. [Axiom 12. 
Therefore the straight lincs 12, CD, if continually pro- 
duced, will meet. ; 
But they never incct, since they are parallel by hypothesis. 
Therefore the angle AGH {a not unequal to tho anglo 
GHD; that is, it is equal to it. 

But the angle 1G // is equal to the angle LGB. [T. 15. 
Therefore the angle EG B is equal to the angle GD. [Az. 1. 

Add to cach of these the angle BGI. cs 
Therefore the angles EGB, BGH arc equal to the angles 
BGH, GHD. [Aziom 2, 
But the angles EGB, BGH ere together equal to two 
right angles. {I. 13. 
Therefore the angles BGH, GHD are together equal to 
two right angles. { dziom 1. 

Wherefore, if a eraight line &c. Q.uD. 

3 
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PROPOSITION 30. THEOREM. 


Straight lines which are parallel to the same straight 
line are parallel to each others 


Let AB, CD be each of them parallel to EF: AB 
shall bo parallcl to CD. 

Let tho straight line V/A" 
cut AB, BF, CL. 

Then, because GHA cuts 
tho parallol straight lines AB, ,  G/ 
EF, the angle AG// is equal See gene ee 
totheangle GHF. — [I. 2y. tH 
Again, because GA cuts et 
the parallel straight lines £F, C—.- 
CD, tho angle G//F ia equal 
to tho angle GAD). [1. 29. / 

And it was shewn that the ‘ 

anglo AGA is oqual to the angle @//F. 

Therefore the angle .4GK is equal tothe anglo GAD; (47. 1. 

and they aro alternate angles ; 

therefore AB is parallel to CD. (I. 27. 
Wheroforo, straigh! lines &e. QE. 


K.o-- —~ ee 


Bey 


PROPOSITION 31. PROBLEM. 


To draw a straight line through a given point parallel 
toa given straight line. 


ie aa Si — er cght Ik Pas tis 
: rot wa straight lin 
point .4 parallel to the straight line BC. eee ee 
In BC take any point 
D, and join AD; at the ee CR, 
int A in the straight We 
© AD, make the angle 


DAE equal to the angie ae ERA 
“D0; (138. BD +t 
and produce the straight line EA to F. 


£F shall be parallel to BC. 
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Because the straight line AD, which meets tho two 
straight lines BC, LF, makes the alternate angles £.4D, 
A DC equal to one another, (Construction, 


EF is parallel to BC. {t. 27. 
Wherefore the straight line F.AF ia drawn through the 
giren point A, paralle to thegicen atraight line BC. any. 


PROPOSITION 32. THEOREM. 


Ifa wide of any C(riangla be produced, the erlerior 
angle ia equal to the Qeo interior and opposite angles; 
andl the three interior angles of erery Wriangle are tige- 
ther equal ty ten right angles. 


Let .{BC be a triangle, and let one of its sides BC 
be produced to J): the exterior angle ACD shall be equal 
to the two interior and opposite angles CAB, ABC; and 
the three interior angles of the trinngle, namely, ABC, 
BCA, CAB shall be oqual to two right angles. 


Through the point (‘draw “4 
CE parallel to 4 8 (1.32. Pe 2 a 
Then, because 4 2 is par- 4, 
allel to CE. and AC falls on - Ye 
them, the alternate angles sc Fe ra 
BAC, ACE are equal, {f. 29. 


Again, because AZ is parallel to CE, and BD falls on 
them, the exterior angle ZC’ is equal to the interior and 
opposite angle ABC. [1. 29. 
pane angle «ICE was shewn to be equal to the anglo 
BAC. 

therefure tho whole exterior angle ACD is equal to tho 
two interior and opposite angles CAB, ABC. [A ciom 2. 

To cach of these oquals add the angle ACB; 

therefore the angles ACD, ACB are equal to the three 


Ps 


angles CBA, BAC, ACB. [Axiom 2. 
But the angles ACD, ACB are together equal to two right 
angles : (1. 3, 
therefore also the es CBA, BAC, ACB are together 
equal to two right a [Aziom 1. 


Wherefore, if a side of any triangle &ec, aaa 
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Coronary 1. <All the interior angles of any recti- 
lineal figure, together with four right angles, are equal to 
twice aa many right angles az the figure has sides. 


For any rectilincal figure ABCDE can be divided into 
as many triangles as tho figure has sides, by drawing 
straight lines from a point F’ within the figure to cach of 
its angles. 


And by the preceding proposition, D 

all the angles of these triangles aro. -*- 
F : E 

equal to twico as many right angles “~~ _ - 

as thore are triangles, that is, as tho \ I ma 
figure has sides. of 


And the samo anglesare equal to tho =. / - 
intcrior angles of the figure, together ete eee oN 
with the anglos at the point 4, which A B 
is the common vertex of the triangles, 


that is, together with four right angles. [I. 15. Cuiollary 9. 
Therefore all the interior angles of the figure, together with 


four right angles, are equal to twice as many right angles 
as the figure has sides. 


Corournany 2. All the exterior angles of any rcctt- 
lineal figure are together equal to four right angles. 
Because every interior angle 
ABC, with its adjacent exterior \ eo 
angle ABD, is equal to two : 
Tight angles ; [1. 138. “ 
therefore all the intcrior angles ) \ 
of the figure, together with all 
its exterior angles, are equal to D ~~~ B 
twice as many right angles as 
tho figure has sides. 
But, by the foregoing Corollary all the interior angles of the 
figure, together with four right angles, are equal to twice 
as many right angics as the figure has sides. 
Therefore all the interior angles of the figure, ther with 
all its exterior angles, are equal to all the in angles of 
the figure, together with four right angles. 
oa all the exterior angles are equal to four right 
on 
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PROPOSITION 33. THEOREM. 


The straight lines which join the extremities of tio 
equal and parallel straight lines tcarde the same parte, 
are aleo themaclres equal and parallel. 


Let AB and CD bo equal and parallel straight lines, 
and let them be joined towards tho samo parta by tho 
straight lines AC and BD. AC and BD shall be oqual 
and parallel. 


Join BC. : 

Then because A 7? is par- eee eae a" 
allel to CD, {My pothens, \ 
and BC’ mects them, “ 
the alternate angles ABC, e n 
BCD are equal. {f. 29. 
And because A 22 is equal to CD), [ Hypothesis, 


and BC is common to the two triangles ABC, DCH; 
the two sides 4/3, iC’ are equal to the two sides DC, CB, 
each to cach ; 

oe anglo ABC was shewn to bo equal to tho anglo 
BCD; 

therefore the baso A’ is equal to the base BD, and tho 
triangle AC to the triangle BCD, and the other angles 
to the other angles, each to cach, to which the equal mdes 
are upposite ; (1. 4. 
therefore the angle AC'Z is equal to the angle CBD. 

And because the straight line BC mects tho two straight 
lines AC, BD, ard makes tho alternate angles ACL, CBD 
oqual to one another, AC is parallel to BD. {1. 27. 
And it was shewn to be equal to it. 

Wherefore, the straight lines &c. 9.8 D. 


PROPOSITION 34. THEOREM. 


The opposite sides and angles of a parallelogram are 
ual to one another, and the diameter lieecta the par- 
adlelogram, that is, divides it into two equal parte, 


Note. <A parallelogram is a four-sided figure of which the 
posite sides are parallel; and a diameter is the straight line 


op 
joining two of its oppysite angles, 
e 
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Let ACDB be a paraliclogram, of which BC is a 
diameter ; the opposite sides and an ries of the figure shall 
be equal to one another, and the diameter BC’ shall bi- 
sect It. 


Because AB is parallel eee B 
to CD, and BC meets them, ¢ eek 
the alternate angles ABC, es : 


BCD are equal to one an- cae : 
other. {J. 29. . ese eS ecru, A‘ 
And because AC is parallel 


to BD, and BC meets them, 
tho alternato angles ACB, CBD are equal to ono 
another. []. 29, 
Therefore the two triangles 1BC, BCD have two angles 
ABC, BCA in the one, equal to two angles DCB, CBP in 
the other, cach to each, and ono side BC is common to the 
two triangles, which is adjacent to their equal angles; 
therefore their other sides aro Ae cach to each, and 
the third angle of the one to the t rird angle of the other, 
namely, tho side 4B equal to the side (7), and the side 
AC equal to the side BP), and the angle B.4C cqual to the 
angle CDB. [T. 26. 

And because the angle 4 BC is equal to tho angle BCD, 
and the angle CBD to tho angle .1CA, 
tho whole angle 42D is equal to the wholeangle ACD. (Ax. 2, 
And the angle BAC has been shewn to be oyual to tho 
anglo CDB. 
Thereforo the opposite sides and angles of a parallelogram 
are equal to one another. 

Also tho diameter bisects the parallclogram. 
For .12 being equal to C2, and BC common, 
the two sides AB, BC are equal to the two sides DO, CB 
each to cach ; 
and the angle ABC has boen shewn to be equal to the 
angle BCD; | 
therefore thetriangle.4 BCis equal to the triangle BCD, [1.4. 
and the diameter BC divides the parallelogram ACDB 
into two equal parts. 

Wherefore, the opposite sides &o. Q.E.D. 


BOOK I. 3 3Y 


PROPOSITION 85. THEOREM. 
Parallelograme on the same base, and lgticeen the same 
paralleds, are equal to une another. 
Let tho parallolograms ABCD, EBCF he on the same 
base BC and between the same parallels A, 2C': the paral- 
Jelogram A BCD shall be equal to the parallelogram EBCF. 


If the sides AD, DF of A. D _F 
the parullclograms ABCD, ; “ 
DBC, opposite to the base ra 
BC, be terminated at the samo / 

int J, it isplain that oach of ly, U4 
he pa is double of iB C 
tho triangle BDC; (1. 84. 
and they are therefore equal to one another. [Arwm 6. 


But if the sides AD, EF, opposite to tho baso BC 
of the parallelo- 


rams ABCD, acca ) eee ae ee, 
CBCF be not \ \ \ 
terminated — at ; \ 

' ae \ 

i ‘ = 





the same point, 
then, because 
ABCD is a par- 


¢ 


allelogram .4/) is oqual to BC’; (I. 34. 
for the sumo reason AF’ is equal to BC; 

therefore AD is equal to EF; [Axiom 1. 
therefure the whole, or the remainder, AZ ia equal to the 
whole, or the remainder, DF’. {Aviom 2, 8. 
And AB is equal to DC; : {I. 84. 


therefure the two sides EA, AZ are equal to the two sides 
FD, DC cach tw each; 
and the exterior angle FDC is equal to the interior and 
apposite angle LAB ; [I. 29. 
therefure the triangle EAB is cual to the triangle 
FDC. {t. 4. 
Take the triangle FDC from the trapezium ABCF, 
and from the same trapezium take the triangle EAS, 
and the remainders are equal ; [Aziom 3. 


that oe pula ABCD is equal to the paralielo- 
gram £BCS. 
Wherefore, parallelograms on the same base &c. OED. 
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PROPOSITION 36. THEVRLM. 


Parallelograms on equal bases, and beliceen the same 
parallels, are equal to one another. 

Let ABCD, EFGH be parallelograms on equal bases 
BC, Ff, and between tho same parallels 427, BG: the 
alee ABCD shall be equal to the parallelogram 
UGH. 


Join BE, CH. A. _..._ DE... H 
Then, because BC [ ! a : | 
is equal to FG, [ Hyp. i ae ; 
and FG to EU, (1.34. = : i 
BC is oquals to i ta 
EH; ry com 1, io _ om a 
and they are parallels, [ Hypothesis, 


and joined towards the samo parts by the straight lines 
BR, CH. 

But straight lincs which join the extremities of equa] and 
parallel straight lincs towards the same parts are them- 


selves equal and parallel. [I. 33. 
‘Therefore BE, C/T are both equal and parallel. 
Therefore BBCI is a parallelogram. [ Definition. 


And it is equal to ABCD, because they aro on tho same 
base #C, and between the same parallels BC, AH. (1. 35. 


For the same reason the parallelogram EFG // is equal 
to the same E2CH. 


Thorefore the parallelogram ABCD is equal to tho par. 
allelogram FFG #1. [Axiom 1, 


Wherefore, parallelograms &ce.  Q.E.D. 


PROPOSITION 37. THEOREM, 
Triangles on the same base, and beticeen the same par- 
adlels, are equal, 


Let the triangles ABC, 5 


: A__ Pp 
DBC be on the same base XO oe ———F 
BC, and between the same eS | 
maine ates CN 
\] equ : f \ df 
to the triangle DBC. en A 
Produce .4D hoth ways B C 


to the points £, FF’, (Post. 2. 
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through # draw BE parallel to C4, and through C dra 
CF parallel to BD. [1. 91. 
Then cach of the figures EBC, DBCF is ao parallelo- 
gram ; | Definition, 
and EBC. is equal to DBCF, because they aro on the samo 
base HC, and between the same parallels BC, BR (1. 33, 
And the triangle 4 BC is half of the parallelogram: RBCA, 
because the diameter 4 /? bisects the parallelogram ; (1. 34. 
and the triangle AC is half of the parallelogram DBCF, 
because the diametcr DC’ bisocts the parallologram. [1. 34. 
But the halves of equal things are equal. {Axiom 7. 
Therefore the trianglo .4 BC is equal to the trianglo D&C, 
Wherefore, triangles &ce.  Q.E.p. 


PROPOSITION G8, THEOREM, 


Triangles on equal bases, and betiecen the same par- 
allele, are equal to one another. 

Let the triangles AB, DEF }:e on equa) bases BC, 
EF, and between the same parallels 2/7, 1D: the triangle 
4 C' shall be equal to the triangle DEF. 

Produce 4 J) both 
ways to the points ¢———_f——_.. — 
+, HH: es / 
through J draw BG ; 
parallel to CH, and . 
through #’ draw F// .# by / 
parallelto AJ). (1.31. is GE é 

Then cach of the 
figures GBC, DEF isa parallelogram. { Dejinition, 
And they are equal to one another because they are on 
equal bases BC, EF, and between the same parallels 
BF, Gil. [(. 36. 
And the triangle 4 ZC is half of the parallelogram G ACA, 
because the diamcter AZ bisects the parallelogram; [1f. 34. 
and the triangle DEF is half of the parallel DEFH, 
because the diameter DF' bisecis the savalletograih: 

But tho halves of oqual things arc equal. [Axiom 7. 
Therefore the triangle 4 BC is equal to the triangle DEF. 


Wherefore, triangles &c. Q.E.D. 
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PROPOSITION 39. THEOREM. 


Equal triangles on the same base, and on the ‘same 
aide of it, are between the same parallels. 

Let the equal triangles ABC, DBC be on the samo 
baso BC, and on tho same side of it: they shall be be 
twoen tho same parallels. 

Join AD. 

AD shall be parallel to BC. 

For if it is not, through 4 draw 
AEF. parallel to BC, meeting BD 
at £. {I. 31. 
and join EC. ; 
Then the triangle ABC is equal to the triangle ELC, 
because they are on the same base BC, and between the 
same parallels BC, AL. [l. 37. 
But the triangle ABC is equal to tho triangle DBC. [Hyp. 
Thercfore also the triangle DBC is cqual to the triangle 
EBC, [Axiom 1. 
the greater to the less; which is impossible. 

Therefore A £ is not parallel to BC. 

In the same manner it can be shewn, that no other 
straight lino through f but 4D is parallel to BC; 
therefore 4 J is parallel to BC. 

Whorofore, equal triangles &&. QED. *, 





PROPOSITION 40. THEOKEM, 


Equad triangles, an equal bases, in the same straight line, 
and on the sume side of tt, arebeticccen the same parallels. 
Let the oR triangles .4BC, DEF be on equal bases 
BC, EF, in the same straight line BF, and on the same 
side of it: they shall be between the same parallels, 
Join AD. ge eID 
A Dshall be parallel to BF. a 
For ifitis not, through .4 bi ‘ “| NG 
draw AG lel to BF, \ : . 


meeting EDatG = [I.31. / ‘ as 
and join GF. a fe 
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Then the triangle A2C is qual to the triangle GFF, 
because they are on oqual bases BC, LF, and between 
the same parallels. [1. 83. 
But the triangle ABC is oqual to tho triangle DEF. (//yp. 
Therefore also the triangle DEF is equal to tho triangle 
CEF, [Axiom 1. 
the greater to the less; which is impossiblo., 

Therefore AG is not parallel to BF. 

In tho samo manner it can bo shown that no other 
straight line through A but AD is parallel to LF’; 
therefore AD is parallel to BF. 

Wherefore, agual triangles &e. 9.8.0. 


PROPOSITION 41. THEOREM. 


If a parallelogram and a triangle be on the same bass 
and betieeen the same parallels, the parallelogram shall be 
double of the triangle, 


Let the rina Vos ABCD and the trinnglo .. |. 
on tho same base 4) and between tho same parallels 
BU, AE: the parallclogram ABCD shall bo double of tho 
triangle EBC. 

Join AC. A pork 

Then the triangle ABC \ j 
is equal to the triangle EBC, \ f 
because they are on the samo : 
base BC, and between the samo a ers 
parallels BCAE. [I 37. . | 
But the parallelogram ABCD ip. 
is double of the triangle ABC, 
because the diameter Af bisccta the parallelogram. [1. 34. 


Therefore the parallelogram ABCD is also double of the 
triangle EBC. 


Wherefore, (fa parallelogram ke. Q.£.0. 
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PROPOSITION 42. PROBLEM. 


Tv describe a parallelogram that shall be equal to a 


giren triangle, and have one of its angles equal to a given 
rectilinead angle, 


Let ABO be the given triangle, and D tho given recti- 
lineal angle: {& is xequired to describe a parallelogram that 
shall bo equal tote. given lo ABC, and ‘have one of 
ita anglos equal ¢¢. ee, : 


Bisect BO at B: (1.10. a 
join AE, and ab the point ©“) 
E, in the straight Hine BO, °°: 
makethoangleCzFequal ; 
to D; (7. 28. 
through 4 draw AFG 


parallel to HC,and through 
CG draw CG parallel to & c 
EF. {I. 31. 


Therefore FECG is a parallelogram. ( Definition, 
And, because BE is equal to EC, (Construction. 


the triangle ABE is cqual to tho triangle 4 ZC, because 
they are on cqual bascs BE, EC, and between the same 
parallela BU, AG. {I. 38. 


Therefore the triangle .4 BC is double of the triangle AEC. 


But the parallelogram F'ECG is also doublo of the triangle 
AEC, because thoy are on the samo baso EC, and between 
the same parallels EC, AG. {I. 41. 
Therefore the parallelogram FECG is equal to the triangle 
ABC; {Artom 6. 
and it has one of its angles CEF equal to the given angle 
D. [Construction. 

Wherefore a parallelogram FECG has been described 


equal to the giren triangle ABC, and having one of its 
angles CEF equal to the gicen angle D. Q.B.¥. 










aoe ‘ 
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PROPOSITION 43. THEOREM, 


The complements of the parallelograms which are about 
the diameter of any parallelogram, are equal to one 
another. 


Let ABCD be a parallelogram, of which tho diameter 
fa AC’. and Fil, GF’ parallel Pap pre AC, that in, 
through which Aq’ passes ; and BA, the other paral- 
Iclograms which make up the whale figure ACD, anil 
which are therefore called the complements: tho comple- 
ment LA shall be equal to the complement A). 

oe An i 
parallelogram, an ts A 
diameter, the triangle 4 /( rN a : 
is cqual to the triangle ~~» KK, 
ADM (1. 34. po gs 


Again, because AEA I is 


uw parallelogram, and AA 
its «diameter, the triangle { / 
AEA is equal to the triangle boo c 
AHK. {l. 36. 


For the same reason the triangle AGC is equal to tho 
triangle AF. 

Therefore, because the trianglo AEA is equal to tho tri- 
angle AH, and the triangle KC’ to the triangle KFC; 
the triangle AEA together with the triangle AGC is equal 
to the triangle A 1K togetherwith the triangle AFC, (Az.2. 
But the whole triangle 42C' was shewn to be equal to tho 
whole triangle ADC. 

Therefore the remainder, the complement BA, is equal to 
the remainder, the complement AV. [Aziom 4. 

Wherefore, the complements &c. QE. 


PROPOSITION 44. PROBLEM. ; 
Tu @ given straight line to apply a parallelogram, 
which shall be phies toa given (riangle: anil have one 
Of its angles equal to a giren rectilineal anale. 
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Let AB be tho given straight line, and C the given 
triangle, and J tho given rectilineal angle: it is required 
to apply to the straight line 12 a parallelogram equal to 
the trianglo C, and having an angle equal to DV. 


\ iH A 





Mako the parallelogram BEFG equal to the triangle 
CG, and having the angle FBG cqual to the angle 2, so 
that BE may be in the same straight line with 1B; [1. 42. 
produce FG to //; 
through 4 draw .4// paralicl to BG or EF, (1. 31. 
and join 772. 

Thon, because the straight line HF falls on the parallels 


AH, Ef, the angles AHF, HFE are together equal to 
two right angles. (t. 29, 
Therefore the angles BHF, ZFE are together less than 
two right angles. 


But straight lines which with another straight line make the 
interior angles on tho same side together loss than two right 
angles will moet on that side, if produced far enough. [4z. 12. 
Therefore 7B and FE will meet if produced ; 
let them meet at X. 
Through A draw ATL parallel to £4 or FH; ft. 31, 
and ee daes GR to the points L, ¥. 

Then ALAF wa Jelogram, of which the diameter 
is HK; and AG, ME are peralielograms about 7K; and 


LB, BF are the complements. 
Therefore LB is equal to BF. [I. 43, 
But BF is equal to the triangle C. [ Construction. 


Therefore ZZ is eaual to the triangle C [Axiom 1. 
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And because the angle G BE le cqual totheanglo 4 BM, (1.15, 
and likewise to the angle 2); [¢ ‘onstruction, 
the angle 123. is equal to the angle D. [Arivm 1. 


Wherefore to the given straight line AB the parallelo- 
gram LB ia applied, equal to the triangle C, and haring 
the angle ABM equal ta the angle D. Qey. 


PROPOSITION 45. PROULEM. 


To deacribe a parallelharam equal toa giren rectilineal 
Figure, and hacing an angle equal to a gieen rectilineal 
daigle, 

Let ABCD be the given roctilincal fiure, and F the 
yiven roctilineal angle: it is required to descrile a par- 
alelogram equal to A BCD, and having an angle equal to £. 


f.. De Pos ok 


‘ 


. : | / : 

y + mine Y 

i. bel 

Join D732, and describe the lelogram F'7{ equal to 
tho triangle 1 DJ3, and having the angle FAH equal to tho 
angle £’; {!. 42. 
and to the straight line @// appl the parallelogram Af 
equal ty the triangle DBC, an ving the angle G/M 
equal to the anglo £. [f. 44. 
The figuro FA SL shall be the parallelogram required. 

Because the angle £ is cqual to cach of the angles FKH, 
GH, ‘~ (Construction. 
the angle FAH is oqual to the angle GH/M. [Axiom 1, 
Add to each of these equals the angle A/G; 
therefore the angles FAH, KHG aro equal to the angles 
KHG, GHM. [4 xiom 2. 
But PKH, K HO aretogether equal to tworightangles;[1.29. 
therefore K7G,G HM are together equal to two right angies. 
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“¢ ho ouroM 
And because at the point 2 in the straight line G77, the 
two straight lines A'H, HM, on the opposite sides of it, 
make tho adjacent angles together equal to two right angles, 
KH is in tho same straight lino with 77M. [i. 14. 
And because the straight line HG mects the paralicls 
KM, FG, tho alternate angles MHG, 1/GF are equal. (1.29. 
Add to each of theao equals the angle GL ; 
therefore the angles ALG, HGL, are cqual to the angles 
HGF, HGL. [Arion 2. 
+ But MHG, HG Lare together equal to tworight angles; [1. 29, 
therefore HG F, HGL are together equal to two right angles. 
Therefore FG is in tho same straight line with GZ. [I. 14. 


And because A’F'is parallel to ZG, and //G to ML [Conatr. 


KF is parallel to UL ; (TI. 30. 
and AM, FL arc parallels ; [(unstruction, 
therefore KF'LM is a paraliclogram. [ Definition. 
And because the triangle ABD is equal to the parallelo- 
gram //F, [Constructiva. 


and the triangle DBC to the parallclogram GM; [Constr 
tho whole rectilineal figure 4BCD is cqual to the wholo 
parallelogram A FLA. [Ariom 2. 
Ww iphonah eh <7 parallelogram KFLM has been de- 

scribed pry ren rectilineal igure ABCD, and 
haring t airs FRM equal t the given angle BE. OEP. 

Conotnary. From this it is manifest, how to a given 
straight line, to a parallelo which shall hogitle an 
angle equal to a given Prectilincal an e, and shall be 
to a given recti nie namely, 2. . tthe 
given t line a paral! ss ali py 

e ABD, and having nn te equal to the given mae 

and 80 On. 
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PROPOSITION 46. PROBLEM. 
To describe a aquare on a giren straight line. 


Let AB be tho given straight line: it is required to 
deseribe a xquare on 1B, 
From the point A draw AC 
ut right angles to AB; {1.11. 
and make J) equal to 4 7? ; (1.3. 
through J) draw Dé parallel to 1} — 
AB, and through # draw BE 
parallel to AD. (1. 31. 
ADEB shall be a square. 
For A DEB isby construction 
a parallelogram ; 


Cc 





therefore AB is equal to DE, y | eon 
and AD to BE. {I. 34 
But 4B is equal to AD. (Construction. 


Therefore tho four straight lines BA, AD, DE, EB aro 

equal to one another, and the parallologram ADEB is 

cyuilateral, [Axiom 1, 
Likewise all {ta angles are right angles. 


For since the straight line AD meets tho parallels AJ, 
DE, the angles BAD, ADE are together equal to two 


right angles ; {I. 29. 
but BAD is a right angle ; [Construction, 
therefore also ADZ is a right angle. [Axiom &, 


But the opposite angles of parallclograms aro equal. [J. 34. 
Therefore cach of tho opposite angles ABE, BED is a 
right angle. {Axiom 1. 
Therefore the figure 4 DED is rectangular ; 

and it has been shewn to be equilateral. 

Therefore i ts a square. [ Definition 30, 
And il ie described on the gicen straight line AB. ne 


fy pentiseco 3 hich has right angle has ail its ite 
overy w one 
angles right angles, 


4 
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PROPOSITION 47. THEOREM. 


In any right-angled triangle, the equare which is dx 
scribed on the side aubltending the right angle ts equal to 
the equates described on the sides which contain the right 
angle. 

Lot ABC be a right-angled triangle, having the right 
angle BAC: the square described on the side BU shall be 
cqual to the squares described on the sides BA, AC. 

On BU describe : 
the square BVEC, 
and on BA, AC’ de- wy 
acribe the squares oN 
GB, HC; {1. 46. ra 
through A draw AL Ny eg 
parallel to BD or NO a aad 
CE; {I. 81. ne af — “ 
and join AD, FC. | 

Then, because the 
angle BAC is a right 
anglo, [7 ypothesis. oo 
and that the angle rae 
BAG is also a right 
angle, [Definition 30. 


the two straight lines AC’, AG, on tho opposite sides of 
AB, mako with it at the point 4 tho adjacent angles oqual 
to two right angles ; 

therefore CA is in the samo straight lino with 4G. [T. 14. 


ted the same reason, 4B and AZ are in the same straight 
_ line. 


Now the e DBC is equal to the angle F-BA, for cach 


of them is a right angle. [Axiom 11. 
Add to each the angle 4 BC. 

Therefore the whole angle DA is equal to the whole angle 
FBC. [Axiom 2. 
And because the two sides 4B, BD are equal to the two 
sides FB, BC, each to each ; _ (Dnition 30. 


, and the angle DBA is equal to the angle FBC ; 


therefore the triangle ABD is equal triangl 
FEC. a aa 
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Now the parallelogram #Z is double of the trianglo 
ABD, because they are on the samo base 27), and between 
the same parallels 2D, AL. (f. 43. 
And the square C£b double of tho triangle FIC, because 
they are on the #@ittc base £77, and between the same 
parallels FB, GC. (I. at. 
But the doubles of equals are equal to one another. [Ar. 6. 
Therefore the parallelogram 2/4, is equal to the square G 2. 

In the samo manner, by joining AZ, BA, it can be 
shewn, that the paraliclogram CZ is equal to the square C7 
Therefore the whole square BEC is equal to tho two 
squares (4/3, EC [A.riom 2. 
And the square BDEC is described on BC, and the squares 
GB, HC ow BA, AC. 

Therefore the square describod on the sido BC is equal to 
the squares described on the aides 234, AC. 


Wherefore, in any right-angled triangle &e,  Q.¥.v. 


PROPOSITION 48. THEOREM. 


If the square described on one af tha sides of a tri- 
Hs I be equal to the aquarea described im the other tatu 
sides of it, the angle contained by these ten sides ta a 
right angle. 


Let the aquare described on BC, ono of the sides of 
the triangle ABC, be equal to the squares described on 
snore nee sides BA, AC; the angle BAC shall be a right 
angle. 


From the point 4 draw 4D at 1) 
right angles to AC’; (1.01. ae 
and make 4D equal to BA; [I. 3. aa 
and join DC. ae 
jae because - is or to ti >. S 

, the square on DA is to ao 
the square on BA. = r See 
To each of these add the square j 
on AC, 


Therefore the squares on DA, AC aro equal to the squares 
on BA, AC. 7 [Axiom 2 


4—2 
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But because the angle DAC is a right angle, (Construction. 
the synare on DC is equal to the squares on DA, AC. [I. 47. 
Aud, by By ponies the square on BC is equal to the squares 
on BA, AC. 
Thereforo tho square on DC is equal to the square on BC (.tx.1. 
Therefore also the side DC is equal to the side BC. 
And pecause the side 2.1 is equal D 
to the side AB ; Ll onitr, s 
and the side .1C’ is common to the _ 
two triangles DAC, BAC ; Pei 
tho two sides D.t, AC aro equal to Ss | 
the two sides Buf, .1C, each to each; ; ° ‘ 
and the base DC has been shewn to | gear, 
be equal to the base BC; ib 0 
therofuro the angle J2.1C' is equal to the angle BAC. [L. 8. 
But DAC is a right angle ; [Comstriet can, 
thereforo also B.1C is a right angle. [Arion 1, 
Wherefore, if the square &e. QED. 


BOOK Ii. 


DEFINITIONS, 


1. Every right-angled parallelogram, or roctangle, is 
said to be contained by any two of the straight lines which 
‘contain one of the right angles. 
2. In every parallelogram, any of the parallelograms 
about a diameter, together with the two complements, is 
called a Gnomon. 
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Thus the parallelogram 276, \__F n 
together with the complements | 
AF, FC, is the gnomen, which is 


more briefly expressed by the Jet- ; 

ters AGA, or EMC, which are at yO 

the opposite angles ofthe pirallelo. “) > 

yrams which make the cnowon. Boo C 
# “ 


PROPOSITION 1,0 THEOREM, 


Lyf there be tera straight lines, one af which ia divided 
tnty any number of parts, the rectangle ec mtained by the 
fire straight lines ta equal to the rveelangles contained by 
the undierded line, and the several parte gf the dirited line, 


Let of and BC be two straight lines; and let BC he 
divide | inte any number of parts at the points J), 2: the 
rectangle contained by the straight lines 4, BC, shall be 
equal to the rectangle contained by A, BP, together with 
that contained by 4, 227), and that contained by uf, 2C. 

From the point /} draw BF 
at right angles to Hf’; [E04 1 yy} 
and mnake BG equal to 4; (1. 3. 
threngh G draw GH parallel 
to Bes and through D, £Y OC ; 
driw DA, EL, CH, yarallel ¢ -- | 
to BG. [I. 31. | A ok oH 

} 


eee 
— 


Then the rectangle B// 
18 oeyual te) othe: | rectangles 
BR, DL, EL. 


Bat BH is contained by 4, BC, for it is contained by 
OH, BC, aud GB us equal to 1. [Conatruction, 


And BK is contained by A, 22), for it is contained by 
GB, BD, and G1 is equal to 1; 


und JL is contained! by .1, DE, because DA is equal to 
BG, which is equal tu 4 ; Tn, 34, 


and in like manver £// is contained by A, EC. 

Therefore the secengic contained by 4, BC is to tho 

rectangles contained by 4, BD, and by A, DE. and by A, EC, 
Wherefore, if there be two straight lines ke. 9.¥.v. 
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PROPOSITION 2. THEOREM. 


If @ straight line he divided into any two parts, the 
rectangles contained by the whole and each of the paris, 
are together equal to the square on the whole line. 


Lot the straight lin@.AB be divided into any two parts 
at tho point C’: the roctanglo contained by 42, BC, toge- 
ther with the rectangle 4B, AC, shall bo equal to the 
square on ABZ, 

{[Mote, To avoid repeating the word 
contained too frequently, the rectanglo 
contained by two straight lines AB, AC’ 
is aa simp! led the rectangle 


On AB describe the square 
ADEB ; [I. 46. 


and through C draw CF parallel 
to AD or BE. [1.3]. 


Then AZ is oryahl,,to tho rectangles 1F, CE. 
But AZ is the square on AB. - 
And AF is the rectangle contained by BA, MC, for it is 
contained by DA, AC, of which DA is equal to B.1 ; 
and CE is contained by 42, BC, for BE is equal to AB. 
Therefore the rectangle AB, AC, together with the rect- 
angle AB, BC, is oqual to the square on AB. 

Wherefore, {f a straight line &c. Q.E.D. 





PROPOSITION 3. THEOREM. 


Lf a straight line be divided into any two parte, the 
rectangle contained by the while and one of the parts, ta 
equal to the rectangle contained by the teco parts, together 
with the square on the aforesaid part. 


Let the straight line AB be divided into any two parts 
at the = gPh g N ig pom ‘ole BC shall be equal to 
the le AC, CB, with the square on BC. 
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But AE is the reetangle contained 
by AB, Be *, for it. is contained . 
by ve BE, of which BLE is equal Io cpoce oo: 
and AJ) is contained by AC, C2, for CD is equal to CB; 
and CE is the square on LC" 
Therefore the rectangle 48, BC is equal to tho roctangle 
AC, CA, together with the square on BC. 

Wherefore, Ua straight line kc. @e.v. 


2 
PROPOSITYON 4. THEOREM. 

Lf a straight line be divided into any tio parte, the 
square on the whole line tse equal to the equares on the too 
parts, together with trice he reclangls contained by the 
teru parte. 

Let the straight line 42 be divided into any two parts 
at the point C: the square on AZ shall be equal to the 
myuarcs on AC, CB, together with twice the rectangle con- 
tained by ACL CB. 

Qn AB describe tho square 
ADEB, [}. 46. 
jon #D; through C draw CGP 
parallel to 4D or BE, and through G ere | 
draw //4 parallel to AZ or VE. (1.31, H | 

Then, because CF is parallel |” 
to AD, and #/) fall on them, L fe 
the exterior angle CGB is equal Cs 
to the interior and opposite an- D 
gle ADL ; [f. 2u. 
but the angle 4D is cqual to the angle ABD, {1. 8, 
because B.A is equal to 4D, being sides of a square ; 
therefore the angio CGB is equal to the angle CBG; €Az. 1. 
and therefore the side CG is cqual to the side CB, (I. 6. 
But CB is also equal to GX, and CG to BK; [L 24. 
therefore the figure CGKB is equilatcral, 


On BC describe the square CDEB; {P 4s. 
woduce ED to F, and through A AC. R, 
baw AF parallel toCDor BE.{1.31. 

Then the rectangle AZ is equal | 
to the rectangles A), CE. | 
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It is likewise rectangular. For since CG is parallel to 
BK, and CB meets them, the angles KBC, GCB are toge- 


ther equal to two right angles. {I. 29. 
But XBC is a right angle. [I. Definition 30. 
Thereforo GOB is a right angle. : [Aziom 8. 
And therefore also the angles CGK, GEB opposite to 
these ate right angles. [I. 34. and-Aziom 1. 


Thereforé CGKB is roctangular ; A c . 
and it has been shown to be equi- ese : 
lateral ; therefore it isa square, and | 
it is on the side CB. HW Gs ik 





For the same reason /7F is also a 
uare, and it is op the sido HG, wf 
which is equal to AW. {I. 34. i 
Therefore HF, CK aro the squares. ‘ 
on AC, CB. 


And because the complement AG is oqual to the com- 
plement GE ; (I. 48. 
and that AG is the rectangle contained by AC, CB, for 
CG is equal to CB; 
therefore GE is aleo equal to the rectanglo AC, CB. [Az. 1. 
Therefore AG, GE are equal to twice the rectangle AC, CB. 
And HF, CK aro the squares on AC, CB. 

Therofore*the four figures 777, CK, AG, GE are equal to 
vie pn on AC, CB, together with twice the rectangle 

, CB. 


But HF, CK, AG, GE make up the whole figure ADEB, 
which is the square on 42. 
Therefore the square on 42 is equal to the squares on 
AC, CB, together with twice the rectangle AC, CB. 
Wherefore, (fa straight line &c. 9.5.p. 
Coronuany. From the demonstration it is manifest, 
that ellograms about the diameter of a square are 


like squares. 
PROPOSITION 5. THEOREM. 


Uf a straight line be divided into tico equal parte and 
aleo into two unequal paris, the rectangle contained by the 
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unequal purta, together with the re om Gq line bet 
the points of section, ts equal tu the ore oo Gh Hae the 
Let the straight lino AB be divided two vais 
parts at the point ©, and into two uneqn ye at 
point J): the rectangle 4D), Di, together the square 
on CD, shall be equal to the square on CB. 
On ae describe the \ 
square GEF'B ; (oC 
join BE; through J draw = eee F 
DHG parallel to CE or BF'; K 
through //draw ALM paral- 
leltoC Bor EF, and through 
A draw AA parallel to CL .. 
or BM. [t 31. 
Then the complement C/Z is equal f, tl 








1c saa SS 
? 1. 4%. 


to each of these add DAL; therefore the whole CH is equal 


to the whole DF. [Ariom 3 
But CM is egual to AZ, {I. 36. 
because 47 & oqual to CB. [Mypothesu, 
Therefore also AL is equal to JF. {Ariom }. 
To cach of these add C//; therefore tho whole 4 //is equal 
to JF and CH. [Axiom 2. 


But A // is the rectangle contained by AD), DB, for D/1 ts 
equal to DJ; M [Il 4, Corollary, 
and DF together with C// is the gnomon CAG ; 
therefore the gnomon CMG iscqual totho rectangle A), 8. 
To each of these add ZG, which is equal to the square on 
CD. ({f. 4, Corollary, and [, 24. 
Therefore the pnomon CMG, tazether with LG, is cqual to 
the rectangle .1.), D3, together with the square on C/).[ 4x2. 
But the gnomon CMG and LG make up the wholo figure 
CEFB, which is the square on CH. 
Therefore the rectanglo 4D, DB, toycther with the square 
on CD, is equal to the square on C'. 

Wherefore, {fa straight line kc. Q.B.D. 

From this proposition it is manifest that the difference of 
the squares on two uncqual straight lince AC, CD, is equal 
to the rectangle cuntained by their sum and difference. 
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PROPOSITION 6. THEOREM. 


@ straight line be bisected, and produced to any 

int, the rectangle contained by the whole line thus pro- 

ced and the part of it produced, together with the 

uare on half the line bisectad, is equal to the square on 

the ‘vht line achich is made up of the half and the 
part uced. 


Let une straight line AB be bisccted at the point C, 
and produced to the point 22: the rectangle 4), DA, 
together with tho square on (2, shall be equal to the 
Rquire on CD, A... ¢ B__D 

On CD descyibe the | ” 
square CEFD; ~ [1. 46. 





join DE; through 2 draw kh ‘ M 
BHG }arallel ty CE or mrs 
DPF; through // draw ; 
KLM, parallel to AD or Va PS aoe 
EF; and through .1 draw F G F 
AK parallel to CL or DM. [T. 81. 
Then, because AC is equal to CB, [Mypothesis, 
the rectangle AZ is equal to the rectangle CH; [I. 36. 
but CZZ is equal to /7F’; [T. 43. 
therefore also 4Z is eyual to HF. [Axiom 1, 


To each of these add C.V; 
therefore the whole .L4/ is equal to the gnomon CMG. (42.2. 
But AMM is the rectangle contained by 12, DB, 


for DM is cqual to JB. [1I. 4, Cvrollary, 
Therefore the rectangle 1D, DB is equal to the gnomon 
CMG. [Axiom 1. 


To cach of these add LG, which is equal to the square gp 
CB. (Il. 4, Corvilary, and $34. 
Therefore the rectangle .1D, DB, together with the square 
on CH, is equal to the gnomon C/f¢ and the fignre 1G. 
But the gnomon CMG and LG make up the whole figuro 
CEF YD, which is the square on CD, 
Therefore the reetangle .{D, DB, together with the square 
on CB, is equal to the syuare on C'D. 7 
Wherefore, ifa straight line &. QED. . 
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PROPOSITION 7. THEOREM : 


If a straight line be divided into any two parts, the 
muares on the whole line, and on one of the parts, are 
equal to twice the rectangle contained by the whole and 
that part, together with the square on the other part, 

Let the straight line AB be divided into diy two 
parts at the point C: the squares on AB, BCghall be 
equal to twice the rectangle 4/3, BC, together with the 
ayguare on .1C. 

On AB describe the squaro A co Un 
ADEB, and construct the figure 
as in the preceding propositions, G oe 

Then AG is equal to GE; [1 43, a ss a 
to each of these add ('A'; ae 
therefore the whole AA is oqual to Z | 
the whole CZ; aed 
thorefore AK, CE aro double of D 
AK. 


But AA, CE are tho gnomon AA‘F, together with the 

square CA’; 

therefore the gnomon AAF, together with tho squaro CA, 

is double of 4A”. 

But twice tho rectaygle AB, BC is double of AA, 

for BA is equal to (UT. §, Corollary, 

Therefore the gnomon 4 AF, together with thy square C/A, 

is equal to twice the rectangle AB, BC. 

To each of these equals add //F, which is equal to tho 

myuare on 111" [IL 4, Corvllary, and 1. 34, 

Therefore the gnomon AAF, together with the squares 

CK. HF, ia equal to twice the rectangle 14, BC, together 

with the aquare on AC. 

But the gnomon 4 A’F together with the equares CA, fF, 

niake up te whole figure ADEB and CA, which are the 

syuares on 4 Band BC. 

Therefore the squaros on AB, BC, are equal to twice the 

rectangle AB, BC, together with the square on AC, . 
Wherefore, if a straight line &c. Qin. 
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PROPOSITION 8. THEOREM. 


If a straight line be dirided into any two parte, four 
times the rectangle contained by the whole line and one of 
the parts, together aith the square on the other part, is 
equal to the square on the straight line which ia made up 
Of the tehole and that part. 


Let the straight lino .4B be divided into any two parts 
at the point C’: four times the rectangle 42, BC, together 
with the squaro on AC, shall be equal to the square on the 
straight ling made up of A/ and AC together. 


Produco AB to LD, 80 


that BP may be equal | geen, ass 
to CB; [Post, 2, and 1, 3. a 3 | 
on AD describe the square M va 7. 
eh. ol Beedle 
and construct two figures : 4 | | | 
such as in the preceding ¢ cae 
propositions. LY pis 
Then, because CP is equal es | rs hy 
to BL, [Constrretion. 
and that CB is equal to GA, and LD to AN, [I. 34. 
therefore GA is equal to AN. fAcivn 1. 


For the same reason 272? is equal tg 20. 


And because CB is equal to BD, RAL A to ACN, the rect- 
angle CA’ is equal to the rectangle /3.V, and the rectangle 


CR to the rectangle RN. [1. 36. 
But CA is he to RN, because they are the complements 
of the parallelogram €'O ; [I. 43. 
therefore also BN is equal to GR. {Axiom L 


Therofore the four rectangles BN, CA, GR, RN are equal 
to one another, and so the four arc quadruple of one of 
them CA. | 


Again, because CB is equal to BD, {Construction, 
and that BD is equal to BA, (tl. 4, Corollary. 
that is to CG, [I. 34. 


and that CB is equal to GA, [!. 34 
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that is to GP; [1I. 4, Corollary, 
therefore CG is equal to GP, [Axiom 1. 


And because (G is equal to GP, and PR to RO, the 
selene ye AG is equal tu the rectangle AL, and the rect- 


angle PZ to the rectangle AL. [!. 36, 
2But ALP is equal to 2’, because they are the comploments 
of the parallelogram ATL ; (1. 43, 
therefore also AG is equal to RF. | [Aion 1, 


Therefore the four rectangles AG, MP, PL, RF aro equal 
to one another, and so the four are quadruple of one of 
them AG. 

And it was shewn that the four CA, BN, G2 and RN 
are quadruple of CA); therefore the cight rectangles 
Which make up the gnomon AQ// are qnadruple of AK. 


And because AA’ is the rectungle contained by 4B, BC, 
for BA is equal to BC’; 


ptene four times the rectangle AB, BC is quadruple 
Ob, . 


ie a gnomon AO/Z was shewn to be quadruple 
Of. . 


Therefore four times the rectangle .13, BC ia equal to the 


gnomon 4 OFT, [Arion 1. 
To each of these add X//, which is equal to the square on 
aiG; [Ul. 4, Corollary, and 1. 34. 


Therefore four times the ee AB, BC, together with 
the square on AC, ia equal to the gnomon AOH and the 
square X 77. 

But the gnomon AOH and the square X// make up the 
figure AE FD, which is the square on AD. 

Therefore four times the rectangle AB, BC, ther with 
the square on AC, is equal to the aquare on AD, that is to 
the square on the line made of AB and BC together. 


Wherefore, {f a straight line &c. Q.¥.D. 
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PROPOSITION 9. THEOREM. 


Ifa straight line be divided into treo equal, and also 
into two unequal parts, the squares on the two unequal 
parts are together double of the square on half the line 
and of the squareon the line between the points of section. 


Let tho straight line AZ} be divided into two equal 
parts at the point (, and into two unequal parts at the 
point D: the squares on AD, DB shall be together double 
of the squares on AC, CD. 


From the point (' draw F 
CE at right angles to A BZ, [I. 11, tS 
and make it equal to AC’ or SG Se 
CB, (I. 3. ee ae 
and join 7.4, FB; through a po 
D draw DF parallel to CE, and ns ae ey 
through #’ draw FG parallel ' 
to B.A > ‘ [T. ol. 
and join A F. 

Then, because 4C is equal to CE£, (Construction, 
the angle ZAC is equal to the angle 4 FC. (I. 5. 


And because the angle ACE is a right angle, (Construction. 
the two other angles A£C, EAC are together equal to ono 
right angle ; {1. 32. 
and they are equal to one another; 

therefore cach of them is half a right angle. 

For the same reason cach of the angles CEB, EBC is half 
a right angle. 

Therefore the whole angle .4 FB is a right angle. 

And because the angle GZF is half a right angle, and 
the angle EGF’ a right angle, for it is equal to the interior 
and opposite angle £C'B; {L 29. 
therefore the remaining angle ZF is half a right angle. 
Therefore the angle GEF is equal to the e EFG, and 
the side EG is qual to the side GF. —_ "TT. 6 
Again, because the angle at 3B is half a right angle, and fhe 
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angle FDBZ a right angle, for it is equa) to the interior and 

opposite angle ECB ; [1. 29. 

therefore the remaining angle BF'D is half a right angle. 

Therefore the angle at # is cqual to tho angle BHD, 

and the side DF is equal to the side DB. {1. 6. 
And because AC is equal to CL, (Construction. 

the square on AC is equal to the square on CE ; 

oa the squares on 4, CF are double of the square 

on Ae. 

But the square on AZ is equal to the squarcs on AC, CE, 


because the angle {CF is a right angle ; {I}. 47. 
therefore the square on .1// is double of tho square on AC. 
Again, because 2G is equal to GF, [bev nstruction, 


the square on /-(7 is oqual to the square on GF 
therefore the squares on EG, CF are double of the square 
on GF 

But the square on EF is equal to the squares on FC, GF, 


because the angle EGF isa right angle; , {I. 47. 
therefore the square on EF is double of the square on GF. 
And GF’ is equal to CD). {I, 3s. 


therefore the square on #’F is double of the square on C1), 
But it has been shewn that the square on AZ is also 
double of the square on AC. 

Therefore the squares on AF, AF aro double of tho 
squares on Af’, CD. 

But the square on AF’ is cqual to the squares on AF, 
EF, because the angle A ZF is a right angle. {f. 47, 
Therefore the square on AF’ is double of the squares on 
AC, CD. 

But the squares on AD, DF are cqual to the square on 
AF, because the angle AVF is a right angle. {I. 47. 
Therefore the squares on AD, DF aro double of the 
squares on AC, CD. 

And DF is equal to DB; 

therefore the squares on AD, DB ure double of the 
squares on AC, CD. 

Wherefore, t/ a straight line &c. QED, 
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and is therefore equal to the anglo DBG; 
therofore also the side BD is equal to the sido DG, [1. 4, 
Again, because the anglo EGF is half a right anglo, 
and the angle at Fa right angle, for it is cqual to tho 
opposite angle ECD ; (1. 94. 
thoreforethe remaining angle FEG ishalf aright angle, (1.32, 
and is therefore cqual to tho angle EC’ F, 
therefore also tho side GF is equal to the sido FE. ‘[f. 4. 
And because £C’ is equal to CA, the squaro on BC is 

oqual to the square on (A ; 
ee tho squares on LC, CA aro double of the square 
on C4. 
But thesquareon A Fisequal tothe squares on EC,C.A4.[1. 47. 
Therefore the square on A £ is double of the square on AC. 
Again, because GF is @qual to FFL, the square on GF" is 
equal to the square on FF ; 
ue the squares on GF, FE are doublo of tho square 
on Be 
But thesquare on EG is oqual to the squares on GF, FEAT, 
Therefore the squaro on EG is double of the square on FE, 
And FE is equal to CD ; {f. 34. 
therefore the square on #G is double of the sqnare an CD, 
But it has been shewn that the square on AE is double 
of the square on AC. 
Therefore the squares on AE, EG sre dvoublo of the 
squares on AC, CD. 

i the square on AG is equal to tho squares on ] 

Te . « 
Therefore the square on AG is double of the squares ca 
AG, CD. : 
eae squares on AD, DG are equal to the sc Hr 
Therefore the squares on AD, DG are double of the 
squares on AC, CD. 
And DG is equal to DB; 
therefore the squarcs on AD, DB are double of the squares 
on AC, CD, 

Wherefore, {f a straight line &c. GED. 
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PROPOSITION 11. PROBLEM. 


T diridea giren atrajght line into two parts, 20 that 
the rectangle contained By the twrhole and one of the parts 
nuty be equal to the equare on the other part. 


Let AB be the given straight line: it is required to 
divide it into two parts, ao that the rectangle contained by 
the whole and one of the parts may be equal to the square 
on the other part. 

On AB describe the square r- ——G 
ABDC: [l. 48, | 
bisect AC at FE; (1.19. 
join BE: produce CA to F, and : 
make Ef equal to FB; (6.3. # al — Hp 
and on AF describe the square e a : 
AFG, [f. 16 a 
AD shall be divided at 77 so a | 
that the rectancle AZ, BL is 
equal to the square on 4/7. 

Produce G11 to K. Db eee 
Then, because the straight line 
AC is bisected at £, and pro- 
duced to F, the rectangle CF, FA, together with the 


mynare on AE, is equal to the square on FF. (11. 6. 
But EF is equal to EP. [Comatruction, 


Therefore the rectangle CF, FA, together with the square 
on AF, is equal to tho aquare on ZZ. 


But the square on EB is equal to the squares on AE, AB, 
because the angle F.42 is a right angle. I, 47. 
Therefore the rectangle CF, F.1, together with the square 
on AE, is oqual to the squares on AZ, 4B. 

Take away the square on 4£, which is common to both; 
therefore the remainder, the rectangle CF, 7A, is equal to 
the square on AB. [Axiom 8. 
But the figure FA is the rectangle contained by CF, FA, 
for FG is equal to FA; 

and AJ is the square on AB; 

therefore FX is equal to AD. 


Take away the common part AK, and the remainder FH 
is Oqual to the remainder HD. [Axiom 3. 
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But J/D is the rectangle contained by AB, BH, for AB is 
equal to BD ; 


and F# is tho square on AH; 
therefore the rectangle 1B, 3/1 is equal tothe square on .4 77. 


Wherefore the straightline AB ta dieided at H, av that 
the rectangle AB, BH ia equal to the equare on AH, Qn. 


PROPOSITION 32. THEOREM. 


In obtuac-angled triangles, Uf a perpendicular be drain 
from cither of the aente angles to the oppuatte side pro- 
duced, the aquare on the aide subtending the obtuse angle ia 
yreater than the agearcra on the sides cmtatuing the obtusa 
angle, dy ticice the rectangle contained by the site on 
tchich, when produced, the perpendicular falls, and the 
straight line interespted bat i the triangle, belircen the 
perpendiodar and the obtuse angle. 


Let ABC be an obtuse-angled triangle, having tho 
obtuse angle 10°78, and from the point 4 let <i) be drawn 
perpendicular to BC produced ; the square on A # shall be 
eae than the squares on AC, CA, by twice the rectangle 
BO OD, 

Because the straight line 
BD is divided into two parta 
at the point (, the square on 
BY) is equal to the squares on 
BC. CD, and twice the rectanglo 





BC, CD. (tl. 4. 
To cach of these equalaadd tho 
square on J).4. C 


Thereforethe i ei on BD, DA are equal Vo the squares on 
BC, CD, DA, and twice the rectangle BC, CD. [Axiom 2, 
But the square on #24 is equal to the nquares Gh BI), DA, 
because the angle at J) is a right angle ; (i. $7. 
and thesquare on C'A is equal to the squareson CD, DA. [1. 47. 
Therefore the aquaré on BA is er to the squares on 
BC, CA, and twice the rectangle BCU, CD ; . 
that is, the square on BA is greater than the squarés on 
BU, CA by twice the rectangle BC, CD. 

Wherefore, in obiuse-angled trianglea &e. OED. 

5—2 
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PROPOSITION 18 THEOREM. 


~ dn every triangle, the square on the side subtending 
an acute angle, te less than the squares on the sides con- 
taining that angle, by twice the rectangle contained by 
either of these sides, and the straight line intercepted 
Between the perpendicular let fall on it from the opposite 
angle, and the acute angle. 


Let ABC he any triangle, and the angle at B an acnte 
angle; and on BC one of the sides containing it, let fall 
the perpendicular AJ) from the opposite angle: the square 
on AC, opposite to the angle #, shall be less than the 
sjuares on CB, BA, by twice the rectangle CB, BD. 

First, let .4D fall within tho 
triangle 4 iC. 

Then, bocause the straight lino 
CB is divided into two parts 
at the point J), the squares on 
CB, BD are equal to twice the 
rectangle contained by CB, BD 
and the square on CD. [II 7, 
To cach of those equals add the 
aquare on DA. 

Therefore the squares on CB, BD, DA are equal to twice 
the rectangle C8, BD and the squares on CD, DA. [Arz. 2. 
But tho square on AZ is oqual to tho squares on BD, DA, 
becauso the angle BDA isa right angle ; [I. 47. 
and the equareon AC is cqual tothe squares on CD, D.A [1.47. 
Therefore the squares on CB, BA are equal to the square 
on AC and twico the roctangle CB, BD; 


that is, the square on AC alone is lesa than the squares on 
CB, BA by twice tho rectangle CB, BV. 


Secondly, let 4 D fall without 
the triangle ABC. 
Then because the angie at D is 
a right angle, [Construction. 
the angle ACB is greater than 
a right angle ; [Lie =f 





A 
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and therefore the square on AB is equal to tho squares 
on AC, CB, and twice the rectangle BC, CD. (11. 12, 
To each of these equals add the square on BC. 
Therefore the squares on AB, BC aro equal to the square 
on AC, and twice the square on BC; and twice tho roct- 
angle BC, CD. [Axiom 9. 
But because BP is divided into two parts at C, the rect- 
angle D#, BC is equal to the rectangle BC, CD and the 
square on BC’; [il 3. 
and the doubles of these are equal, 
that is, twice the rectangle DB, BC is equal to twice the 
rectangle BC’, C'D and twice the square on BC. 
Therefore the squares on A#, BC are equal to the squaro 
on AC; and twice the rectangle DB, BC; 
that is, the squaro on AC alone is less than the squares on 
AR, BC by twice the rectangle DB, BU. 

rage let the side AC be perpendicular A 
to BC’ 


Then BC is the straight lino between the 
perpendicular and the acute angle at 3; 


and it is manifest, that tho squaros on 
AB, BCU are equal to the aquare on AC, 
and twice the square on BC. [1. 47 and Az. 2. coma i, 


Whorefore, in erery triangle &c. Q.¥.d. 
PROPOSITION 14. PROBLEM. 


Tv describe a square that shall be equal to a gicen recli- 
lineal figure. 


Let A be the given rectilineal figure: it is required to 
doacribe a square that shall be equal to 4. 


Describe the rect- 


angular parallelogram mm 
BoD Ee pal tothe rec- L = P 
tilineal figure .4. (1.45. \ 
Then if the sides of it, \ 
BE, ED are equal to A Se ; ¥ 
one another, it is a ? 

c 






square, and what was 
required is now done. 
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But if they are not oqual, produce ono of them BZ to F, 
make £F'" equal 
to ED, {I. 3. 
and bisect Bs’ 
at G; (I. 10. 
from the centre 
(7, at the distanco 
GB, or GF, de- 
scribe the somi- 
circle B//F, and 
produce D£'to £7, 
The square described on EH shall be cqual to the given 
rectilineal figure 1. r 

Join GH, Then, because the straight line BF’ is divided 
into two cqual parts at the point G, and into two unequal 
parts at the point £, the rectanglo BE, EF, together with 
the square on GE, is equal to the square on GF, [II 5, 
But GF is equal to G/L. 
Therefore the rectangle BE, EF, together with tho squaro 
on GE, is equal to the square on GH. 
But thosquare on G // is equal tothe syuares on GZ, £/7;[1.47. 
therefore tho rectangle BE, £F, together with the square 
on GE, is equal to the squares on GE, EL. 
Take away the square on @Z, which is common to both ; 
therefore the rectangle BE, EF’ is equal to the square on 
EH. [Axiom 3. 
But tho rectangle contained by BE, EF is the parallelo- 
gram £3 /), 
because EF is equal to ZD. (Construction. 
Therefore BL is equal to the square on EH. 
But BD is equal to the rectilineal figure 4. (Construction. 
Therefore the square on Z£// is cqual to the rectilineal 
fiyuro 1. . 

Wherefore a ayuare has been made equal to the given 
ee Jigure A, namely, the square described on 

. QF, 





/ 





* 
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DEFINITIONS, 


1 Eavan circles are those of which the diameters are 
equal, or from the centres of which tho straight lines to 
the circumferenees are equi. 


This is not a definition, but a theorem, the truth of 
which is evident; for, if the circles be applied to one 
another, so that their centres coincide, the circles must 
likewise coincide, since the straight lines from the centres 
are equal, 

2. A straight line ts 
auid to touch a circle, ee 
when it meets the circle, a 
and being produced does _ ee 


not cut it. Pi BS 
\ f : | 
3. Cireles are said 4 ' at 


to touch one another, a y) 
which meet but do not ~ L/ 
cut one another. = 


4. Straight lines arc said to 
be equally distant from the centre : 
of a circle, when the perpendicu- / 
larsdrawn tothem from the centre 
are equal, , 

5. And the straight line on / 
which the greater perpendicular \ 
falls, is said to be farther from the “N 
centre. 
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6. A segment of a circle is the 

figure contained by a straight line 

and the circumference it cuts off. ian 
7. The angleof a segment is that 


which is contained by the straight 
line and the circumference. 


8. An angle in a segment is 
the angle contained by two straight 
lines drawn from any point in the 
circumference of the segment to 
the extremities of the straight line 


which is the base of the segment. \ ] 
9. And an angle is said to in- we 

sist or stand on the circumference ~ 

epee betwoen the straight 

lines which contain the anglo. 


10. A sector of a circle is the 
figure contained by two straight 
lincs drawn from the centre, and 


3 tee 
A 
the circumference between them. ( ya Z 


11. Similar segments of 


circles are those in which ‘6 ~ aa 
theanglesare oqual, or which { ae \ 
contain cqual anglcas, eS 

[Nate. In the following propositions, whenever the expression 


“straight lines from the centre,” or ‘‘drawn from the centre,” 
occurs, it is to be understood that the lines are drawn to the cir- 


cwuference. 


Any portion of the circumference is called an are.) 


PROPOSITION 1. PROBLEM. 
To find the centre of a given ¢ircle. 


Mii ABC be the given circle: it is required to find its 
contre. 
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_. Draw within it any straight 
‘Hne AB, and bisect AB 
at D; [I. 10. 
from the point D draw DC 
atrightanglesto 48; [I. 11. 
produce CD to meet the cir- 
cumferenco at £, and bisect 





CE at F (1. 10. 
The point F shall be tho centre 
of the circle 4 BU. 


For if F be not the centre, 
if possible, let (¢ bo the centre ; and join GA, GD, GB. 
Then, because DA is equal to DI, [ Construction, 
and DG is common to the two trianyles A DG, RDG; 
tho two sides AV, DG are equal to the two sides BD), DE, 
each to each ; 
and the base GA is equal to tho baso GZ, bocause they aro 
drawn from the centre G ; (I. Definition 15. 
therefore tho angle 4 DG is equal to the anglo BG. [1. 8. 
Bat when a straight line, standing on another straight line, 
makes the adjacent angles « an to one another, cach of 
the angles is callod a right angle : (I. Deknition 10, 
therefore tho angle B)(7 is a right angle. 
But the angle BDF is also a right angle. [C'onatruction, 
Therefore the angle BDG ia equal to the angle VDF, (Ar. 11. 
the leas to the greater ; which is impossible. 
Therefore G is not the centre of the circle A BC. 

In tho same manner it may be shewn that no other point 
out of the line CZ is the centre ; 
and since CE is bisected at F, any other point in CE 
divides it into unequal parts, and cannot bo the centre. 
Therefore no point but fF’ is the centre ; 
that is, F is the centre of the circle ABC: 
which was to be found, 


Conottary. From this it is manifest, that if in a circle 
a straight line bisect another at right angles, the centro of 
the circle is in the straight line which Lisecta the other. 
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PROPOSITION 2. THEOREM. 


If any two points be taken in the circumference Of a 
circle, the straight line which joins them shall full within 
the circle. 


Let ABC be acircle, and A and B any two points in 
the circumference: the straight line drawn from 4 to B 
shall fall within the circle. 

For if it do not, let it fall, if 
rossible, without, as ALD. Cc 

‘ind DY tho centre of the circle a Oe 
ABC; (lI. 2. : 


and join DA, DB; in the are D 

A# take any point £, join DF, ; 

and pence it to mect the Is 

straight line AB at £. SSEHy 
x : 


Then, because DA is equal 
to DB, [1. Definition 15, 


tho angle D.AB is equal to the angle DBA. (I. 5. 


And because .12, a side of the triangle DAZ, is pro- 
duced to /, the exterior angle DEL is greater than the 
interior opposite angle D4 £. {I. 16. 


But the angle D.1 Z was shown to beequal tothe angle DBE; 
therefore the angle DEJ} is greater than the angle DBE. 
But the greater angle is subtended by the greater side ; [I. 19. 
thorefuro DZ is greater than DZ. 

But DB is equal to DF’; [f. Detinition 15. 
therefore DF is greater than DE, tho less than the greater; 
which is impossible. 

Therefore the straight lino drawn from 4 to B does not 
fall without the circle. 


In the same manner it may be shewn that it does not 
fall on the circumference. 


Therefore it falls within the circle, 
Wherefore, if any two putnts &e. OED. 
PROPOSITION 8 THEOREM. 


Uf a straight line draswen through the centre of a circle, 
bisect a stratght line in it which does not pase through the 
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centre, tt shall cut it at right angles; and ¢f it cut tt at 
right angles it shall bisect it. 


Let ABC be a circle; and let CD. a straight lino drawn 
through the centre, bisect any straight line 4 2B, which docs 
not pass through tho centre, at the point 4. CY shall cut 
AB at right angles. cC 

Take £ the centre of the Pe ie 
circle ; andjoin Lf, E72. (EEL.1. ; \ 

Then, because .4 F’ is equal | 
to FR, [AM ayparta cats, As 
and #2) is common to the two er } 
triangles AFA, BEE ; WA Nt Se 
the two sides .{7, FF are ALF 
equal to the two sides JF", FL, D 
each to each ; 
aud the base £4 is equal tu the base 272 ; [h. def. de. 
therefore tho angle 4 F'# is equal to the angle BFE, (1.8, 
But when a straight line, standing on another straight line, 
makes the adjacent angles equal tu one another, each of 
the angles is called a right wugle ; El. Dednigion 1, 
therefore cach of the angles AFF, BFE isa right angle. 
Therefore the «traight line CD, drawn through the centre, 
bisecting another 12 which docs put pass through tho 
ceutre, also cuts it at right angles. 

But let CD cut A at right anglea: CD slull also 
bisect .1/4; that is, 4 /' shall be equal to FZ. 

The same construction being mado, because FA. EB, 
drawn from the centre, are equal to one another, [1. Lf. 15. 
the angle £.4F" is equal to the angle EBF. (I. &. 
And the right angle AF is equal tu the right angle 24%. 
Therefore in the two triangles HAF, EAF, there are two 
angles in the one equal tu two angles in the other, cach to 
each ; 
and the side EF, which is opposite to one of the equal 
angles in cach, is commun to both; 
thereforo their other sides are equal ; {I. 26. 
therefore AF is equal to FB, 

Wherefore, if a straight line €c, QEp. 
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PROPOSITION 4. THEOREM. 


If ina circle two straight lines cut one another, which 
do not pass through the centre, they do not bisect one 
another. 

Let ABCD be a circlo, and AC, BD two straight lines 
in it, which cut one another at the puint Z, and do not both 
pass through the centre: AC, BD shall not bisect one 
another. 

If one of the straight lines 
pass through the centre it is plain 

t it cannot be bisec by 

the other which does not pass 
through the centre. 
But if neither of them iraag 
through the centre, if possible, 
let AZ bo equal to EC, and BE 
equal to ED. 





Take # the centro of the circlo (IIT. 1. 
and join EF. 

Then, because FE, a rity (hb line drawn through the 
centre, bisects another straight line AC’ which does not pass 
through the centro ; (Hypothesis. 
FE cute AC at right angles: III. 3. 


therefore the anglo FEA is a right angle. 


Again, because the straight line FE bisects tho straight 
line BL), which docs not pass through the centre, = [//yp. 


FE cuts BD at right angles ; (111. 3. 
therefore the angle FEZ is a right angle. 
But tho angle FZ.4 was shewn to bea right angle; 
therefore the angle F'£.4 is equal to the angle FEB, [Ax 11. 
the leas to the greater; which is impossible. 
Therefore AC, BD do not bisect cach other. 

Wherefore, {fin a circle&e. @z.v. 


PROPOSITION 5 THEOREM. 


Uf two circles cut one another, they shall not have the 
same centre. 


Let the two circles ABC, CDG cat one another at the 
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points B, C: they shall not have tho same centre. 

For, if it be possiblo, let E 
be their centre ; join EC, and 
draw any straight line EFG 
rapa the circumferences at 
¥F and G. 

Then, because F ia the cen- 
tre of the circle ABC, EC is 
equal to EF’. {f. Definition 15. 





Again, becauso £ is the centro ss 

of the circle CDG, EC is equal a 

to EG. [l. Detnition 14, 

But EC was shewn to be cyual to HF’; 

therefore FF is equal to BG, (Axiom 1, 


the leas to the greater; which is impossible. 
Thercforo EZ is not the centro of tho circles ABC, CDG. 
Wherefore, Uf tire circles Ge QHD. 


PROPOSITION 6. THEOREN, 
Lf two circles bunch one another internally, they shalt 
nul hace the same centre. 
Let the two circles ABC, CDE touch ono another inter- 
nally at the point (’: they shall not have the same contro. 
haan if it bo possible, let 
F be their centre; join FC, C 
and draw any stcadght line go ‘me 
FEB, mecting the circum- /: 
ferences at Eand J}. 
A 


| 

Then, because F is the ‘ Ap 

centre of the circle 4 BO, ‘ a 

FC is oqual to FB. (1. Def.15. i 

Again, because F is tho a 

centre of tho circle CDE, 

FC ia equal to FE. (1. Definition 18, 

But FC was shewn to be cqualto FB; 

therefore FE is equal to FS, [Aziom 1. 

the leas to the greater; which is impossible. 

Therefore F is not the centre of the circles ABC, CDE. 
Wherefore, {f two circles &e. Q.%.D. 
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PROPOSITION 7. THEOREM. 


Lf any point be taken in the diameter of a circle which 
is not the centre, of all the straight linca which can be 
draten from thie point to the circumference, the greatest 
ta that in arhich the centre ia, and the other part of the 
diameter ta the least; and, of any othera, that which is 
nearer to the atraight line which passes through the centre, 
te alicays greater than one more remote; and from the 
rame point there can be drawn to the circumference two 
straight linea, and only iro, which are equal to one ano. 
ther, one on each side of the shortest line. 


Let ABCD bea circle and AJ) its diameter, in which 
let any point F’ be taken which is not the centre; let £ be 
the centre : of all the straight lines #°2, FC’, FG, &c. that 
can be drawn from F' ta the circumference, £4, which 
passes through #, shall be the greatest, and £'/), the other 
part of the diameter 47), shall be tho least; and of the 
others #2 shall be greater than #°C, and #’C than FG, 


Join BE, CE, GE. 


Then, because any two sides A 
of a triangle are greater than the a po oS, 
third side, [}. 20, C! \ | *, 
thereforo BE, EF are greater { YS in \ 
than 73F. _ *" 
But PE is equal to AZ; [1 2f. 15, x ie 7 ) 
therefore AE, EF are greater S, So 


that is, 4 F'is groater than J3F. 


Again, because PE is equal to CE, [I. Definition 15. 
and £'F’is common to the two triangles BEF, CEF; 


the two sides BE, EF are oqual to the two sides CE, EF, 
cach to cach ; 


but the angle BEF is greater than the angle CEF; 
thereforo the base FB is greater than the base FC. [T. 24. 


In tho same manner it may be ahewn that FC is greater 
than FG, . 


Again, because GF, FE are greater than BG, [I 20. 
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and that FG is equal to ED; [T. Defnition 15, 
therefore GF, FE are greater than ED. 


Take away the common part F'Z. and tho remainder G F is 
greator than the remainder FL). 


Therefore F'A is the greatest, and FF’) the least of all 
the straight lines from * to the circumference ; and £72 is 
greater than FC, and FC than #'C, 

Also, there can bo drawn two equal straight lines from 
tho point F’ to the circuinference, one un each side of tho 
ahortest line F) 

For, at the point &, in the straight line FF, mako the 
angle FEZ equal ta the angle FFG, [t. 23, 
and join FZ. 

Then, because EG is equal to 1/7, (1. Jiefnition 15, 
and AF ix cominon to the two triangles GEF, MEF; 
the two sides FG, ZF are equal to the two sides #//, PF, 
each to each ; 
and the angle GFF is equal to the angle JIE FP’; (Constr. 
therefore the base AG is cqual to the base #77, {1.4 

But, besides F'7/, no other straight lino can be drawn 
from F to the circumference, equal to FG. 

For, if it be possible, let FA be equal to FG. 


Then, because FA is equal to FG, { Hypothesia, 
and #'// is also equal to FG, 
therefore F/1 is cqual to FA’; [Aziom 1, 


that ia, a line nearer to that which passes through the 

centre is equal to a line which is more remoto ; 

which is impossible by what has been already shewn. 
Wherefore, ifany point be taken &e, QE. 


PROPOSITION & THEOREM. 


Lf any point be taken without a circle, and straight 
lines be draten from tt to the circum ference, one of which 
passca through the centre; of those which fall on the eom- 
care circumference, the greatest ts that which passes 
through the centre, and uf the rest, that which is nearer 
ta the one passing through the centre is aligagé greater 
than one more remote; but of those which fall on the 
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connex circumference, the least is that between the point 
without the circle and the diameter; and of the rest, that 
which is nearer to the least te always less than one more 
remote; and from the same point there can be drawn to 
the circumference tio straight lines, and only two, which 
are equal to one another, one on each side of the shortest line, 


Let ABC boa circle, and D “ Pee without it, and 
from D let the straight lines DA, DE, PF, DC be drawn 
to thecircumfcrence, of which DA passes through the centre; 
of thoso which fall on the concave circumference A ZFC, the 
greatest shall be 7.4 which passes through the centre, and 
tho nearer to it shall be greatcr than the more remote, 
namcly, VE greater than LF, and JF greater than VC; 
but of those which fall on the convex circumference GA LH, 
the least shall be 2G between tho point J and the dia- 
meter <{(7’, and the nearer to it shall be less than the more 
remote, namely, 2A’ less than DL, and DL less than DH. 


Take JM, the centre of the 


circle 4 BC, (itt. 1. 

and join ME, MF, MC, MH, D 
L, MK. A 
Then, because any two sides i \ 


of a triangle aro greater than 
the third side: [T. 20, {x PV \ 


thereforo EM, 31D are greater As LBS 
than ED. wach] PSN 


ie tae idl \ 
But EM is oqual to. M;{1. Def.15. i ne 
therefore AM, MD aro greater... _/_ Y \ 
than ED, \P ’, M 
that is, 4D is greater than ED. FE fy | f 
A gain, because EM is oqual << \/ o 
and AfDis common to the two “\ 


triangles EMD, FMD; 

the two sides Z.Af, ALD are equal to the two sides FM, . 
each to cach ; 

but the angle EMD is greater than the angio FD ; 
therefore the base ED is greater than the base FD. [I.24. 


In the same manner it may be shewn that FD in 
greater than CD. 
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Therefore DA is the eter, and DE greater than DF, 
and DF greater than 

We oa peer because SS Sa ater rir [I. 20. 

K is equal to Af (I. Definition 15. 
the remainder AD is es than the remainder GD, 
that is, GD is leas than AD. 

And because MZD is a triangle, and from tho points 
M, D, the extremities of ita side AV), tho straight lines 
MK, DK are drawn to the point A within the triangle, 
therefore MK, KD are less than ML, LD; {!. 21. 
and AIA is equal to AIL ; {I. Defnition 15. 
therefore the remainder A J) is leas than the romainder LD. 

In tho same manner it may be shewn that 1D is leas 
than /12). 

Therefore DG is the least, and DA less than VL, and DL 
Jess than 1/1. 

Also, there can bo drawn two equal straight lines from 
the point D to tho circumference, one on each side of the 
least lino. 

For, at the point Jf, in the atrai Hy line 47D), make the 
angle DMB equal to tho angle D [l. 23. 
and join DJ, 

Then, because ALK is equal to 3/7, 
and MJ) is common to the two triangles AUD, BMD; 
the two sides AM, 1D are equal to the two sidos BM, MD, 
cach to cach ; 
and tho angle DIK is equal to the angle DAB; [Constr. 
therefore the base DA is equal to the base DB. (I. 4. 

But, besides DZ, no other straight line can be drawn 
from D to the circumference, equal to DA. 

For, if it be possible, let DNV be equal to DE. 

Then, because DN is equal to DA, 

and D# is also equal to DK, 

therefore DB is equal to DN: [Axiom 1. 
that is,a line nearer to the least is equal to ono which is 
more remote ; 

which is impossible by what has been already shewn. 


Wherefore, if any point be taken &e. QE. ‘ 
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PROPOSITION 9. THEOREM. 


If a point be taken within a circle, from which there 
Jall more than two equal straight lines to the circum- 
Seorence, that point ia the centre of the circle. 

Let the point D be taken within the circle ABC, from 
which to the circumforence there fall more than two equal 
straight lincs, namely YA, DL, DC: the point D shall be 
the centre of the circle. 

For, if not, let E be tho centre; 
join DE and prodace it both ways to 
incet the circuinforence at F and G ; 
then #G is a diamoter of the circle. 

Then, because in FG, a diameter 
of the circle ABC, tho point L is 
taken, which is not the centre, DG 
is tho greatost straight line from D 
to tho circumferenco, and VC is greater than DB, and 
DB greater than DA : (IUL. 7. 


but they aro likewise equal, by hypothesis; 
which is impossible. 
Therefore £ is not tho centro of the circle ABC. 


In the same manner it may bo shewn that any other 
point than J is not the centre ; 


therefore J) is the centre of the circlo ABC. 
Wherefore, if a point be taken &. Q.E.D. 





PROPOSITION 10. THEOREY. 


One circumference of a circls cannot cut another at 
mure than two pointe, 

If it be possible, let the circumference ABC cut the 
circumference DEF at more 
than two points, namely, at the 
points B, G, F. 

Take K, the centre of the 

BG, (111. 1. 
and join AB, KG, KF. 

Then, because X is the 
contre of the circle 4 BC, 
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therefore KB, XG, K Fare all equal to each other. [I. Def.15, 
And because within the circle DEF, the point A’ is taken, 
from which to the circumference DEF fall more than two 
equal straight lines AB, AG, KF, therefore A’ is tho 
centre of the circle DEF. (HET. 9. 
But K is also tho centro of the cirelo ABC. — [Cunstruction. 
Therefore the samo point is the centro of two circles 
which cut one another ; 

which is impossible. (IIT. 5, 

Whereforo, one circumference &c,  Q.5.D. 


PROPOSITION 11. THEOREM. 

Uf two circles touch one another internally, the atraight 
line which joing their centrea, being produced, shall pase 
through the point of contact. 

Let the two circles 420, ADE touch one another inter- 
nally at tho point 4; and let F’ be the centre of the circle 
ABC, and ( the centre of the circle ADE: tho straight 
line which joins the centres #, (, being produced, shall 
pass through the point 4. 

For, if not, let it paas otherwise, 
if possible, as FGDH, and join 
AF, AG, 

Then, because AG, GF are 
greater than AF, {{. 20. 
and A F is equal to HF, [I. Def. 15. 
thereforo AG, GF, are greater 
than 2/F. 

Take away the common part GF, 
voor the remainder AG is groator than the remainder 
Bat AG is equal to DG. [l. Definition 15, 
Therefore DG is groatcr than 7/G, thelcas than the greater ; 
which is impossible. 

Therefore the straight lino which joins the points F, G, 
ia a through tho 

at 4, 
that is, it must pass through A. 

Wherefore, (f two circles &c. OED. 
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PROPOSITION 12. THEOREM. 


If two circles touch one another externally, the straight 
line which joins their centres shall pase through the point 
of contact. 


Let the two circles ABC, ADE touch one another ex- 
ternally at the puint 4; and let F’ be the centre of the 
circle ABC, and G the contre of the circle ADE: the 
straight line which joins the points /, G, shall pass through 
the point A. 


For, if not, let it 


mas otherwise, if pos- E_ 
ible, ns FUDG, and (fo oN a | 
join FLA, AG. " 
‘ Then, ee Fin pe: ee | 

10 centre of the cir- scone o's uae 
cle ABC, F-A is equal PRE 
to FC; — [L. Def. 15, 
and because G ia the 
centre of the circle 4 DE, GA is equal to GD, 


thorofore F.4, AG are oqual to FC, DG. [Axiom 2. 
Therefore the whole FG is greater than FA, AG. 
But FG is also leas than FA, AG; [I. 20. 


which is impossible. 
Therefore the straight line which joins the points F, G, 
cannot pass otherwise than through the point 4, 
that ia, it must pass through 4. 
Wherefore, {/ tere circles &e.  Q.E.D. 


PROPOSITION 13. THEOREM. 


One circle cannot touch another at more points than 
one, whether i touches tt on the inside or ovteide. 


For, if it be possible, let the circle ZEBF touch the 
circle ABC at more points than one; and first on the 
inside, at the points B, D. Join BD, and draw GH bisect- 
ing BD at right angles. {I. 10, 11. 

Then, because the two points B, D are in the circum- 
ference of each of the circles, the straight line BD falla 
within each of them ; {111 2. 
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und therefure the contro of cach circle is in tho straight 
line GH which bisects BD at right angles; [111 1, Corel. 


therefore G// passes through the point of contact. [ILL 11, 


But Gif does not pass through the point of contact, be- 
cause the points Ji, 22 are out of the line GH; 


which is absurd. 


Thereforo one circle cannot touch another on the inside at 
more points than one. 
Nor can one circle touch an- 
other on the outside at moro 
points than one. 


For, if it be possible, let tho 


circle ACA’ touch the circle 4 BU 
at the points f,¢. Join AC. { 
Then, because the two pointa 
A,C aro in the circumference of 

the circle ACK, the straight line B 

AC which joins them, falls within 

the circle ACA ; {U1l. 2. “Ne 

but the circle ACK is without the circle ABC; (Hypothesis. 
therefore the straight linc .1C' is without the circlo ABC. 
But because the two — A, aro in the circumference 
of the circle .1BC, the straight lino AC falls within the 


circle ABC ; (L002, 
which is absurd. 

Therefore one circle cannot touch another on the outside 
at more points than one. 


And it has been shown that one circle cannot touch 
another on the inside at more pvints than ono, 


Wherefore, one circle dc. OED. 


86 EUCLID'S ELEMENTS. 


PROPOSITION 14. THEOREM. 


Equal straight lines in a circleare qeally distant from 
the centre: and those which are equally distant from the 
centre are equal tv one another. 


Let tho straight lines AB, CD in the circle ABDC, be 
equal to ono another: they shall bo equally distant from 
the centre. 


thas E, tho contre of tho 


circlo ABDC; : (111. 1. oe 
and nial E draw EF, EG per- 
pendiculars to 48, CD; {T. 12. 
and join EA, EC. 
Then, because the straight 
line EF, passing through the 
centre, cuts the straight line 4B, 
which does not pass thro the 
centro, at right angics, it also bisects it; {ITl. 3, 
therefore AF is oqual to FB, and AB is doublo of AF. 
For the like reason CD is double of CG. 
But AB is equal to CD; [7/ypothesis, 
therefore A F#’ is equal to CG, [Axiom 7. 
And because AE is equal to CE, [T. Definition 15, 
the square on .1£ is equa) to the square on CE. 
But tho squares on AF, FE are equal to the square on ee 
because the angle AFE is a right angio; [!. 
and for the like reason the aquares on CG, GE are equal i 
the square on CE; 
therefore the squares on AF, FE are equal to the squares 
on CG, GE. [Aziom 1. 
But the ary ual to the square on CC 
becatee Ab iwe is equal to CG is = 
gir Soe ara square on FE is equal to the re- 
maining aquare on GE; [Aziom 3. 
eee eet ee ee were ee straight 


But straight lines in a cirole are said to be equally distant 
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from the centre, when the porpendiculars drawn to them 
from the centre are equal ; {11], Definttson 4. 
therefore 4B, CD aro equally distant from the centre. 

Next, let the straight lines 4B, CD be equaliy distant 
from the centro, that is, let ZF’ be equal to EG: AB shall 
be equal to CD. 

For, the same construction being made, it may be 
shewn, as beforo, that 4 is double of AF, and CD double 
of CG, and that the squares on EF, FA are equal to tho 
squares on EG, GC; 
but tho squaro on EF is cnual to the square on EG, 


because ZF is equal to FG; (Hypothesis. 
therefore the remaining square on F'A is equal to the re- 
maining square on GC, {Axiom 3. 


and therofore the straight lino 4 is oqual to the straight 
line CG. 


ae B was shewn to bo double of AF, and CD double 

of CGE. 

Therefore AB is equal to CD. [Axiom 6. 
Wherefore, equal straight lines &c. QED. 


PROPOSITION 15. THEOREM. 

The diameter is the greatest atraight line in a circle; 
and, of all others, that which ia nearer tu the centre in 
always greater than one more remote; and the greater 
18 nearer to the centre than the less. 


Let ABCD be a circle, of which AD is a diameter, and 


E the contre; and let BC be nearer to the centre than #'G 
AD shall be greater than 


any straight line BC’ which AB 
isnot a diameter, and BC shall a | f ~\ 
be greater than FG. en ae 

From the centre E draw gg 
EH, EK perpendiculars to (a 4 
BC, FG, [I. 12. . NV / 
and join ZB, EC, EF Gs 

_Then, because AF is equal 


therefore AD is equal to BE, EC; [Axiom 2. 
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but BH, EC are greater than BC; [I. 20. 
thereforo also AD is greater than BC. 

And, because BC is nearer to 
the centre than F/G, [Hypothesis. 
EG is \ess than EX, [II1I. Def. 5. 
Now it may be st ee an re 

receding proposition, tha 
i double 0 BY aad FG double 
of FR, and that the squares on 
EW, HB areequal tothe squares 
on EA, KF, 
But the square on EH is less than the square on EK, 
because Z'H/ is leas than EX ; 
ig the square on //Z is greater than the square 
on . 
and therefore tho straight line B// is greater than the 
straight line FA’ ; 
and therefore JC is greater than FG. 


Next, lot BC bo greater than FG: BC shall be nearer 
to the centre than FG, that is, the same construction 
being made, £H/ shall be leas than EA. 

For, because BC is greater than FG, BH is greater 
than FX. 

But the squares on B//, HE are cqual to the squares on 
FA, KE: és 

and the square on BH is greator than the square on FA, 
because 4// ia greater than FA ; 

therefore the square on //Z is less than the square on AE; 
and therefore tho straight line ZH is less than the straight 
line EX. 

Whorofore, the diameter &. QED. 





PROPOSITION 16. THEOREM. 


The straight line drawn at right angles to the diameter 
oS a circle the extremity of it, falle without the 
circle; and no straight line can be drawn from the 
extremity, between that siraigh! line and the circumfer- 
ence, a as nut lo cul the cir 
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Let ABC be a circle, of which D is the centre and 
AB a diameter: the straight line drawn at right angles to 
AB, from its extremity A, shall fall without tho circle. 

For, if not, let it fall, if pos- 
sible, within the circle, as AC; 
and ‘draw DC to the point C 
where it meets the circumference. 

Then, because 1.4 is equal to 
DC, {I. Deftnetion 15. 
tho angle DAC is equal to tho 
angle DCA. {I. 5. 
But the angle DAC is a right anyle; [ Hypothesis. 
therefore the angle DCA is a right angle; 
and thereforo the angles DAC, DCA aro oqual to two 
right angles; which is impossible. [f. 17. 
Therefore tho straight linc drawn from A at right angles to 
AB does not fall within tho circle. 

And in the same manner it may be shewn that it docs 
not fall on the circumference. 


Therefore it must fall without the circle, as AZ. 

Also between the straight lino AF and tho circumfer- 
ence, no straight line can be drawn frum the point A, which 
doea not cut the circle. 

For, if possible, let 4 F be between 
them; and from the centro J draw 
DG perpendicular to AF; {f. 12. 
let DG meot the circumference at //. 


Then, because the angle DG A is a 
right angle, (Construction. 1 


the angle DAG is less than a right 
angie ; {f. 17. 
therefore D.1 is greater than DG. [1.19. 
But DA is equal to DZ, [I. Defnition 15. 
therefore DH is See ee ee ee enc eer es 
which is i ible. 

Therefore no phe ph line can be drawn from the point 
A between AE and the circumference, so as not to cut the 
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Wherefore, the straight line &c. QED. 


CorotiuaRy. From this it is manifest, that the straight 
lino which is drawn at right angles to the diameter of a 
circle from the extremity of it, touches the circle ; [III. Def.2. 


and that it touches the circle at one point only, 

because if it did meet the circle at two points it would fall 
within it. {I1I. 2. 
Also it is evident, that there can be but one straight line 
which touches the circle at the same point. 


PROPOSITION 17. PROBLEM. 


To draw @ straight line from @ given point, either 
without or in the circumference, which shall touch a giren 
ctrele, 


First, let the given point A be without the given circle 
BCD: it is required to draw from A a straight line, which 
shall touch the given circle. 

Tako £, the centre of tho 
circle, {Iil. 1. 


and join 4 F cutting the circumn- 
ference of the given circle at D; 
and from the contro £, at the 
distance EA, describe the circle 
AFG; from the point D draw 
DF at right angles to ZA, (1.11. 


and join ZF cutting the circum- 
forence of the given circle at B; 
join AB. AB shall touch the circlo BOD. 


For, because Z is the centre of tho circle AFG, EA is 





equal to EF. [I. Definition 15. 
And because £ is the centre of the circle BCD, EB is 
equal to LD. [I. Definition 15. 


Therefore the two sides 4 Z, EB are equal to the two sides 
FE, ED, each to cach ; 

a he angle at £ is common to the two triangles 4 ZB, 
therefore the triang! e AEB is equal to the triangle FED 
and the other es to the other angles, each to each, to 
which the equal sides are opposite; {T. 4. 
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therefore the angle ABE is equal to the angle FDE. 
But the angle FDEZ is a right angle; (Construction. 
therefore the angle ABE is a right angle. [Axiom 1. 
And £B is drawn from the centre; but the straight lino 
drawn at right angles to a diameter of a circle, from the 
extremity of it, touches tho circle; {ILI. 16, Corollary. 
therefore 4B touches tho circle. 
And AB is drawn from the given point 4. Q.5.P. 

But if the given point be in the circumferenco of tho 
circle, as tho point D, draw DE to the centre “, and DF at 
right anglos to DE; then DF touches the circle. [IL]. 16, Cor. 


PROPOSITION 18. THEOREM. 


Lf a atraight lina touch a circle the straight line drarn 
Srom the centre to the point of contact shall be perpen- 
dicular to the line touching the circle, 


Let the straight line DE touch the circle ABC at tho 
point C’; take /) the centro of the circlo ABC, and draw 
the straight line FC: FC shall be perpendicular to DA. 

For if not, let FG be drawn from the point / perpen- 
dicular to DF, meeting tho cir- 
cumference at B. a = 

Then, because FGC isa right 7 
angle, { Hupoth exis. 

FCG is an acute angle; [T. 17. 


f F 
\ . 
and the greater angle of every 
triangle is subtended by tho me \ 
a 


greater sido: {I. 19. CO ES 
therefore FC is greater than FG. 
But FC is equal to FB: (1. Deftnitim 15, 


therefore FB is ter than FC, tl ; 
ch led grea r 1c less than the greater; 
Therefore FG is not perpendicular to DE. 

i iy renee it may be ms igs pow sr 
straig rom F' is perpendicular to ,» bat £C; 
therefore FU is perpendicular to DE. 


Wherefore, {fa straight line kc, 9.2.v. 
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PROPOSITION 19. THEOREM. 

If @ straight line touch a circle, and from the (ea of 
contact @ straight line be drawn at right angles to the 
touching line, the centre of the circle shall be in that line. 

Let the straight lino DE touch the circle ABC at C, 
and from C let C'A be drawn at right angles to DZ: the 
centro of tho circle shall be in CA. 

For, if not, if possible, let F’ bo 
the centre, and join CF. 

Then, because DE touches the circle 
ABC, and FC is drawn from the 
centre to the point of contact, FC 
is porpendicular to DE ; [I1I. 18. 
therefuretheangle#CLEisarightanglo, 
But the angle ACE is also a right 
angle ; [Counstruction. 
therefore the angle FCE is equal to the ri ACE, [Azx. 11. 
tho loss to the greater; which is impossible. 

Therofore F' is not the centre of the circle ABC. 


In the samo manner it may be shewn that no other point 
out of CA is the centre ; therefore the centre is in CA. 


Wherefore, if a straight line &c. QED. 


PROPOSITION 20. THEOREM. 

The angle at the centre of a circle is double of the angle 
at the circumference on the same base, that is, on the same 
are. 

Let ABC be a circle, and BEC an angle at the centre, 
and 8.1C’ an angle at the circumference, which have the 
samo arc, BC, for their base: the angle BEC shall be 
double of the anglo B.1C. 

Join AE, and produce it to F 


First let the centre of the circle 
be within the angle BAC. 

Then, because EA is equal to 
EB, the o EAB is oqual to the 
angle EBA; (1. 5. 
therefore the angles EAB, EBA 
are doublo of the angle £.4B. 
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But the angle BEF is equal to the angles EAB, EBA ;[I.32. 
therefore the angle BEF is doublo of the anglo EAB. 

For the same reason the angle FEC is double of tho 
angle ZAC. 

Therefore the whole anglo BEC is double of the whole 
angle BAC. 

Next, let the centre of the circle 
be without the angle BAC. 

Then it may be shewn, as inthe first 
case, that the angle FEC ia double of 
the anglo F'AC, and that the angle 
FEB,« part of tho firat, is double of 
the angle FAB, a part of the other; 
therefore the remaining angle BEC ia 
double of the remaining angle BAC. 

Wherefore, the angle at the centre &c. QD. 





PROPOSITION 21. TITEOREM., 


The angles in the same segment of a circle are equal to 
one another, 


Let ABCD bea circle, and BAD, BED angles in the 
same segment DAED: the angles BA D, BED shall be 
equal to one another. 


Take F the centre of the circle 


ABCD, {fiy. 1. 
First let the segment BAED be 
greater than a semicircle. 
Join BF, DF. 


Then, because the angle BF’) is if s 
at the centre, and the e BADis 

at the circumference, an that they 
have the same arc for their base, 
namely, BCD; 

therefore the angle BF'D isdoublcof theangle BA D[111.20. 
rips = same reason the angle BFD is double of the angle 


Therefore the angle B.A D is equal to the angle BED. [Az. 7. 
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ext let the segment BAED be not greater than a 
8. 


semicirc¢ 

Draw AF to the centre, and pro- 
duce it to meet the circumference at 
C; and join CE. 

Then tho segment BAEC is 
greater than a semicircle, and there- 
fore the angles BAC, BEC in it, are 
equal, by tho first case. 

For the samo reason, because the 

segment CAED is greater than a 

semicircle, the angles CAD, CE/ are equal. 

Therofore the whole angle BAD is equal to tho whole 

angle BED, [Axiom 2. 
Wherefore, the angles in the same segment &.  Q.E.D. 





PROPOSITION 22. THEOREM. 


The opposite angles of any quadrilateral figure in- 
scribed in a circle are together equal to two right angles. 


Let ABCD bo a quadrilateral figuro inscribed in tho 
circle ABCD: any two of its opposite angles shall be toge- 
ther oqual to two right angles. 

Join AC, BD. 

Thon, because the three angles 
of every triangle are together 
equal to two right angles, [T. 32. 
the three angles of the triangle 
CAB, namely, CAB, ACB, ABC 
are together equal to two right 
angles. 

But the angle C12 is equal to the angle CDB, because 
they are in the same segment CDAB; {1II. 21, 


and the anglo ACB is equal to the angle ADB, because 





they are in the same segment A DCB 
therefore the two noes CAB, ACB aro together equal 
to the whole angie 4 DC. [Aziom 2, 
To each of these equals add the angle ABC; 
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therefore the three angles CAB, ACB, ABC, are equal to 
the two angles A BC, ADC. 
But the angles CAB, ACB, ABC are togethor equal to 
two right angles ; {!¥. $2. 
therefore also the angles ABC, ADC are togother oqual to 
two right angles. 
In the same manner it may bo shown that tho angles 
BAD, BCD are together equal to two right angles. 
Wherefore, the uppusite angles &c.  Q.E.D. 


PROPOSITION 23. THEOREM, 


On the same straight line, and on the same side of it, 
there cannot be two similar segments of circles, nut coin- 
ciding with one another. 


If it be possible, on the same atraight lino 4 /?, and on 
the same side of it, let thero bo two similar serments of 
circles ACB, ADS, not coinciding with one another. 


Then, because the circlo ACB 


cutathe circle 1D at tho two se one 
pointa .4, 2, they cannot cut ono wee ek 
another at any other point ;[111.10. ee . 
therefure one of the segments i “ 


been tenneatecen hale Me eeditee hh nae e 


must fall within tho other; Jet A 

ACB fall within ADB, draw tho 

straight lino BCD, and join AC, AD. 
Then, because ACB, ADB are, by hypothesis, similar 

segmenta of circles, and that similar sugments of circles 

contain equal anyles, (LIL. Definition 11. 

therefore the anglo ACS is equal to the angle ADB ; 

that is, the exterior angle of the triangle ACD is equal to 

the interior and te angle; 

which is impossible. (I. 16. 
Wherefore, on the same straight line &c, @8.D. 
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PROPOSITION 24. THEOREM. 


Similar segments of circles on equal straight lines are 
equal to one another. 
Let AEB, CFD be similar segments of circles on the 


equal straight lines AB, CD): the segment AEB shall be 
equal to the segment CF'/). 


For if the segment 
AEB be applied to pros 
the segment CFD, /_ ey | a 
so that the point A A 


may be on the point 
G, and the straight line AB on tho straight line CD, the 
point B will coincide with the point D, because AB is 
equal to CD. 
Therefore, tho straight line A B coinciding with the straight 
line C'D), the segment ALB must coincide with the seg- 
ment CFD; {lil. 23. 
and is therefore equal to it. 

Wherefore, similar segments &c. Q.¥.D. 


PROPOSITION 25. PRORLEM, 
A segment of a circle being giren, to describe the circle 
of which it isa seqment. 


Let ABC de the givensegment of a circle: it is required 
to describe the circle of which it is a segment. 


_B 

{ | " Pa! oe tf in 

| —p— aa RM 7 L 
Bisect AC at D; [T. 10. 


from the point D draw DB at right angles to AC; [I. 11. 
and join AB. 

First, let the angles 4 BD, BAD, be equal toone another. 
Then DB is equal to DA ; [I. 6. 
bat DA is equal to DC; (Construction. 
therefore DB is equal to DC. [Axiom 1, 
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Therefore the three straight lines DA, DB, DCare alloqual ; 
and therefore D is the centro of the circle. (IIL. 9. 
From the centre D, at the distance of any of the threo 
DA, DB, DC, describe a circle; this will pass through 
the other points, and the circlo of which 4 BC is a segment 
is described. 
And becatse the centre D is in AC, the segment A BC 
is a semicircle. 
Next, let the angles ABD, BAD be not equal to ono 
another. 
At the point A, in the py oe lino AB, mako the angl 
BAE equal to the angle ABD; [t. 28, 
produce BD, if necessary, to meet AE at F, and join BC. 
Then, because the anglo BAE is equal to the angle 


ABE, (Construction. 
EA is equal to EB. (1. 6. 
And because 4D is oqual to CD, (Construction. 


and DE is common to the two triangles ADE, CDE; 

the two sides AD, DE are equal to the two sides CD, DE, 

each to each; 

and the angle 4 DE is equal to the anglo CDE, for each of 

them is a right angle ; (Construction, 

therefore the base FA is equal to the base EC. (L 4. 
But £A was shewn to be equal to EB; 


therefore ZB is equal to EC. [Axiom 1, 
Therefore the three straight lines 2.4, FB, EC are all equal ; 
and therefore £ is the centre of tho circle. {II 9. 


From the centre £, at the distance of any of the three 
BA, EB, EC, describe a circle ; this will pass through tho 
other pointe, and tho circle of which AZV is a segment is 


And it is evident, that if the angle APD be 
than the angle BAD, the centre FE falls without the seg- 
ment 430, which is therefore loss than a semicircle ; but 
if the ABD be less than the e BAD, the centre 
& falls the segment 4 BC, which is therefore greater 


than a 
: the circle 
hee tone ene ners! of 4 sirele being gieen, 


$6 de a cogment, Q&P, 7 
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PROPOSITION 26. THEOREM. 


In equal circles, equal angles stand on equal arcs, 
whether they be at the centres or circumferences. 


Let 4BC, DEF be equal circles ; and let BGC, EHF 
be one angles in them at their centres, and BAC, EDF 
equal angles at their circumferences: the arc BAC shal 
be equal to the arc ELF. 





Join BC, EF. 
Then, because the circles ABC, DEF are equal, [Hyp. 
the straight lines from their centres are equal; [{11. Def. 1. 


therefore the two sides BG, GC are equal to the two sides 
EH, HF, cach to each ; 


and tho angle at G is equal to the angic at AY ; [Hypothesis. 

therefore the base BC is equal to the base EF. (I. 4. 
And because the angleat 4 isequal to the angle at D[ Hyp. 

thesegment 2AC'is similar tothe segment EDF; (111. Def.11. 

and they aro on equal straight lines BC, EF. 

But similar nents of ci traigh 

equal to segs tarred ace a : Lae 

therefore the segment BAC is equal to the segment EDF. 
But the wholo circle {BC is cqual to the whole circle 


DEF; [ Hypothesis, 
therefore the remaini ent BEC is equal to the re- 
maining segment ELF i om [dziom 3. 


thereforo the arc BKC is equal to the are ELF. 
Wherefore, tn equal circles Gc. 9.EsD. 
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PROPOSITION 27. THEOREM. 


In equal circles, the angles which stand on equal arce 
are equal to one another, whether they be at the centres or 
circum/ferences. 


Let ABC, DEF be equal circles, and let the angles 
BGC, EXF at their centres, and the angles BAC, EDF 
at their circumferences, stand on equal arcs BC, EF: the 
angle BGC shall be equal to the angle ZHF, and tho angle 
BAC equal to the anglo EDF. 





If tho angle BGC be i ba to the angle EHF, it ia 
manifest that tho anglo HAC’ is also equal to the anglo 
EDF. (111, 20, Axiom 7. 
But, if not, one of them must be the greater. Let BGC be 
the greater, and at the point G,in the straight lino BG, 
make the angle BGK equal to the angle FHF. (I. 23. 

Then, because the angle BG K is equal to the angle EI7F, 
and that in equal circles equal angles stand on equal arcs, 


when they are at the centres, [11J. 26. 
therefore the arc BX is equal to the arc EF. 
But the arc ZF is equal to the arc BC; [ Hypothesis, 


therefore the arc BA is equal to the arc BC, [Azim 1. 
the less to the greater; which is impossible. 
Therefore the angle BGC is not unequal to tho angle EHF, 
that is, it is equal to it. 

And the angie at 4 is half of the angle BGO, and the 
angle at D is half of the angio EHF; {IXT, 20. 
therefore the angte at 4 is equal to the angle at D. [4z. 7. 


Wherefore, in equal circles &c. QED, a 
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PROPOSITION 28. 


In equal circles, equal straight lines cut off equal ar'ce 
ried greater equat to the greater, and the less equal to the 
2. 


Let ABC, DEF be equal circles, and BC, EF equal 
straight lines in them, which cut off the two greater arcs 
BAC, EDF, and the two less arcs BGC, EHF: the 
greater arc BAC shall be equal to the greater arc EDF, 
and the leas arc BGC cqual to the less arc EHF. 





Take XK, L, the centres of the circles, [IIl. 1. 
and join BK, AC, EL, LF. 
Then, because the circles are equal, [ypothesis. 


tho straight lines from their centres arc equal; [III. Def. 1. 
therefore the two sides DA, AC are cqual to the two sides 
EL, LF, cach to cach : 
and the base BC is equal to the base EF; [Typotkesis, 
therefore the angle BAC is equal to the angle ELF. [I. 8. 
ut circles equal ang! 

Mecatscae ines, 
therefore the arc BGC is equal to the are EHF. 

But the circumference A BGC is equal to the circum- 
ference DEHF:; [ Hypothesis. 
therefore i 
ae romaining arc BAC is equal to the Taman s 
Wherefore, is equal circles ke. Q 5.0. 
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PROPOSITION 29, THEOREM. 


In equal circles, equal arce are subtended by equal 
straight lines, 


Let ABC, DEF be cqual circles, and let BGC, EHF 
be equal arcs in them, and join BC, EF: the straight line 
BC shall be equal to the straight lino EF. 





Take X, L, tho centres of the circles, (Yi. 1. 
and join BA, AC, EL, LF. 

Thon, becauso the arc BGC is equal to the arc 
ENF, (Hypothesis, 
the angle BAC is equal to the angle ELF. {T1I. 27. 
And because the circlos A BC, DEF are equal, (Hypothesis, 
the straight lines from their contres are equal; (IIT. Def. 1. 


therefore the two sides BA, AC are equal to the two sides 
EL, LF, each to each; 


and they contain equal angles ; 
therefore tho base BC is equal to the base EF. {1.4 
Wherefore, in equal circles &c. Q.K.D. 


PROPOSITION 30. PROBLEM. 


To bisect a given arc, that is, to divide it into two equal 


102 EUCLID’S ELEMENTS. 
Let ADB be the given arc: it is required to bisect it. 


Join AB; 
bisect it at C’; [T. 10. 
from the point C draw CD at ¥; 
right angles to AZ mecting | 
the arc at D. {f. 11. AoC 
The arc A DB shall be bisected 
at the point D. 
Join AD, DB. 
Then, because AC is equal to CB, (Construction. 


and CD iscommon to tho two triangles ACD, BCD; 


the two sides AC, CD are equal to the two sides BC, CD, 
cach to each ; 


and tho angle ACD is cqual to the angle BCD, because 
cach of them is a right angle ; [Constructian. 


therofore the base AD is equal to the base BD. (1. 4. 


But oqual straight lines cut off equal arca, the greater 
oqual to tho greater, and tho less oqual to the less ; [IIT. 25. 


and each of the arcs AD, DB is less than a semi-circum- 
ference, because DC, if produced, isa diameter ; [IT1. 1. Cor 


therofore the arc AJ is cqual to tho are DB. 
Wherofore the given arc is bisected at D. @xEr. 


PROPOSITION 31. THEOREM. 


In a circle the angle ina semicircle is a right angle; 
but the angle in a segment greater than a semicirele ia less 
than a right angle; and the angle in a segment less than 
a semicircle is greater than a right angle. 


Let ABCD be a circle, of which BC is a diameter 
and E the centre; and draw C4, dividing the circle into 
the ri Sar ABC, ADC, and join BA, AD, DC: the 
angie in the semicircle BAC shall be a right angic; but 
the angle in the segment 4 BC, which is greater than a 
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semicircle, shall be less than a ¥F 
right angle; and the angle in 
the segment. A DC, which 1s less 
than a semicircle, shall be greater 
than a right angle. 

Join A E,and produce BA to F. 

Then, because FA is equal to B a 
ER, {I. Definition 15, 
the ele BA EAB ia equal to the 

{I. &, 

ne becatiss EA is equal to EC, 
the angle EAC is equal to the anglo ECA; 
therefore the whole angle 3.4C is cqual to tho two angles, 
ABC, ACB. [Axiom 2. 


But FAC, the exterior angle of the triangle ABC, is is 
to the two angles ABC, AUB; (I. 


therefore the angle AC is oqual to the angle FAC, ie : 
and thercfore each of them is a right angle. [1. Def. 10. 
Therefore the angle in a semicircle BAC is a right angle. 

And because the two angles ABC, BAC, of tho triangle 
ABC, are together less than two right anglos, {l. 17. 
and that BAC has been shewn to be a right angle, 
therefore tho angle ABC is leas than a right angle. 
Therefore the angle in a segment ABC, greater than a 
semicircle, is less than a right angle. 


And because A BCD is a quadrilatoral figure in a circle, 
any two of its opposite angles are together cqual o id 
right angice; {Il 
therefore the angles ABC, ADC are together cqual . ae 
right angles, 
out the angle 4 BC has been shewn to be Jess than a right 
angle ; 
therefore the angle 4 DC is greater than a right angle. 
Therefore the esa Se in a segment ADC, less than a semi- 
circle, is than aright angic. 

wicca the angle &e. Q.0.D. 


104 EUCLID’S ELEMENTS, 


CorotLany. From the demonstration it is manifest 
that if one angle of a triangle be equal to the other two, it 
is a right angio. 

For the angle adjacent to it is equal to the samo two 
angles ; {I. 32, 
and when the adjacent angles are oqual, they are right 
arigles, [I. Definition 10. 


PROPOSITION 32, THEOREM, 


Ufa straight line touch a circle, and from the point of 
contact @ straight line be drawn cutting the circle, the 
angles which thie line makes with the line touching the 
circle shall be equal to the angles which are in the alternate 
segments of the circle. 


Let the straight line ZF touch the circle ABCD at 
the point 2B, and from the ag B let the straight line BD 
bo drawn, cutting the circic: the angles which BD makes 
with the touching lino EF, shall be cqual to the angles in 
the alternato sogments of the circle; that is, the angle 
DBF shall be equal to the angle in the nent BAD, 
and tho angle DBE shall be equal to the angle in the scg- 
mont BCD, 

From the pointBdraw BA 
at right angles to EF, [I. 11. 
and take any point C’ in the 
“ BD, and join AD, DC, 


Then, because the straight 
line EF touches the circle 
ABCD at the point B, [Hyp. 


and BA is drawn at right 
angles to the touching line 





from the point of contact 3, (Construction. 
therefore the centre of the circle is in BA. {I1I. 19. 
Thereforo the angle ADB, being in a semicircle, is a right 
angio. {WIL 31. 
Therefore the other two angles B.1D, ABD are equal to a 
right angle. [I. 32, 


But ABF is also a right angle. [Construction, 
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Dyas the angle ABF is equal to the angles BAD, 
ABD, 
oe each of these equals take away tho common angle 
ABD; 


therefore the remaining anglo DBF is oqual to the romain- 
ing angle BAD, [Aziom 8. 
which is in the alternate segment of the circle, 

And because .4 BCD is a quadrilateral figuro in a circle, 

the opposite angles BAD, BUD aro together equal to two 
right angles, {ILI 22. 
But the angles DBF, DBE aro together equal to two 
right angles. {I. 13. 
Therofore the angles DBF, DBE aro together cqual to tho 
angles BAD, BCD. 
And the anglo DBF has boon shown equal to the angle 
therefore the remaining angle DLE is equal to the re- 
maining anglo BUD, [4ziom 8. 
which is in the altcrnate segment of the circle, 

Wherefore, {/ a straight line ke. Q.B.D. 


PROPOSITION 33, PROBLEM, 


On a@ given straight line to describe a segment of a 
SA containing an angle equal to a given reotilineal 
angle. 


Let AB be the given straight line, and C the given 
rectilineal angle; it is required to describe, on the given 
straight line .4 B, a segment of a circle containing an angle 
equal to the angle C. 

First, Jet the angle C 

be a right angle. 
Bisect AB at F, = (1. 19. 
and from the centro F, at 
the distance FB, describo 
the semicircle 4 HB. 


Then the angle AHB 
in a semicirclo is cqual to the right angle C. (111 31. 
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But if the angle C be 
not a right angle, at the 
point A, in the straight line 
AB, make the angle BAD 
equal to the angle C’;;[I. 23. 
from the point 4,draw AE 
at right angles to AD;[1.11. 
bisect AB at F; — [I. 10. 
from the point F, draw FG 
at right angles to 43; [I.11. 
and join GZ. 


Then, because AF’ is 
equal to BF, { Const. 
and FY7 is common to the } A 
two triangles A FG, BFG; 


the two sides .4F, FG aro 
rie to the two sides 
F, £ 





, cach to each ; 
and tho angle AFG is D — 
equal to the angle BFG ; [I. Definition 10, 
therefore the basco AG is equal to the base BG; [I. 4. 


and therefore tho circle described from the centre G, at the 
distance GA, will pass through the point 2. 

Let this circle be described; and let it be 47/2. 

The segment 4HB shall contain an anglo equal to the 
given rectilincal angle C. 

Because from the point A, the extremity of the diameter 
AE, AD is drawn at right angles to AE, (Construction, 
therefore 4D touches tho circle. [III. 16. Corollary. 
And because 428 is drawn from the point of contact A, 
the angle D.4B is equal to the c in the alternate 


segment 47/2. {IIL 32. 
But the angle DAB is equal to the angle C [Constr, 
Therofore the angle in the segment AHB is equal to the 
angie C. {Aziom 1. 


Wherefore, on the giren straight line AB, the segment 
AHB af a circle has been described, containing an angle 
equal to the given angle C. Q.£.¥. 
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PROPOSITION 34. PROBLEM. 


From a given circle to cut off a seqment containing an 
angle equal to a given rectilineal angle. 


Let ABC be the given circle, and D the given rocti- 
lineal angle : it is required to cut off from the circlo ABC 
a segment containing an angle equal to the angle D. 


Draw the straight 
line EF touching the 


circle ABC at the 
point B; {IIl. 17. 
andat the point 2,in the C 
straight line BF, make 
the angle FBC equal 
! F 


to the angle D. [1. 28. 
Thesegment BAC shall 
contain an angle oqual 
to the angle D, 


Because the straight line EF’ touches the circle ABC, 
and ZC’ is drawn from the point of contact 23, [Constr. 
therefore tho angle FBC is equal to the anglo in tho 
alternate segment BAC of the circle. {III. 82. 


But the angle FAC is equal to the anglo D, (Construction. 
Therefore the angle in the segment BAC is equal to the 
angle D. | [Axiom 1, 


Wherefore, from the giren circle ABC, the segment 
BAC has been cut off, containing an angle equal to the 
giten angle D, Q.£.Y, 


PROPOSITION 35. THEOREM. 


Lf two straight lines cut one another within a cirele, 
the rectangle contdined by the segments of one of them 
shall be equal to the rectangle contained by the segments 
Of the other. 
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Let the two straight lines 4C, BD cut one another at 
the point Z, within the circle ABCD: the rectangle con- 
tained by AZ, EC shall be equal to 
therectangle contained by BE, ED. Aa Np 


If ACand BD both through 
the centre, so that £ ie the centre, Neg 

it is evident, since E.A, EB, EC, 3 

ED sre all equal, that the rect- KY 
angle 4 £, EC is equal to the rect- 

angle BE, ED. 


But let one of them, BD, pass through the centre, and 
cut the other AC, which does not pass bieougli the centre, 
at right anglos, at tho point £. 
Thon, if BY be bisected at F, F 
is the contre of tho circle ABCD; 
join AF. 


Then, because the straight 
lino BD which passes through 
the centre, cuts the straight line 
AC, which does not pass eee 
the contre, at right angles at tho 
point £, [Hypothesis 
AE is equal to EC. [I1I. 8. 


And becauso tho straight line BD is divided mto two 
equal parts at the point ri and into two unequal parts at 
the point £, the rectangle BZ, ED, ther with the 
square on £F, is equal to tho square on FZ, (II. 5. 
that is, to the square on AF. 


But the square on A Fis equal tothesquares on AE, BF (1.47. 
Therefore the rectanglo BE, ED, together with the square 
on ZF, is equal to the squares on AZ, EF. Lage 1. 
Take away the common square on EF; 
then the remaining rectangle BE, ED, is equal to the 
remaining square on 4 £, 
that is, to the rectangle AE, EC. 

Next, let BD, which passes through the centre, cut 


the geo a —— does fpr redler through the page 
at the os not at right es, Then, i 

be bisected at /, F is the centre of the cirde ABCD; 
join AF, and from F draw FG perpendicular to 4C. (1 12% 
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Then AG is equal to GC; [III. 8, 
therefore the rectangle AZ, EC, 
er with the square on EG, is 
equal to the square on AG, [I1. 5. 
To each of these equals add the 
square on GF’; 
then the rectangle AE, EC, to- 
gether with the squares on EG, 
GF, is equal to the squares on 
AG, GF. [Axiom 2, 
But the squares on LG, GF are cqual to the square on 


and the squares on AG, GF are equal to the squaro on 
AF. [L. 47. 





Therefore tho rectangle AE, EC, togethor with the square 
on EF, is equal to the square on AF, 


that is, to the square on FB. 
But the square on FZ is equal to the rectangle BE, ED, 
together with the square on BF {{I. 8. 


Thereforo the Neder Sy AE, EC, together with the square 

on £F, is equal to the rectangle BE, ED, together with 

the square on EF. 

Takeo away the common square on EF; 

then tho remaining rectangle AE, EC is oqual to tho 

remaining rectangle BE, ED. {Axiom 3. 
Lastly, let neither of the straight lines AC, BD pass 

tre. 


ro 
Take the centre F, {I1I. 1. 
of the weight lives 10, BD, 
ight lines / 
draw the diameter GEFH. ° 





Wherefore, if two straight lines ke. Onn. 
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PROPOSITION 36. THEOREM. 


If from any point without a circle two straight lines 
be drawn, one of which cuts the circle, and the other 
touches it; the rectangle contained by the whole line which 
cuts the circle, and the part of it without the circle, shall 
be equal to the square on the line which touches it. 


Let D be any point without tho circle 4 BC, and let 
DCA, DB be two straight lines drawn from it, of which 
DCA cuts the circle and DBZ touches it: the rectangle 
AD, DC shall be equal to the square on DB. 


First, lot DCA pass through 
the centre Z£, and join £B. 
Then EBD isa right angle. [{1I. 18. 
And because the straight line 4U 
is bisected at E, and | Sarees; to 
D, tho rectanglo AD, DC together 
with the square on BC is equal to 
tho square on ED. [Il 6. 
But EC is equal to EB; 
therefore the rectangle AD, DC 
together with the square on 4B is 
oqual to the square on Z£D. 
But tho square on £D is equal to the 
squares on EB, BD, because EBD is a right angle. [I. 47. 
Therefore the rectangle 4D, DC, rca with the square 
on £B is equal to the squares on EB, BD. 


Take away tho common aquare on ZB; 
then the remaining rectanglo 4D, DC is equal to tho 


Dn 


square on DB. [Aziom 3, 

Next let DCA not through the centre of the circle 
ABC; take tho sate Be {11I. 1. 
from & draw EF perpendicular to AC; [T. 12. 
and join EB, EC, EBD. 


Then, because the straight line EF which passes 
the centre, cats the at t line .4C, which docs not pase 
through the centre, at right angles, it also bisects it; {I1I. 3. 
therefore AF is equal to FC. 
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And because the straight line AC is bisected at #, and 
produced to D, the rectangle AD, DC, together with the 
square on FC, is cqual to the square on FD. (II. 6. 
To each of these equals add the square on FE, 

Therefore the rectanglo AD, DC 
ry ee with tho squares on 
CF, FE, is equal to the squares 
on DF, FE. [Axiom 2. 
But the squares on CF, FE are 
equal to the square on CZ, be- 
causo CFE isa right angle; [I. 47. 
and the squares on DF, FE arc 
equal to the square on DE. 
Therefore the rectangle AD, DC, 
together with tho square on CZ, 
is equal to the square on DE. 
But CZ is equal to BE; 

therefore the rectangle AD, DC, a with the square 
on BE, is equal to the square on DE. 

But the square on DE is equal to the equares on DB, 
BE, because EBD is a right angle. (I. 47. 
Therefore the rectangic 4D, DC, together with the square 
on BE, is equal to the squarcs on DB, BE. 

Take away the common square on BE; 
then the remaining rectanglo AD, DC is equal to the 
square on DB, {Axiom 3. 


Wherefore, if from any point &c. Q.£.D. 


CoroLuary. If from any point 
without a circle, there be drawn 
two straight lince cutting it, as 
AB, AC, the rectangles contained 

tho whole lines and the parts 

them without the circles are 
equal to one another; namely, the 
rectangle B.A, AE is equal to the 


CA, AF; for each of 
them t equal to the on the 
touches 


Graight Ime 4D, wi 
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PROPOSITION 87. THEOREM. 


If from any point without a cirele there be drawn 60 
straight lines, one of which cuts the circle, and the other 
meets it, and Uf the rectangle contained by the whole line 
which cuts the circle, and the part of tt without the circle, 
be equal to the square on the line which meets the circle, 
the line which meets the circle shall touch it. 

Let oat int D be taken without the circle ABC, 
and from it Iet two straight lines DCA, DB be drawn, 
of which ‘DOA cuts the circle, and DPB meets it; and let 
the rectangle AD, DC be equal to the square on DB: 
DB shall touch tho circle. 

Draw the straight line DZ, 
touching the circle ABC; [I11. 17. 
find F the centre, {11I. 1. 
and join FB, FD, FE. 

Then the angle FED is a 
right angle. {I1l. 18. 
And because DE touches the 
circle ABC, and DCA cuts i 
the rectangle AD, DC is equa 
to the square on DE. (Til. 36. 
But the rectangle AD, DC is 
equal to the square on DB. [A/yp. 
Therefore the square on DZ is equal tothe square on DB{Az.1. 


ooo the straight line DZ is equal to the straight line 


And EF is equal to BF; [I. Definition 15. 


therefore the two sides DE, EF are equal to the two sides 
DB, BF each to cach; 


and the base DF is common to the twotriangles DEF, DBF; 
therefore the angle DEF is equal to the angle DAF. [I. 8. 
But DEF is a right angie; (Construction. 
therefore also DBF is a right angle. 


eee tit pres rbghenioarel, a 
which is drawn at t angles to a diameter from the 
extremity of it touches the circle; (ILL 16. Corotiary. 
therefore DB touches the circle ABC. 


Wherefote, ¢/ from « point &c. 02. 
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DEFINITIONS, 


1 A RECTILINEAL figure is suid 
to be inscribed in another rectilineal 
figure, when all the angles of the in- 
scribed figure are on the sides of tho 
paddy in which it is inscribed, cach on 
Oaca. 


2. In like manner, a figure is said 
to be described about another figure, 
when all the sides of the circumscribed 
figure pasa through the angular points 
of the figure about which it ts de- 
scribed, cach through cach 


3. A rectilineal figure is said to 
be inscribed in a circle, when all tho 
angles of the inscribed figure ure on 
the circumference of the circle. 


4 A rectilincal figure is said to be 

ibed about a circle, when cach 

side of the circumscribed figure touches 
the circumference of the circle. 


5. In like manner, a circle is said 
to be in a rectilineal figure, 
when the circumference of tho circle 
touches cach side of the figure. 
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6. Acircle is said to be described 
about a destow swe neue when the cir- 
cumforence of the c.rcle through 
all the angular points of the figure about 
which it is described. 

7. A straight line is said to be 
placed in a circle, when tho extremities 


of it aro in the circumference of tho 
circle. 





PROPOSITION 1.) PROBLEM, 


In a giren circle, to place a straight line, equal to a 
given straight line, which is not greater than the diameter 
of the circle. 

Let ABC be tho givon circle, and D the given straight 
line, not greater than the diameter of the circle: it is 
pene to place in the circle AC, a straight line equal 
to J). 

Draw BC, a diameter of 
the circle ABC. 
Thon, if BC is equal to D, 
tho thing required ia done ; for 
in the eels ABC a straight 
lino is placed equal to J, 
Bat, if it is not, BC is greater 
than J). [ Nypothcat. 
Make CE equal to 2), {!. %. 
and from tho centre (, at the distance CZ, describe the 
circle AEF, and join (A. 

Then, because C is the contre of the circle AFF, 





CA is equal to CE; [I. Definition 15, 
but C& is equal to D; [ Construction. 
therefore C4 is equal to D. [Axiom 1. 


Wherefore, in the circle ABC, a straight line CA t# 
placed equal to the given straight line D, which te not 
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PROPOSITION 2, PROBLEM. 


In a given circle, to inscribe a triangle equiangulur to 
a given triangle. 

Let ABC be all Sie circle, and DEF the given 
triangle: it is required to inscribe in tho circle ABC a 
triangle equiangular to tho triangle DAF. 

Draw the straight 


line GAH touching Qa. 

the circle at the point —. 

A; (Wil. 17. 2 , 
at the point 4, in tho ; \ HH 
straight line A 77, make we 





_ | 

theangleHACequalto —” x 

the anglo DEF; [1.23. Er 

and, at the point A, in Ps 7 

the ight line AG, Seach 

make the angle G48 

equal to the angle DFE ; 

and join BC. ASC shall be tho triangle required. 
Because GAH touches the circle ABC, and AC’ is 


waar 
wwrremeemee ren ae neti «vin 


drawn from the point of contact 4, [ ('unstruction. 
therefore the angle HAC is oqual to the angle ABC in the 
alternate segment of the circle. (111. 32. 


Bat the angle HAC is equal to the anglo DEF. — [Conatr. 
Therefore the angle 4 BC is equal to the angle DEF. (Az. 1. 
For the same reason tho angle ACZ is cqual to the 


angle DFE. 
Therefore the remaining angle BAC is equal to the re- 
maining angle EDF. mm (I. $2, Asiome 11 and 3. 


Wherefore the triangle ABC ta equiangular to the tri- 
angle DEF, and it is inscribed in the circle ABC. Q.&Y¥. 
PROPOSITION $. PROBLEM. 


About a given circle, to describe a iriangle equiengular 
to a given triangle. Pa 
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Let ABC be the given circle, and DEF the given tri- 
angle : it is required to describe a triangle about the circle 
ALC, equiangular to tho triangle DEF. 

Produce EF both 
ways to the points 
G, H; take A the 
centre of the circle 
ABC; {11}. 1. 
fron A’ draw any 
radius AD: 
at the point A‘, in 
the straight line AZ, 
make the angle BAA 
equal to the angle 
DEG, and the angle BAC equal to the angle DFU; [T. 23. 
and through the points 4, B, ¢) draw the straight lines 
LAM, MBN, NCT, touching the circle ABC. (U1. 17. 
LMN shall be the triangle required. 

Bocauso LM, MN, NL touch the circle ABC at the 
points A, B,C, [ Construction. 
to which from the centro are drawn Af, AB, AC, 
therefore the angles atthepoints.1,2,Carerightangles.[111.18. 
And because the four angles of the quadrilateral figure 
AMBA are together oqual to four right angles, 
for it can be divided into two triangles, 
and that two of them ALAM, ABM are right angles, 
therefore the other two AAU, MB are together equal 
to two right angles, [Axiom 3. 
But the angles DEG, DEF aro together equal to two 
right angles. (i. 13. 
Therefore the anglos .AXB, AMB aro cqnal to the angles 
DEG, DEF; 
of which the angle 4 AB is oqual to the angle DEG ; (Constr. 
therefore tho remaining angle .1{MZB is equal to the re- 
maining angle DEF. [Aziom 3. 

In the same manner tho angle LN AL may be shewn to be 
equal to the angle DFE. 


Therefore the remaining le MLN is oqual to the 
remaining angle EDF. oo Il. 32. dadome 11 and 9. 
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Wherefore the triangle LMN is equiangudar to the tri- 
angle DEF, and tt ta described about thecircle ABC. any. 
PROPOSITION 4. PRORLEM. 

To inscribe a circle in a giren triangle. 
Let ABC be the given trianglo: it is roquired to inscribo 
a circle in the triangle ABC. 
Bisect the angles ABC, ACR, 


by the straight lines BD, CL, A 
mecting one another at the point 

; {]. 9. 
andfrom Ddraw DE, DF, DG per- | 
pendiculars to AH, BC, CA. [1.12, on Ne 





Then, because theangle EBD, wv 
is equal to tho angle FD, for p 8 
the angle ABC is bisected by I" | 


BD, [Construction, oN | . ° \ 
and that the right anglo BED is BOO OO 
equal to tho mght angle BFD; [Ariom 11. 


therefore the two triangles FLD, FBP have two angles 
of the one equal to two angles of the other, cach to cach; 
and the aide BJ), which is opposite to one of the equal 
angles in each, is common to both; 
therefore their other sides are equal ; [}. 24. 
therefore DE is equal to DF. 

For the same reason DG is equal to DF. 
Therefore DE is equal to DG. (Artom 1, 
Therefore the three straight lincs DE, DF, DG are equal 
to one another, and the circle deacribed from the centre D, 
at the distance of any ono of them, will pass through the 
extremities of the other two ; 
and it will toach the straight lines 43, BC, CA, becauso 
the angles at the pane E, F, G@ are right angles, and tho 
straight linc which is drawn from the extremity of a dia- 
meter, at right angles to it, touches the circle. [11]. 16. Cor. 
Therefore the straight linea 43, BC, CA do each of them 
touch the circle, and therefore the circle is inscribed in the 
triangle 4 /¢". 

Wherefore a circle has been inscribed in the gicen 
friangle. Q4%.¥. 
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PROPOSITION & PROBLEM, 
To describe a circle about a given triangle, 


Let ABC be the iven triangle: it is required 
scribe a circle about rhea : med mae 





Biseot AB, AC at the points D, £; {f. 10. 
ae img points draw DF, EF, at right arr - 
1.11, 


DF, EF, produced, will mect one another ; 
for if thoy do not meet they are parallel, 
therefore 4B, AC, which are at right angles to them aro 
parallel ; which is absurd 
lot them moot at Ee and join FA ; also if the point F’ bo 
not in BC, join BF, CF. 

Then, because Jr is equal to BD, [Construction, 
and DF is common, and at right angles to AB, 
therefore tho base F'A is equal to the base FZ, [T. 4, 
In the same manner it may be shewn that FU’ is equal to FA. 
Therefore FB is equal to FC; [Aziom 1. 
and F'A, #'B, FC aro equal to one another. 
Therefore the circle described from the centre F, at the 
distance of any one of them, will through the extre- 
nitios ap ae other two, and will be described about the 
triangle 4 

= lla @ circle hae been described about the 
given triangle. QEy. 

Corottary. And it is manifest, that when the centre 
of the circle falls within the ian Sodas of its angles is 


eth cidce of the triangle opposi 
boing in a semicircle, is a it aaete, 


BOOK IV. 8,6. 119 


falls without the triangle, the angie o to to the side 
beyond which it is, being in a segment less than a semi- 
circle, is greater than a right angle. {ill. 81. 

Therefore, conversely, if the givon trianglo bo acute- 
angled, the centre of the circle falls within it; if it boa 
ight-angled triangle, the centre is in the sido opposite to 
the right angle; and if it be an obtusc-angled triangle, the 
centre falls without tho triangle, beyond the side opposite 
to the obtuse angle. 


PROPOSITION 6, PROBLEM. 
Tv inacribe a aquare in a gicen circle, 


Let ABCD be tho given circle: it is required to in- 
scribe a square in ABCD. 

Draw two diameters AC, BD 
of the circle A BCD, at right an- % 
gles to one another ; [1IT.}, 1.11. LO 
and join AB BC, CD, DA. “ : | A 
The figure ABCD shall be tho va" SS 
Square required. Br ae D 

Bocause BE is equal to DE, | a, 
for E is the emcee SA oe 
and that £.4 is common, and at Cc 
right angles to BD; 
therefore the base BA is equal to the base DA, {l. 4. 
And for the same reason BC, DC aro each of thom equal 
to BA, or DA. 

Therefore the quadrilateral figuro {BCD is equilateral. 

It is also roctangular, 

For tho straight line BD being a diameter of the circle 
ABCD, BAD isa semicircle; (Construction. 
therefore the angle BAD is a right angle. (11. 31. 
For the same reason each of the angles ABC, BCL, CDA 
is a right angle ; 
therefore the quadrilateral figure ABCD is roctangular. 

And it has been shown to be equilateral ; therefore it is 
& square. 

_ Wherefore a square has been inecribed in the given 
circle. Quer. 
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PROPOSITION 7. PROBLEM. 
To describe a square about a given circle. 
Let ABOD be the given circle: it is required to 


describe a square about it. 


Draw two diameters AC, BD 
of the circle ABCD, at right an- 
gies to one another; [III. 1, I. 11. 
and through the pointe A, B, G, D, B 
draw FG, GH, HK, KF touching 
the circle. {IV1. 17. 
The figure GHKF shall be the 
square required. 

Because FG touches the circle A BCD, and EA is drawn 
from the centre E to the point of contact A, [Construction. 


therefore the angles at A are right angles. [III. 18. 


For the same reason tho angles at the points JB, C, D are 
right angles. 


And because the angle 4 FB is a right angle, (Construction. 
and also the angle L2G is a right angle, 
therefore GH is parallel to AC. [T. 28. 
For the same reason AC is parallel to PK. 
In the same manner it may be shewn tbat each of tho 
lines GF, HA is parallel to BD. 
Thereore the figures GK, GC, CF, FB, BK are parallclo- 
granis ; 
and thorefore GF is cqual to J7K, and Gil to FK. [I. 34. 
And because AC is equal to BD, 
and that AC is equal to cach of the two GH, FR, 
and that B/) is equal to cach of the two GF, HK, 
therefore Gif, FA are each of them equal to GF, or 7/K ; 
therefore the quadrilateral figure FG//A is equilateral. 
It is also rectangular. 
For since 4 BBG is a parallelogram, and 4 ZZ aright angle, 
therefore AGB is also a right angle. [T. 34. 


In the same manner it may bo shewn that the angles at 
Hl, A, F are right angles ; 
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therefore the quadrilateral figuro FGA is rectangular. 
And it has been shewn to be equilatoral ; therefore it 
is a square. 
Wherefore a square has been described about the given 
circle. Q.E.¥. 


PROPOSITION 8. PRORLEM. 
To inscribe a circle in a given aquare. 
Let ABCD bo tho | ii square: it is required to in- 

scribe a circle in 4 BCD. | 
Bisect each of tho sides AZ, A... 
AD at the points FF; (1. 10. 
through Z draw El! parallel! to 
AB or DC, and through F draw Fj] ———S} 

FK parallol to 4D or BC. [1. 31. ; 
one Ze 

13 H 





Then each of tho figures AX, 
KB, AH, HD, AG, GC, BG, GD 


is a tight-angled parallelogram ; Cc 

and their opposite sides are equal. [I. 34. 
And because AD is equal to AB, [!. Definition 80. 
and that AZ is half of AD, and AF half of AB, [Constr. 
therefore A£ is equal to AF, [4ziom 7. 
Therefore the sides opposite to these are equal, namely, 
FG equal to GE. [I. 84. 


_ In the same manner it may be shewn that the straight 
lines GH, GK are each of them equal to FG or GE. 
Therefore the four straight lines GE, GF, GH, GK are 
eyual to one another, and the circle described from the 
centre G, at the distance of any one of them, will pass 
through the extremities of the other threo; 
and it will touch the straight lines AB, BC, CD, DA, 
because the angles at the points Z, F, H, K are right 
angles, and the straight line which is drawn from the 
extremity of a diameter, at right angles to it, touches 
the circle. (U0. 16. Corollary, 

Therefore the straight lines AB, BC, CD, DA do cach 
of them touch the circle. 

Wherefore a circle has been inecribed in the giren 
equare. Q.L¥. 
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PROPOSITION 9. PROBLEM. 
To describe a circle about a given square. 
Let ABCD be tho given square: it is required to 
describe a circle about ABCD. 
Join AC, BD, cutting one an- 
other at £. 
Pe because 4B is cqual to 


a 





9 
and AC is common to the two tri- 
angles BAC, DAC; 
the two sides BA, AC are equal to 
the two sides. D.A, AC'each to each; 
and tho base BC is equal to the base DC; 
therefore the anglo BAC is equal to the angle DAC, [I. 8. 
and the angle BAD is bisected by the straight line AC. 


In tho same manner it may be shewn that the angles 
ABE, BCD, CDA are severally bisected by the straight 


Then, because the angle DA B is equal to the anglo 4 BC, 
and that the anglo £.48 is half the anglo DAB, 
and the angle £34 is half the anglo ABC, 
thorefore tho anglo ZA B is equal to the angle EBA; [Az. 7. 
and therefore tho sido FA is equal to the side EB. [I. 6. 


In the same manner it may be shefn that the straight 
lines EC, ED aro cach of them equal to £A or EB. 
Wherefore the four straight lines EA, EB, EC, ED are 
equal to one another, and the circle described from the 
contre £, at the distanco of any one of them, will 
through the oxtremities of the other three, and will be 
described about the square ABCD. 

Wherofore a circle has been described about the given 
equare, Q.E.F, 


PROPOSITION 10. PROBLEM. 


To describe an isosceles triangle, having each of the 
angles at the bare double of the third angle, 
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Take any straight line 
AB, and divide it at the 
point C, so that the rectan- 
gle AB, BO may be equal 
to the square on 4C;; [I1.11. 


from the centre A, at the 
distance 4B, describe the 
circle BDE, in which place 
the straight line BD equal 
to AC, which is not greater 
than tho diameter of tho 
circle BDE; {1V. 1. 
and join DA. Tho trianglo 
ABD shall be such as is ro- 
uired ; that is, cach of the anglos ABD, ADB shall be 
ouble of the third anglo BAD. 

Join DC; and about the triangle ACD describe the 
circle ACD. {IV. 6. 

Then, because the rectangle AB, BC is equal to the 
square on AC, [ Construction. 
and that AC is equal to BD, [ Construction. 
may ih the rectangle AB, BC is equal to the squaro 
on BD. 

And, because from the Fh B, without the circle ACD, 
two straight lines 8CA, BD are drawn to the circumference, 
one of which cuts the circle, and the other meots it, 
and that the rectangle 43, BC, contained by the whole of 
the cutting line, and tho part of it without tho circlo, is 
equal to the square on BY) which meete it; 
thorefurothe straight line BD touches the circle 4 CD.[111.37. 


And, because BD touches the circle ACD, and DC is 





drawn from the point of contact D, 

therefore the angle BDC is equal to the angle DAC in the 
sliceats ecient of the circle. (IIL. 32, 
To each of these add the angle CDA; 

therefure the whole angle BDA is equal to the two angles 
CDA, DAC. ee Asien 2. 


But the exterior eo BCD is equal to the angles CDA, 
DAC. ~~ {l. 32. 
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Therefore the angle BDA is 
equal totheangle BCD. [Az.1. 
But the angle BDA is equal 
to the anglo DBA, [l. &, 
because A D is equal to AB. 
Therefore cach of the angles 
BDA, DBA, is equal to tho 
angle BCD. [Axiom 6, 

And, because the angle 
PBC is equal to the angle 
BUD, the side DB is equal 
to the side VDC; [I. 6. 
but D was made cqual to C4 ; 
thorefore CA is equal to C7), [Axiom 6. 
and therefore the angle C1 D is equal to the angle CVA. [1.5. 
Therefore the angles CAD), CDA are together double of 
the angle (42). 
Rat the angle BCD is equal to the angles C.4D, CDA. [1.382. 
Therefore the angle BCD ia double of the angle CAD, 
And the anglo BCD has been shewn to be equal to each 
of the angles BDA, DBA; 
therefore cach of the angles B74, DBA is double of the 
anglo BAD. 

Whorefore an tenaceles triangle has been deacribed, 
haring each of the angles at the base doulde of the third 
angle. QF. 





PROPOSITION 11. PROBLEM. 


To tnecribe an equilateral and equiangular pentagon 
tn agicen cirele. 


Let ABCDE be the given circle: it is required to 
inscribe an ace and equiangular pentagon in the 
circle Af BCDE. 

Describe an isosceles triangle, FGH, having each of 
the angles at G, H, double of the angle at FR. [1V. 10. 
in the circle ABCDE, inscribe the triangle ACD, equian- 
gular to the triangle FW@//, so that the angle C.1D may 
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be equal to the angle at F, and cach of the angles ACD, 
A DC equal to the angle at G@ or Z/; {Iv. 2 


and therefore each of 
the angles AC'D, 1 DU is a 
double of the angle CAD ; K ya 
bisect the angles ACD, [7 ae 
ADC by the straight \ Ri: e 
lines CE, DB; [I. 9. | Seay, at | 
and join AB, BC. AE, \ er. 2) 
ED. -* Pa Y/ 
ABCDE shall be the cc. If Aor eS 5 
pentagon required. oO 
For because each of 
the angles ACD, ADC is double of the angle C47, 
and that they are bisected by the straight lines CF, 12 
thorefore the five angles AB, BDC, CAD, DCR, ECA 
are equal to one another. 
But equal angles stand on equal arcs ; [1if. Qn. 
therefore the five arcs .1B, BC, CV, DE, FA aro cqual to 
one another. 
Aud equal arcs aresubtended by equal straight lines ; [ITT 29. 
therefore the five straight lines 123, BC, CD, DE, EA are 
equal to one another ; 
and therefore the pentagon ADBCDE is equilateral. 
It is aleo equiangular. 
For, the are .{B is equal to the arc DE, 
to cach of these add the are BOD; 
therefore tho whole arc ABCD ia equal to the whole 
are BUDE. [Avtom 2. 
And the angle 4D stands on the are 420°), and the 
angle BAE on the arc BCDE. 
Therefore the angle ALD is equal tu the angle BAL. [111.27, 
For the same reason cach of the angles ABU, BCD, 
CDE is equal to the angle AED or BAE; 
therefore the pentagon A BCDE is equiangular. 
And it has been shewn to be oquilateral. 
Wherefore en azuilateral and equiangular pentagon 
has been inscribed in the giten cirde. QuP. 
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PROPOSITION 12. PROBLEM. 


To describe an equilateral and equiangular pentagon 
about a given circle. 


Let ABCDE bo the given circle: it is required to 
describe an equilateral and equiangular pentagon about 
the circle A BCDE. G 

Let the angles of a pen- 
tagon, inscribed in the circle, 
by the last proposition, be 
at tho points 4, B,C, D, E, 
so that the arcs AL, BC, 
CD, DE, EA aro equal; 
and through the points A, 
B,C. D. EB, draw GH, HK. 
AL, LM, MG, touching the 
circle. {11.17 
The figure GHELM shall bo the pentagon required. 

Tako the contro F, and join FB, FAK, FC, FL, FD. 
Then, bocause the straight line AZ touches the circle 
ABCDE at the point C to which FC is drawn from the 
centre, 
thorofore FC is perpendicular to KL, (111. 18. 
therefore each of the angles at Cis a right angle. 

For the same reason the angles at the points B, D are 
right angles. 

And because tho angle FCK is a right angle, the square 
on FA is equal to the squareson FG, CK. © [1 47. 
For the same reason the squaro on FA is equal to the 
aquares on FB, BA. 

Therefore the squares on FC, CK are equal to the aquares 
on FB, BK; [4 zion 1. 
of which the square on FV is oqual to the square on FB; 
therefore the equare on CK is equal to the 
remaining equare on BX, {Arion 8. 


and therefore the strnight line Ci is equal to the straight 
line BK. — : 
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And because FB is equal to FC, 
and PA’ is common to the two triangles BFA, CFR; 
the two sides BF, FAK arc oqual to the two sides CF, FK, 
each to each : 


and the baso A’ was shewn equal to the base CA’ ; 
therefore the angle BKA is equal to the anglo CAA, (I. &. 
and the anglo BAF to the anglo CAF. {l. 4. 
Therofore the angle BFC is double of the angle CF'A, 
and the angle BAC is duuble of the anglo CAF. 
For the same reason the angle CF) is double of the 
angle CFL, and the angle ('Z D) ia double of the anglo CLF. 
And because the arc BC is equal to the are CD, 
the anglo BFC is equal to the angle CFD; {liT. 27. 
and the angle BFC ia double of the angle CFA, and the 
angle CFD is double of the angle CFL ; 
thorefore the anglo CFA is equal to tho anglo CFL. (Az. 7. 
And the right angle FCA’ is equal to the right angle FCL. 


Therefore in the two triangles FUAK, FUL, there arc two 
_<—— of the one equal to two angles of the other, cach to 


and the side #'’, which is adjacent to the oqual angles in 
each, is common to both; 


therefore their other sides arc equal, cach to each, and the 
third angle of the one equal to the third angle of the other ; 


therefore the straight line CK is equal to the straight line 
CL, and the angle FAC to the anglo LC. (1. 26. 
And because CA is equal to CL, LK is double of CX. 

In the same manner it may bo shewn that J/K is 
double of BA, 

And because BK fs oqual to CA’, a8 was shown, 
and that H& is double of BX, and LX double of CK, 
therefure 1K is equal to LX. [Axiom 6, 

In the same manner it may be shown that GH, 
GM, ML are each of them equal to HK or LK; 
therefore the pentagon GHK LM is equilateral. 

It is aleo equiangular. 
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For, since the angle FXC is equal to the angle FLAC, 
and that the angle HAT is double 
of the anglo FAC, and the anglo 
ALM double of tho angle FLC, 
as was shewn, 
thorefore the angle JIAZ is equal 
to tho angle ALA. [Axium 6. 
In the same manner it may be 
shewn that each of the angics 
KHG, HGM, GHL is oqual to 
the anglo IAL or ALM; 
thorefore the pentagon G//A'LM is equiangular. 
And it has been shewn to be cquilateral. 
Wherefore an equilateral and equiangular pentagon 
has been described about the giten circle. Q.£.¥. 





PROPOSITION 13. PROBLEM. 


To inecribe a circle in a gicen equilateral and equi- 
angular pentagon. 


Let ABCVE bo the given equilateral and equiangular 
pentagon: it is required to inscribo a circle in the pen- 
tagon ABCDE. 

Bisect the angles BCD, 
CDE by the straight lines 
CF, DF ; {l. 9. 
and from the point F, at 
which they mect, draw the 
straight lines FU, FA, FE. 

Then, because BC is equal 
to DU, [Ud ypotheris, 
and CF’ is common to the two 
triangles BCF, DCF; 
the two sides BU, CF are 
equal to the two sides DC, CF, 
each to each ; 





and the angle BCF is equal to the angle DCF; —[ Constr, 
therefore the base BF’ is equal to the base DF, and the 
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other angles to the other angles to which the cqual sides 
are opposite ; [1]. 4. 
therefure the angle CBF is equal to the angle CDF. 

And because the angle CDE is doublo of tho angle 
CDF, and that the anglo CDZ is equal to the angle CBA, 
and tho angle CDF is equal to the angle CBF, 
therefore the angle C2.4 is double of the angle CBF; 

-therefore the angle A BF is equal to the angle CBF; 
therefore the angle .1 BC is bisected by the straight line BF. 


In the same manner it may be shewn that the angles 
BARE, AED are bisected by the straight lines AF, BF. 
From the point / draw FG, FH, FR, FL, FM perpen- 
diculars to the straight lines 42, BC, CD, DE, EA. (f. 12. 
Then, because tho angle FCH is equal to tho anglo 
FCK, 
and the right angle F'/{C equal to the right anglo FAC; 
therefore in the two triangles F'//C, FAC, there are two 
angles of the one equal to two angles of the other, cach te 
each ; 
and the side FC, which is opposite to one of tho equal 
angles in cach, is common to both; 
therefore their other sides are equal, cach to each, and 
therefore the perpendicular #'// is equal to the perpen- 
dicular /’A. [1. 26, 
In the same manner it may be shewn that LL, FM, FG 
are each of them equal to F/7 or FA. 
Therefore the five straight lines FG), F7/, FAK, FL, FAS are 
equal to ove another, and the circle described from tho 
centre F, at the distance of any one of them will pass 
through the extremities of the other four; 
and it will touch the straight lines AB, BC, CD, DE, EA, 
because the angics at the points G, 1/, A, L, Mf are right 
angles, {C'unstriclion, 
and the straight line drawn from tho extremity of a dia- 
meter, at right angles to it, touches the circle; (U9T. 16, 
Therefore each of the straight lines 44, BC, CD, DE, EA 
touches the circle. 
Wherefore a circle has been inscribed in the giten 
equilateral and equiangular pentagon. Q.E.F. 
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PROPOSITION 14. PROBLEM. 


T describe a circle about a gicen equilateral and equt- 
angular pentagon. 


Let ABCDE be tho givon equilateral and equiangular 
pentagon; it is required to describe a circle about it. 
Bisect tho angles BUD, CDE 
by the straight lines CA, DF; (1.9. 


A 
Vai 
and from the point F, at which 
ee |S 


they mect, draw the straight lines / \r 

FB, FA, PE. pose ae 
Then it may bo shewn, as in \ 

the preceding proposition, that 

the angles CAA BAK, ABD are ee 

bisected by the straight lines BL’, CW" D 

AF, EF. 


And, because the angle BCD is equal to the angle CDE, 

and that the angle F’C'Y is half of the angle BCD, 

and tho angle FC is half of the angle CDF, 

therofore the angle FUD is equal to the angle FDC; [4x 7. 

thereforo the side #'C is cqual to the side £D. {I. 6. 
In tho same manner it may be shewn that #B, FA, FE 

aro each of them equal to FC or FD; 


therefore the five straight lines #1, FB, PC, FD, FE aro 
equal to one another, and the circlo described from the 
ecntre Ff, ut the distance of any one of them, will pass 
‘through the extremitics of the other four, and will bo de- 
scribed about the equilateral and cquiangular pentagon 
ABCDE. 

Whorefore a circle has been described about the gicen 
equilateral and equiangular pentagon, Q.E.¥. 


PROPOSITION 15, PROBLEM. 


To inscribe an equilateral and equiangular heragon 
nH a given circle. 

Let ABCDEF be the given circle: it is required to in- 
scribe an cquilateral and equiangular hexagon in it. 
Find the centro G of the circle ASCDEF, {IIL 1 
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and draw the diameter AGD,; 









from the centre D, at the dis- Fe 
tance DG, describe tho cielo =p /~ | Ap 
EGCH ; / ~ vw 
join EG, CG,and produce them | NG ra 
to the points B, F and join as, | Pee ee 
BC, CD, DE, EF, FA. ae Se 
The hexagon 4 BCDEF shall ee ee 
be equilateral and equiangular. D 

For, because @ is the centro \ 
of the circle ABCDEF, GE is \ ¢ 
equal to GD; 7 a 


and because PD is the centre 
of the circlo EGCH, DE is 
equal to DG; 


therefore GZ! is equal to DE, [Axiom 1, 
and the triangle EG D is equilateral ; 
therefore the three angles EGD, GDE, DEG are equal to 


one another. (1. 5. Corollary. 
But the three angles of a triangle are together equal to 
two right angles ; (1. 32. 


therefore the angle EGD is tho third part of two right 
angles. 

In tho same manner it may be shewn, that the angle 
DGC is the third part of two right ungles. 

And because the straight line GC makes with tho 
straight line FZ the adjacent angles LGC, CGB wgeother 
oqual to two right angles, {I. 13. 
therefore the remaining angle CGB is the third part of two 
right angles ; 
therefore the angles EGD, DGC, CGB are equal to ono 
another. 


And to these aro cqual the vertical opposite angles 
BGA, AGF, FGE. (1. 16, 


Therefore the six angles EGD, DGC, CGB, BGA, AGP, 
¥FGE are equal to one another, 
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But equal angles stand on equal arcs; [III. 26. 
therefore the six arcs AB, BC, CD, DE, EF, FA are 
equal to onc another. 

And equal arcs are subtended by equal straight lines ; (111.29. 


therefore the six straight lines are equal to one another, 
and the hexagon is equilateral, 


It is also equiangular. 


For, the are .1 /' is equal to =. 
F jer 
| 


j 


y 


the are LD; 

to each of theso add the 
are ABCD; | 
therefore the whole arc ee 
FABCD is equal to the 
whole are ABCDE, 


and the angle FED) stands 
on the are ABCD, ‘ 
and the angle 4 FE stands 
on the are ABCDE; eral 


il 

therefore theangle FED is 
equal to the anglo AFL. [ITf. 27. 

In tho same manner it may be shewn that the other 
angles of the hexagon .f BCDEF are cach of them equal 
to the anglo .AF 2 or FED; 
therefore tho hexagon is equiangular. 
And it has been shewn to be equilateral ; and it is inscribed 
in tho circle ABCDEF. 

Wherefore an equilateral and equiangular hexagon 
has been inscribed in the giren circle, Q.E®. 

Conontary. From this it is manifest that the side of 


the hexagon is cqual to the straight line from the centre, 
that is, to the semidiameter of the circle. 


Also, if through the points 1, B, C, D, E. F, there be 
drawn straight lines touching the circle, an equilateral and 
equiangular hexagon will be described about the circlo, 
as may be shown from what was said of the pentagon ; and 
a circle may bo inscribed in a given equilateral and equi- 
angular hexagon, and circumscribed about it, by a method 
like that for the pentagon, 


ra 
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PROPOSITION 16. PROBLEM. 


To inscribe an equilateralandequiangularquindeeagon 
tna gicen cirele 


Let ABCD be tho given circle: it is required to in- 
scribe an equilateral and equiangular quindecagon in the 
circle ABCD, 


Tet AC be tho side of an rome 
equilateral triangle inseribed == 
in the circle ; (IV. 2. wh’ / A Sa 
and let AB be the side of an ff 
equilateral and cquiangular pt} 
pentagon inscribed in the VO. oy 
circle. f1V. Ut. C.. Wy D 
_ 
Then, of such equal parts wee 


as the whole cireumferenco 

ABCDF contains fifteen, the are A BC, which is the third 
part of the whole, contains five, and the arc AB, which is 
the fifth part of the whole, contains three ; 


therefore their difference, the are BC, contains two of tho 
same parts. 


Bisect the arc BC at EZ; {1IT. 30. 


therefore cach of the arcs BE, EC is the fifteenth part of 
the whole circumference .1 BCD) F. 

Therefore if the straight lines BE, EC be drawn, and 
straight lines equal to them be placed round in the whole 
circle, (tv. 4. 
an equilateral and equiangular quindecagon will be in- 
ascribed init. @EF. 

And, in the saine manner as was done for the pentagon, 
if through the points of division made by inscribing the 
quindecagon, straight lines bo drawn touching the circle, 
an equilateral and uiangular quindecagon will be de- 
scribed about it; and also, as for the pentani, a circle 
may be inscribed in a given equilateral and equiangular 
quindecagon, and circumscribed abvut it. 


BOOK V. 
DEFINITIONS. 


1. A Less magnitude is said to be a part of a greater 
magnitude, when the less measures the greater; that is, 
when the less is contained a certain number of times ex- 
actly in the greater. 


2, A groater magnitude is said to be a multiplo of a 
leas, when tho greater is measured by the less; that is, 
when tho greatcr contains the Icss a certain number of 
times exactly. 


3. Ratio is a mutual relation of two magnitudes of tho 
same kind to one another in respect of quantity. 


4. Magnituces nro said to have a ratio to one another, 
when the less can be multiplied so as to exceed the other. 


5. Theo first of four magnitudes is said to have the 
samo ratio to the socond, that the third has to the fourth, 
when any cquimultiples whatever of the first and the third 
boing taken, and any equimultiples whatever of the second 
and the fourth, if the multiple of the first be less than that 
of the sccond, the multiple of the third is also leas than that 
of the fourth, and if the multiple of the first bo equal to 
that of the second, the multiple of the third is also cqual to 
that of tho fourth, and if the multiple of the first be greater 
than that of the second, the multiple of the third is also 
greater than that of the fourth. 


6. Magnitudes which have the same ratio are called 
proportionals, 
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When four magnitudes are proportionals it is usuall 
expressed by saying, the first is to the socond as tho thi 
is to the fourth. 


7. When of the equimultiples of four magnitudes, taken 
as in the fifth definition, the multiplo of the first is greater 
than the multiple of the second, Bat the multiple of tho 
third is not greater than the multiplo of the fourth, thon 
tho first is said to have to tho sccond a greater ratio than 
the third has to the fourth; and tho third is said to havo 
to the fourth a less ratio than the first has to the second. 


8. Analogy, or proportion, is the similitude of ratios, 
9. Proportion consists in three terms at least. 


10. When three magnitudes are proportionals, the first 
is said to have to the third the duplicate ratio of that 
which it has to the second. 


_ [The second magnitude is said to be a mean propor- 
tional between the first and the third. | 


VW. When four magnitudes are continued proportionals, 
the first is said to have to the fourth, the triplicate ratio of 
that which it has to the second, and so on, quadruplicate, 
&c. increasing the denomination still by unity, in any nuin- 
ber of proportionals, 


Definition of emnpound ratio, When there are any 
number of magnitudes of the sane kind, the first ia suid to 
have to the last of them, the ratio which is compounded of 
the ratio which the first has to the second, and of the ratio 
which the second has to the third, and of the ratio which 
the third has to the fourth, and so on unto the last mag- 
nitude. 

For example, if A, B, C, D be four magnitudes of the 
same kind, the first A is said to have to tho last 1), the 
ratio compounded of the ratio of A to B, and of the ratio 
of B to C, and of the ratio of C to D; or, the ratio of A to 
D is said to be compounded of the ratios of A to B, B to 
C, and C' to D. 


And if A has to B the same ratio that ZF has to F; 
and B to C the same ratio that G has to //; and C to D 
the same ratio that K has to Z; then, by this definition, 
A is said to have to J) the ratio compounded of ratios which 
are the same with the ratios of £ to /, G to HW, and K to ZL. 
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And the same thing is to be understood when it is more 
briefly expressed by saying, A has to D the ratio com- 
pounded of the ratios of £ to F, G to H, and & to L. 


Tn like manner, the same ays being supposed, if AL 
has to N the same ratio that 4 has to ); then, for the 
sake of shortness, AZ is said to have to WV the ratio com- 
pounded of the ratios of £ to F, @ to H, and K to Z. 


12. In proportionals, the antecedent terms are said to 
be homologous to one another; as also the consequents to 
one another. 


Geometers make use of the following technical words, 
to signify certain ways of changing cither the order or the 
magnitude of proportionals, go that they continue still to be 
proportionals. 


13. Permutando, or alternando, by permutation or 
alternately; when there are four proportionals, and it is 
inferred that the first is to the third, as the second is to 
the fourth. V. 16. 


14. Znrertends, Wy inversion; when there aro four 
proportionals, and it is inferred, that the second is to tho 
first as the fourth is to the third. V. 2. 


15, Cumponendo, by composition ; when there are four 
WAY dtr and it is inferred, that the first together 
with the second, is to tho second, as the third together 
with the fourth, is to the fourth. VY. 1s. 


16. Dicidends, by division; when there aro four pro- 
portionals, and it is inferred, that the excess of the first 
ubove the second, is to the second, as the excess of the 
third above the fourth, is to the fourth. V. 17, 


17. Conrertend», by conversion; when there are four 
proportionals, and it is inferred, that the first is to its 
excess abovo the second, as the third is to its excess above 
the fourth V. 2. 


18. Ex equali distantia, or ex @quo, from equality of 
distance ; when there is any number of magnitudes more 
than two, and as many others, such that they are propor- 
tionals when taken two and two of cach rank, and it is 
inferred, that the first is to the last of the first rank of 


magnitudes, as the first is to the last of the others. 
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Of this there aro the two following kinds, which arise 
from the different order in which tho magnitudes are taken, 
two and two. 


19, Ex aquali. This term is used simply by itaclf, 
when the first magnitude is to the second of the first rank, 
as the first is to the second of the other rank; and the 
second is to the third of the first rank, as tho second is to 
the third of the other; and so on in order; and the inference 
is that mentioned in the preceding definition, Y. 22. 


20. Er aequaltin proportions perturbata seu tnordinatd, 
from equality in perturbate or disorderly proportion. Thia 
term is used when the first magnitude is to the sccond of 
the first rank, as the last but one is to tho last of the second 
rank; and the second is to the third of the first rank, as the 
last but two is to the last but one of the secoml rank ; and 
the third is to the fourth of the first rank, as tho last but 
three is to the last but two of the second rank; and so on 
in a cross order; and the inference is that mentioned in the 
eighteenth definition. V. 23. 


AXIOMS. 


1, FEquimultiples of the same, or of equal magnitudes, 
are cqual to one another. 


2. Those magnitudes, of which the same or equal mag- 
nitudes are cquimultiples, are equal to one another. 


3. A multiple of a greater magnitude is greater than 
the same multiple of a less. 


4. That magnitude, of which a multiple is greater than 
tho same multiple of another, is greater than that other 
magnitude. 
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PROPOSITION 1. THEOREM. 


Tf any number of magnitudes he equimulliples of ar 
many, each of each; whatecer multiple any one of theni is 
of tts part, the same multiple shalt all the first magni- 
tudes be «uf all the other. 


Let any number of magnitudes 42, CD be equimul- 
tiples of as many others 4, F, each of each: whatevor 
multiple 42 is of Z, the aame multiple shall 1B and CD 
togcthor, be of £ and J together. 


For, because 42 is the same multiple of £, that CD is 
of F, ag many magnitudes as there are in 
AB equal to £, 80 many are there in CD A 
equal to F. 
Divide AB into the magnitudes AG, GB, G ; 
each equal to £; and CY into the magni- E 
tudes ('//, HD, each oqual to £. 


Therefore tho nwnber of the magnitudes B 
CH, ILD, will be equal to the number of C 
the magnitudes AG, GB. 

And, because AG is equal to £, and 
CH oqual to #, therefore AG and C/F ogy k 
together are equal to # and F" together ; 
and because G2 is equal to £, and 4/7) 
oqual to F, therefore G2 and 2D) together D 
are equal to Fiand # together, [-triom 2. 
Thorefore as many magnitudes as there are in 42 cqual to 
#, 80 many aro there in 47 and ('D together equal to # 
and £’ together. 
Therefore whatever multiplo A B is of FE, the same multiple 
is f B and CY) together, of Zand F' together. 


Whorecforo, (f any number of magnitudes &ce.  Q.E.D. 


PROPOSITION 2. THEOREM. 


Uf the firat be the same multiple of the seeond that the 
third is of the fourth, and the fifth the same multiple of 
the second that the sisth is of the fourth; the ret toge- 
ther with the Afth shall be the same multiple of the second, 
that the third together with the sizth ts of the fourth. 
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Let AB the first be tho same multiple of C the second, 
that DEF the third is of #" the fourth, and let BG the fifth 
be the saine multiple of C the second, that A// the sixth 
is of F the fourth: 4G, the first together with the fifth, 
shall be the same multiple of C tho second, that JZ, tho 
third together with the sixth, is of 4’ the fourth. 

For, because A/? is the samo multiple of C that DE 
is of F, as many magnitudes as 
there aro in 112 equal to C, so 
many are there in DL equal to /. 
For the same reason, as many 
magnitudes as there are in BO 
equal to C, 80 many are there in 
EH equal to F. B 
Therefore as many magnitudes 
as there are in the whole AG 
equal to C, so many are there in CG ‘ i : 
the whole D// equal to F’. 

Therefore AG is the samo multi- 
ple of C that D7 is of £. 

Wherefore, (f the first be the I) 
same multiple &c. QED. 


Hie 





Coroitary. From this it is FE 
plain, that if any number of mag- B 
nitudes .14, BG, Gif be multi- 
ples of another C; and as many 
DE, EK, KL be tho same mule G 
tiples of F, cach of cach; then 
the whole of the first, namely, 
AH, ia the samo multiple of (, | 
that the whole of the last, namely, Hc LL EF 
DL, is of F. 


PROPOSITION 3. THEOREM. 


If the first be the same multiple of the secmd that the 
third ia of the fourth, and tf of the first and the third 
there be taken equimultiples, these shall be equimultiples, 
the one of the second, and the uther of the fourth. 
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Let A the first be the snme multiple of B the second, 
that C'the third is of D the fourth; and of A and C let 
the equimultiples FF’ and G// be taken: EF’ shall be 
tho same multiple of B that G// is of D. 


For, because EF’ is the same multiple of A that GHZ is 
of C; [ Hypothesis, 


as many magnitudes as 


there are in FF" equal Ht 

to 1, so many are there 

in Gf equal to ©. 

Divido £F’ into the | 

magnitudes BA, AF, ki | 1 

each equal to .f; and | 

G/f into the magni- 

tudes GL, LH, cach 

equal to ( | 
Therefore the number of E A B Cc UD 


themagnitudes HA, AL, 
will be equal to the nunber of the magnitudes GZ, LT. 


And because -f is the same multiple of 2 that C is 
of D, [ UM ypotheais. 


and that FA is equal to 4, and @Z is equal to Cy [Conetr. 
therefore EA is the same multiple of 2B that GZ is of J. 
For the same reason AF’ is the sane multiple of B that 
Libis of DY. 
Therefore because FA’ the first is the same multiple 
of 2B the second, that GZ the third is of J) the fourth, 
and that AF’ the fifth ix the same multiple of B the second, 
that £27 tho sixth is of 7) the fourth; 
EF the first together with the fifth, is the same multiple 
of B the second, that G// the third together with the 
sixth, is of J? the fourth. [V. 2. 
In tho same manner, if there be more edt in EF equal 
to .{ and in GHZ equal to C, it may be shewn that EF is 
the same multiple of that G// is of D. [V. 2, Cor. 


Wherefore, (f the first &c. QED. 
PROPOSITION 4. THEOREM. 


If the first hare the same ratio to the second that the 
third has to the fourth, and Uf there be taken : 
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multiples whaterer of the first and the third, and alan 
any equimultiples whaterer uf the second and the fourth, 
then the multiple of the first shall hare the same ratio to 
the multiple of the second, that the multiple of the third 
has to the multiple of the fourth. 


Let A the first have to 7? the second, the same ratio 
that C’ the third has to ) the fourth; and of 44 and ( let 
there be taken any equimultiples whatever # and 4) and 
of Band YD any equimultiples whatever Gand 47; # shall 
have the same ratio to G hint F has to #/. 

Take of # and # any equi- 
multiples whatever AU and Z, | 
and of @ and JZ any equimul- 
tiples whatever .V and N. | 

Then, because / is the same | 
multiple of 4 that Fis of €, 
and of # and F" have been taken 


ane 





For the same reason, AZ is the 
same multiple of /? that Vis of LD. 

And because sf is to Bas , 
is to D), [ Mapothesis, 
and of .4 and ( have been taken 
certain equimultiples AU and Z, 
and of Band J) have been taken 
certain equimultiples Af and NV, 
therefore if AU be greater than 
M, L is greater than NN’; and if 
equal, equal ; and if less, less. [V. Definition 5. 
But A and £ are any equimultiples whatever of £ and F, 
and M and XN are any equirnultiples whatever of Gand //; 
therefore £ is to G as F is to HW [V. Definition 5, 

Wherefore, if the first &e.  Q.E.D. 


Conottary. Also if the first have the same ratio to 
the second that the third has to the fourth, then any equi 
multiples whatever of the first and third shall have the 
same ratio to the second and fourth; and the Grst and 


equimultiples AT and Z; | ! 
therefore AX is the same mul- K A Ka M 
tiple of .fthat ZisofC. [Via noo D oWON 


ee ee ee 


ee pt 7 





ee 


~— me ee eee oe 
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third shall have the same ratio to any equimultiples what- 
ever of the second and fourth. 

Let A the first have the same ratio to B the second, 
that C the third has to J) the fourth; and of A and C let 
there be taken any equimultiples whatever Z and F: E 
shall be to 2 as F is to L. 


Take of #’ and F' any equimultiples whatever A’ and Z, 
aud of Band JY any equimultiples whatever @ and £/, 


Then it may be shewn, as before, that A’ is the same 
multiple of A that Z is of C. 


And because 1 is to Bas C is to D, [/Zypothesis. 


and of 4 and (’ havo been taken certain equimultiples A 
and Z, and of /3 and J have been taken certain equimul- 
tiples G and /7/; 


therefore if A be groater than @, Z is greater than 77; and 
if equal, equal; and if less, less. [V. Definition 5, 
But A and Z are any equimultiples whatever of & and F, 
and G@ and // are any equimultiples whatever of Band D; 
thereforo Z is to Bas Fis to D. [V. Definition 5. 


In tho samo way the other caso may be demonstrated. 


PROPOSITION 5. THEOREM. 


[fone magnitude be the same multiple of another that 
a magnitude taken from the Jirst ia ef a magnitude taken 
Srom the other, the remainder shall be the same mulliple 
of the remainder that the whole is of the whe. 


Let AB bo the same multiple of CD, that AE taken 
from the first, is of CF’ taken frum the other: the remain- 
der EB shall be the same multiple of the remainder FD, 
that the whole AZ is of the whole CD, 


Tako AG the same multiple of FD, that AZ is of CF; 
therefore AE is tho same multiple of CF that EG is 
of CD. [V. 1. 


But AE ia the same multiple of CF that AB is of CD; 


aap EG is the same multiplo of CD that AZ is 


therefore EG is equal to 4B. [V. Axiom 1. 
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From each of these take the common 
magnitude A; then the remainder AG q 
is cqual to the remainder EZ. 


Then, because A Fis the same multiple 
of CF that AG is of FD, [Construction, 
and that AG is equal to FZ; 


therefore AZ is the samo multiple of CF 
that £B is of FD. 


But AE is the samo multiple of CF that : 
AB is of CD; [Hupothesis, © 


therefore EZ is the same multiple of F 
FD that 4B is of CY. 


Wherefore, ifune magnitude &e. QED. B D 


A 


PROPOSITION 6. THEOREM. 

Df teeo magnitudes be equimultiples of tee others, and 
U equimultiples of these be taken from the first tico, the 
remainders shall be either equal to these others, or equi- 
multiples of them. 

Let the two magnitudes 423, CD be equimultiples of 
the two £, F; and let iG, CH, taken from the first two, 
be cquimultiples of the same #, #': the remainders GH, 
HD shall be either equal to 2, 7, or equimultiples of them. 

First, let GB be equal to BE: 7/7) shall be equal to F 
Make (’'A’ equal to F. 

Then. because .1G is the same mul- A x 
tiple of £ that CH/ is of #, [/yp. 

and that GB is equal to £, and ( 
CK is equal to F; 

thercfore 4B is the same multi- 


ple of Z that A'// is of F. ] r | 

But 48 is the same multiple | 
of Z that CD is of F’; (Hypothesis. BODE F 
therefore AH is the same multiple of F’ that ('/) is of F; 
therefore A// is equal to CD, [V. Axiwm 1, 


From cach of these take the common magnitude CH; 
then the remainder CA is equal to the remainder //D. 


But CA is equal to F;, [Conatruction. 
therefore 21D is equal to F. 
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Next let GB be a multiple of #: J/D shall be the 
saine multiple of /. 
Make CA the same multiple K 
of # that GB is of £. 
Then, because 4G is the same A 
multiple of £ that (// is of 
f, [dM ypothesia, 


and GB is the same multiplo 
of # that CA is of #3) [Constr. Gi oy 
therefore .1/2 is the same mul- | 
tiple of A that A'// is of £. [V.2. | | | 
But 2 is the same multi- . 
plo of # that CZ) is of F'; (dLyp. Be eee 
therefore A°// is the same multiple of #’ that CD is of F; 
therefore A’// is equal to C/. {V. Axiom 1. 
From cach of these take the common magnitude CZ; 
then the remainder CA’ is equal to the remainder 2/D. 
And because CA is the same multiple of #' that GB is 
of £, (Construction. 
and that CA’ is equal to 7/7); 
therefore //D is the same multiple of F that GB is of £. 
Wherefore, / lwo magnitudes &c. QED. 


PROPOSITION 4. THEOREM. 


If the fivet of four magquitudes have the same ratio to 
the second that the third has to the fourth, then, if the first 
be greater than the second, the third shall also be greater 
than the fourth, and (f equal equal, and if lesa less. 


Take any equimultiples of cach of them, as the doubles 
of each. 
Then if the double of the first be greater than the double 
of the second, the double of the third is greater than the 
double of the fourth. [V. Definition 5, 
Rut if the first be greater than the second, the double of 
the first is greater than the double of the second ; | 
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therefore the double of the third is greater than the doublo 
of the fourth, 
and therefore the third is greater than the fourth. 

In the same manner, if the firat be equal to the second, 
or less than it, tho third may be shewn to be equal to tho 
fourth, or less than it. 


Wherefore, ¢f the firat &c. Q.E.D. 


PROPOSITION #&. THEOREM. 


Lf four magnitudes be proportionals, they shall alao be 
proportionals when taken inversely. 


Let A be to Bas C is to D: then also, inversoly, B 
shall be to 4 as J) is to C. 

Take of 7? and J any equimul- 
tiples whatever / and #';, 
and of .f and C any cquimultiples 
whatever G and //, 

First, let # be greater than G, then 
G@ is less than £. 

Then, because 4 is to 7? as C ia 
to D; [Jy pothesis, G B F, 
and of A and C the first and third, Wweoc¢ Dp F 
G and #7 are equimultiples ; 

and of Band D the second and 
fourth, £ and F are cquimultiples ; 
and that G is leas than #’; 
therefore // is less than F’; [V. Def, 5. 
that is, F'is greater than /7. 
Therefore, if Z be greater than G, F is greater than /7/. 

In the same manner, if EF bo equal to G, /’ may bo 
shewn to be equal to //; and if leas, leas. 

But £E and F are any equimultiples whatever of B 
and J), and G and // are any equimultiples whatever of 4 
and C’; (Construction, 
therefore B isto A as Dis to C. [V. Definition 5, 

Wherefore, tf fuur magnitudes &c, 9¥.D. 
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PROPOSITION C. THEOREM. 


If the first be the same multiple af the second, or the 
same part of it, that the third ts of the fourth, the first 
shall be to the second ax the third is to the fourth, 


First, let A be the same multiple of 2 that C is of D: 
A shall be to Bas C is to D. 

Take of A and C any equimultiples 
whatever / and /’; and of # and J any 
equimultiples whatever G and //. 

Then, because A is the same multiple 
of B that Cis of D; [ Hupotheais, | | | 
and that /’ is the same multiple of 1 that 
F is of C; |¢ ‘onstruction, A DB 
therefore FE is the same multiple of 2B EG 
that /’ is of ); [V.3. 
thatis, Hand /areequimultiplesof Band J). | 

Bat G and /f are equimultiples of 2 | 
and /) : [Con wf aeectireil. : 
therefore if # be a greater multiple of | 
B than @ is of B, F is a greater multi- | 
ple of J than // is of 2); | 

| 


D 
HH 





that is, if # be greater than G, F" is 
greater than 77. 

In the same manner, if Eo be equal to 
G, F may be shewn to be equal to //; and 
if less, less, 

But £ and # are any cquimultiples 
whatever of 4 and (, and G and # are any equimultiplea 
whatever of 2 and D; LC onsfruction, 
therefore A is to Bas Cis to D. [V. Desinition 5, 


Next, let f be the ‘samo part of B that C is of D: 
A shall be to Bas Cis to LD. 


Seed eit ce ie AN 


For, since .f is the same part of B | 
that C' is of D, | 
therefore B is the same multiple of .4 | 
that D is of C’; | | 
therefore, by the preceding caso, Bisto | | | 
Aas Dis to C; A BU B 
therefore, inversely, 4 is to Bas C is to D. [V. B. 


Wherefore, the first &c.  @.RD. 
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PROPOSITION D. THEOREM. 


Uf the first be to the second as the third isto the fourth, 
and Uf the firat bea multiple, or a part, of the second, the 
third shall be the same multiple, or the same part, of the 
fourth. 

Let 4 be to B as Cis to D. 
And first, let 4 be a multiple of 2: 
€° shall be the same multiple of LD. 


Take E equal to 4; and what- | 
ever multiple .f or £ is of 2, make 
F the same multiple of J. 

Then, because -f is to 2B as C 
is to D, { (ypothesis. 
and of J? the second and J) tho \ 
fourth have been taken equimultiples 
FE and ff, {¢ Yaartruction, 
therefore A is to F as (’ is to 
F, [V. 4, Corollary, 

But A is equal to £; (Construction. 
therefore C is equal to F- [V. A. 

And F is the same multiple of 
D that -1 is of i, [( onstruction, 
thercfore Cis the same multiple of 7) that .4 is of 2B. 

Next, let Af bea part of 2: C' shall be the same part of D. 


) 
~ 

2 
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enn eee Oe, 
¢ 


For, because .4 is to Bas Cis to YD; [ Mypothesia, 
therefure, inversely, J? is to 4 as YD is to C [V. a 
But A isa part of 2; [Mpouthesia. 


that is, B is a multiple of A; 
therefore, by the preceding case, Dis the same multiple of C; 
that is, C’is the same part of D that 4 is of B. 

Wherefore, the first &c. QE.Dv. 


PROPOSITION 7. THEOREM. 


Equal magnitudes hare the same ratio to the same 
magnitude; and the same has the sume ratw to equal 
magn itudes, 


10-—~2 
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Let A and B be equal magnitudes, and C any other 
magnitude: each of tho magnitudes 4 and J shall have 
the samo ratio to C’; and (' shall have the same ratio to 
cach of the magnitudes .4 and #3. 

Tako of .f and #3 any cquimultiples 
whatever JJ and #£; and of C anv mul- ; 
tiple whatever /. 


Then, becauso J) is the same mul- { | 
tiplo of .t that Bis of 2, (Construction, | | | 
and that A is equal to Bs [Mypothens, i | 
therefore 2) is equal to EL [V. Aviom 1. ae | | 
Therefore if )) be greater than F, F is rep | 
greater than 2’; and if cqual, equal; | C F 
and if lesa, lesa. | 

But D and £ are any equimultiplos } | 
whatever of uf and J? and #' is any 


multiple whatever of (5 [Construction, 
therefore .fisto Cas Histo € LV. Lf. 5. 

Also (’ shall have the same ratio to 4 that it has to ZB. 
For tho same construction being made, it may be shewn, 
as bofore, that J) is equal to £. 

Therefore if # be greater than D, F is greater than £; 
and if equal, equal; and if lesa, less. 

But F is any multiple whatever of C. and D and £ aro 
any cyuimultiples whatever of .f and 2; [ Construction, 
thercfore C is to fas Cis to #2, {V. Definition 5, 

Wherefore, equal magnitudes &c.  Q.E.D. 


PROPOSITION 8 TITEOREM. 


Qf unequal magnitudes, the greater has a greater 
ratio tu the same than the less has; and the same mag- 
nitude has a greater ratw to the lees than it has to the 
greater, 


Let AB and BC be uncqual magnitades, of which 4B 
ia tho greater; and Jct D be any other magnitude what- 
ever: 4B shall have a greater ratio to J than BC has 
ey D shall have a greater ratio to LC than it 
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If the magnitude which is not the greater of the two 
AC, CB, be not less than J), take EF, £'G tho doubles of 
AC, CB . Figure 1. 

But if that which is not tho ¥. Fi. ¢, 
ore of the two 40, CB, bo 

ess than J2 . Figures 2 and 3), F 

this magnitude can be multiplied, 
so aa to become greater than J, 
whether it be C or CB. 


Let it be multiplied until it be- oS 
comes greater than /), and let the 
other be multiplied as often, I. 


Let FF bo the multiple thas taken 
of AC, and 4'G the same multiple 
of CR, 

therefore FF and FG are cach 
of them greater than 7), 


And in all the eases, take 7/ 
the double of 1), A’ its triple, Fig a. Fie. 3. 
and go on, until the multiple ° 
of J taken is the first which | 
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isgreater than FG. Let ZL be 
that multiple of 7, namely, F 
the first which is preater 
than Fr; and Ict A’ be the | 
multiple of D which is next 
less than JZ. _ 
Then, because Z is the first 
multiple of D which is greater G 
than ire, [Construction, 


the next preceuis multiplo 
K is not greater than FG ; 
that is, FG isnotlessthan A. | 
And because EF is the samo | | 
multiple of AC that FG is | | 
of CS, (Construction. 

reforo EG is the samo multiple of AB that FG is 
of CB; {V. 1. 
that is, EG and FG are equimultiples of AB and CD. 
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And it was shewn that FG is not less than &, 


anl FF is greater than D; [ Construction. 
therefore the whole EG is greater than A and D together. 
But A and J) together are equal to ZL; [Construction, 


therefore EG is greater than Z. 
But FG is not greater than Z. 


And EG and FG were shewn to be equi- 
multiples of 2 and BC; 


and 4 isa multiple of 7) (Construction, 


Therefore AB has to J a greater ratio F 
than AC has to 7. [V. Detinition 7. 


Also, 7) shall have to #C’ a greater 
ratio than it has to 2172. 


For, the samo construction being made, 
it may be shewn, that 2 is greater than 
FG bat not preater than LG, 


And Z isa multiple of Do [Conetreetion. 
and FG and FF were shown to be equi- 


m 
Qi 


multiples of 2 and C2, 
Therefore 2) has to AC’ a greater ratio than it has 
to 143. [V. letination 7. 


Wherefore, of unequal magnitudes &e. QED. 


PROPOSITION 9.) THEOREM, 


Magqnitucdes which hace the aame ratio to the same 
snagnitide, are equal ti cone ancther; and those to which 
the same magnitude has the same ratio, are equal to one 
another. 


First, let .4 and 2 have the same ratio to C: A shall 
bo equal to #. 


For, if .4 is not equal to B, one of them must be greater 
than the other; let .f be the greater. 


Then, by what was shewn in Proposition &, there aro 
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sume equimultiples of 4 and 2, and 

some tnultiple of C, such that the 

multiple of .f is greater than tho | 
multiple of C, but the multiple of D 
His nut greater than the multiple 

of (, A | 
Lot auch multiples be taken: and 
let Mand £ be the equimultiples Cj } 
of Aland 4, and - the multuple 
of (5 so that 2 is greater than 
/. but Fis not greater than # 

Then, because -f isto Clas 2B is 

to C; and of A amd 23 are taken 
qquinnltiples 22 and #, and of ¢ 
15 taken a multiple 4’; 
and that 2) is greater than 2°; [Ciunatruction, 
therefore # is also vreater than F. [V. Dernition &, 


But Fis not greater than £'; [( ‘onstruction, 
which is impossible. 

Therefore “and 8 are not unequal; that is, they are 
equal 

Nest, Jet © have the same ratio to f and #2: 1 shall 
be equal to 2. 

For, if fis not equal to 73, one of them must be greater 
than the other; let 4 be the greater. 

Then, by what was shewn in Proposition 4, there is 
come multiple Aoof Cand some equimultiples #7 and 1 of 
Band -l, such that £’ is greater than &, but not greater 
than J). 

And, because (is to 2 as Cis to A, [Mypothesia. 
and that F the multiple of the first ia greater than # tho 
multiple of the pees | [(matrection. 
therefore F the mnitiple of the third is greater than J) 


the multiple of the fourth. (Vo etaition 5, 
But Fis not greater than D; [ (onstruction, 


which is impossible. 

Therefore A and J} are not unequal; that is, they are 
equal. 
Wherefore, magnitudes which &c. QED. 
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PROPOSITION 10. THEOREM. 


That magnitude ehich has a greater ratio than another 
has to the same magnitude ta the greater of the two; and 
that magnitude to which the same has a greater ratio than 
at has tu another magnitude is the less of the taco. 


First, lot A have to C a greater 
ratio than 2 has to C: A shall bo 
greater than 73. 
A 


For, because .4 has a greater ratio 
to C than # has to C, there are some 
oquimultiples of A and 8, and some 
multiple of (', such that the multiplo C| F 
of A is greater than the multiple of C; 
but tho multiple of J3 is not greater 
than the multiple of €. (Vi Def. 7. ¥ 
Let such multiples be taken: and E: 
let Dand £ be tho cquimultiples of — * 
Aand #, and F the multiple of (; 
wo that J) is greater than #, but £ 
is not greater than /’; 
therefore D ia groater than £ 


And becauso D and £ are cquimultiples of .f and J3, and 
that J) ia greater than £, 


thorefore 4 is greater than B. [V. Axiom 4, 


Noxt, let C’ have to JZ a greater ratio than it has to 4; 
B shall bo less than 4. 


For thero is some multiple F’ of C, and some equi- 
multiples £ and J) of # and .4, such that F is greater 
than 2, but not greater than D; [V. Definetion 7. 
therefure £ is leas than J). 


And because F and D are cquimultiples of B and 4, and 
that £ is icss than D, 


therofore 2B is leas than A. [V. Axiom 4. 
Wherefore, that magnitude &c. oun. 
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PROPOSITION 11. THEOREM. 


Ratios that are the same to the same ratin, are the same 
to one another. 


Let A be to Bas C is to J), and Iet C bo to Das F isa 
to F: A shall be to B as Eis to #* 





ES en | ee eee 
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Take of A, (, FE any as whatever G, 14, A; 
and of /3, D, F any equimultiples whatever 1, Af, N, 


The.., bocauso A is to Bas Cis to D, [Muypotheaia, 
and that G and /f aro epee of A and ( and 4 
and Af are equimultiples of 2 and J) [ Construction, 
therefore if G be greater than 1, // is grenter than 7; 
and if equal, equal; and if leas, less. [V. Defiaitum &, 

Again, because (is to as E is to F, (Mypotheau. 
and that // and A’ are ae of Cand &, and Af 
and N are equimultiplos of 2) and F’; [Conetruction, 
therefore if /f be greater than MW, A ia greater than NV; 
and if equal, equal; and if loss, less. (V. Lefnitin &, 


But it has been shewn that if G be greater than 1, ff 

is greater than M ; and if ojual, equal; and if less, lees. 
Therefore if G be greater than 1, A’ is greater than NV; 
and if oqual, equal ; and if leas, lena. 
And @ and K are any equimultiples whatever of A and £, 
and J and N are any equimultiples whatever of # and Kr 
Therefore A isto Bas Eis to F. [V. Definition 5. 

Wherefore, ratice that are the same &c. QED. 
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PROPOSITION 12. THEOREM. 


If any number of magnitudes be proportionals, as one 
of the antecedents ta tu its consequent, 8o shall all the ante- 
cedenta be to all the consequenta. 


Let any number of magnitudes A, B, C, D, &, F be 
proportionals ; namely, as .1 is to B, so let C be to D, and 
E to EF: a8 Al is to B, so shall 4, C, £ together be to 


B,D, F together. 


Cee: eee . See ee ee Ree 
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Tako of 1.0, Boany is Fea ee whatever G, 7, A; 
and of 2, 24, Kany equimultiples whatever LZ, a7, N. 

Then, beenuse -f isto Bas C isto Y) andas EF is to F, 
and that (¢, //, A are cquitmultiples of 1, C. &,and LZ, A, N 
equirnnaltiples of 2, 2), 4; [Construction 
therefore if GF be yreater than Z, 7/7 is greater than J/, 
nnd AU is greater than Vy and if equal, equal; and if less, 
Joss, [V. Deftnitun 3, 
Therefore, if GC be greater than Z, then G, 71, A together 
are greater than L, M, N together ; and if equal, equal ; 
and if lesa, loss, 

But @, and G, WT, K together, are any equimultiples 
whatever of 4, and of, C, # together ; [V. 1. 
and Z, and Z, Af, .V together are any equimultiples what- 
ever of Band &, 2D, F together. (V1. 

Therefore as uf is to #2, so are A, C, E together to 
B,D, F together. [V. Definition 5. 

Wherefore, (any number &e. Q.RD. 


PROPOSITION 13. THEOREM. 


It the frat hare the same ratio ts the seennd which the 
third has bs the fourth, but the third to the fourth a greafer 
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ralio than the Afth to the sirth, the Rrat shall hace to the 
second a greater ratio than the firth haa ts the atrth. 


Let .4 the firat have the samo ratio to 2 the second 
that C tho third has to ) the fourth, but C’ the third a 
yreater ratio to D the fourth than £& the fifth to 4° the 
sixth: .4 the first shall have to A the second a greater 
ratio than # the fifth has to #’ the sixth. 


Mo wee Ge. 3 ie: di 
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For, because C has a greater ratio to 2) than haa to F, 
there are some equimultiples of ( and ZH, and some equi- 
multiples of J) and #. such that the multiple of C is greater 
than the multiple of 7), but the multiple of # is not greater 
than the multiple of 7 [V. Pectinition 7. 
Let such multiples be taken, and let G and Af be the equi- 
multiples of Co amd #, and AT and Z the equimultiples of 
Dand F, 

a) that G is greater than AY but 7/ is not greater than Z. 
And whatever multiple G ia of CU take JZ the same mul- 
tiple of 4; and whatever multiple A’ is of J), take WV tho 
same multiple of 2. 


Thon, because .f is to Das Cia to D, { Myjetheaia, 
and Af and @ are e«quimualtiples of A and C, and WV and 
A are cquimultiples of Band D),; {Conslrurtion, 
therefore if Af be greater than WV, G is greater than A’; 
and if equal, cqual; and if lesa, leas. LV. Jtefinition by, 
But G is greater than A’; [0 “onstruction, 
therefore Af is greater than UY. 

But // is not greater than 4; [¢cmatruction, 
and Mand H are equimultiples of A and £, and V and / 
are equimultiples of 7} and #’; {4 unset ructim, 


therefore A has a greater ratio to # than £ has to Ff. 
Wherefore, the Arst&c. VED. 
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Conottany. And if the first havo a ter ratio to 
the second than the third has to the fourth, but the third 
the same ratio to the fourth that the fifth has to the sixth, 
it may be shewn, in the same manner, that the first has a 
greator ratio to the second than the fifth has to the sixth. 


PROPOSITION 14. THEOREM. 


If the firet hace the same ratio to the aceond that the 
third has to the fourth, then U the firat be greater than 
the third the second shall be qreater than the fourth; and 
Uequal, equal; and Uf lesa, less. 


Let A tho firat have the same ratio to 7? the second 
that (the third hus to /) the fourth: if 4 be greater than 
: > 2 shall bo greator than J; if equal, cqual; and if less, 
Cas. 

1 3 3 
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First, lot .{ bo greater than C: 2 shall be greater than D. 
For, becauso +f is greater than ( ( (ypotheria. 
and # is any other magnitude ; 
therefure .f has to /? a greater ratio than C has to J} [V. 8 
But 4 isto Bas Cis to D. [Mypoth esis. 
Therefore C bas to 7) a greater ratio than C has to 2. (V. 18. 


But of two magnitudes, that to which the same has tho 
greater ratio is the less. {¥. 10. 


Therefore J) is less than 7; that is, 7 is greater than D. 
Secondly, let 4 be oqual to (: £8 shall be equal to D. 

For, A isto Bas C, that is 4, is to D. [ Lf ypoth este. 

Therefore 2 is equal to D. {V. 9. 
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Thirdly, let A be less than C: B shall be less than D. 
For, C is greater than A. 
And bocause C is to Das A is to B; [iM ypotheais, 
and (’' is greater than 4 ; 
therefore, by the first case, D is greater than 2; 
that is, is leas than J. 

Wherefore, Uf the firet &. QED. 


PROPOSITION 15. THEOREM, 


Magnitudes hare the same ratio to one another that 
their equimultiplea hace. 


Let .12 be the same multiple of C that DE is of F: 
C shall be to Fas 1B in to DE. 

For, because 42 is the anme multiple of C that DF is 
of F, [My pothesta, 
therefore as many magnitudes as A 
there are in AZ equal to (, so 
many are there in VF equal to F. 
Divide 4/3 into the magnitudes ( . 
AG, GH, ITB, each equal to C; kK 
and PE into the magnitudes i a 
DK, KL, LE, cach equal to F. | 
Therefore the number of the mnag- | j 
nitudes AG, GH, [723 will be equal BC RF F 
to the number of the magnitudes 
DK, AL, LE. 

And because AG, GH, ITB are all equal; (Consfruction, 
and that DA, AL, LE are also all equal; 
therefore AG is to DA as GH is to AL, and as /// in 
to LE. 


o 


{V. 7. 
But as one of the antecedents is to its consequent, so are 
all the antecedents to all the conscquenta. {V. 12 


Therefore as AG is to DA so in Aliw DE. 

Bat 4G is equal to C, and DA’ is equal w F. 

Therefore as C is to F'so is AD to DE. 
Wherefvre, magnitudes &c. Qty, 
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PROPOSITION 16. THEOREM. 


[f four magnitudes of the same kind be proportionals, 
they shall aleo be proporlionals when taken alternately. 


Let A, 2B, C D be four magnitudes of the same kind 
which are proportionals; namely, as 1 is to # so let C' be 
to J): they shall also be proportionals when tuken alter- 
nately, that is, .f shall be to Cas 2 is to D. 


Po ie wie Cee oe 
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Take of 4 and 7 any equimnultiples whatever F and F, 
andof Cand J) any equimultiples whatever Gy and /7/, 

Then, because #) is the same multiple of -f thut 7” is of 
AB and that magnitudes have the same ratio to one another 


that their equimultiples have ; [V. 15. 

therefore {isto Bas Fis to 

But isto Bas Cis to 22. (Mypothera, 

Therefore Cis to J) as Eis to F. [V.11. 
Aguin, because G and /f are cyuinultiples of C and 2), 

therefore Cis to 2) an Gia to AL. [V. 15. 

But it was shewn that Cis to J) as Fis to F. 

Therefure 2 isto Fas G is to 11. [V. 11. 


But when four magnitudes are proportionals, if the 
first be yroater than the third. the second is greater than 
the fourth; and if equal, equal; and if less, less. | [V. 14. 
Therefore if # be greater than (7, 7’ is greater than //; 
and if equal, equal; and if lesa, lesa. 

Rut £ and #' are any equimultiples whatever of 4 and 
B. and G@ and A are any cquimultipica whatever of 
and 2), [¢ ‘unstrurtion. 
Therefore 4 is to Cas Bis to D. [V. DeSnition 5. 

Wherefore, of sour maynitudes & QED. 
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PROPOSITION 17. THEOREM. 


If magnitudes, taken pfointly, be propartionala, they 
thall also be proportionals when taken separately; that 
ta, Uf treo mayuttudes taken together hare to one of them 
the same ratio which tito others hare to one of thea, the 
remaining one of the firet ties shall hare to the other the 
same ritio whieh the remaining one of he laat tice haa toe 
the other uf these. 


Let ARB, BEL CD, DF be the magnitudes which, taken 
jointly, are proportionals; that is, let 12 be ta BE aa CD 
is to DF: they shall also be propertionals when taken 
separately; that is, 1 shall be to BB as CF isto FP). 

Take of 14, BBR, CH FJ) any ; 
equimultiples whatever G11, HA, x 

ald, oF ad 
and, ayain, of FB, FD take an | 
equimultiples whatever ALY, V2’. : 
Then, because (7/7 is the same x 
t 
{ 


== 
> 


multiple of AA that 2/A inof EB, 
therefore G77 in the same multiple i 
of AL that GA is of AB. [VL 1. 
But (47 ia the same multiple of eee 
AE that LM is of CR (Cones, oe 
therefore A is the same multiple 
of AB that LM is of CF. 2S 
Again, because 1.4 is the saino a E> ah 
multiple of CF that ALN is of PS), [0 instruction, 
thereforo L.M is the same multiple of CF that LV is 
of CD). {Vo 1. 
But LY was shewn to be the same multiple of CF that 
GA is of AB. 
Therefore GA is the sume multiple of 43 that ZV is 
of CD; 
that is, GA and ZN are ejuimultiples of 4B and CD, 


| nd 
No = OR mg tee age Se EEN. ee 


bed 
sence SS 
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Again, because 7/A” is tho same multiple of BPD that 
MN is of FD, and that AX is the same multiple of ZB 


that V2? is of FL, [Construction, 
therefore J/.X is the same multiple 
of EB that MP isof FD; [V. 2. x 


that is, //.V and Af? arc cquimulti- 
ples of £B and #D. 
And because AB isto BE as CD 
isto DF, {//ypothesis, kK 
and that @A° and ZN are cquimul- 
tiples of 42 and CY), and #7X and 
, i. are cquimultiples of £28 and H 
a ), 


—— hy 


* 


= 
x 


thereforeif GA begreater than ALY, 
LNisgreaterthan A P jandifequal, 
equal; and if leas, less. (Vo Def. 8. 

But if G// be greater than AN, 
then, by adding the common mag- 
nitulo /ZA to buth, GA’ is greater 
than /7.V ; 

therefore also Z.V is greater than ALP; 
and, by taking away the common magnitude AYN from 
both, Z.3f ia greater than V7’. 

Thus if GH be greater than AY, Lf is greater than NP. 

In like manner it may be shown that, if G/7 be equal 
to ALN, L.M is equal to V2’; and if less, lesa, 

But (flf and LM are any equimultiples whatever of 
AF and CF, and AN and V2’ are any oquimultiples 
whatever of FA and FD); [C ‘onstruction, 
therefore Ak isto LB as CF isto FD,  [V. Definition 6, 

Wherefore, four magnitudes &. QED, 


of 
een! (ae 


>—--— Sle 


OQ 
a 
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PROPOSITION 18. THEOREM. 


magnitudes, taken separately, be proportion the 
sh Taleo be proportionals when taken 5 intly; ae i, 7 
the frat be tu the stcond as the third to the fourth, the 
Aret and second together shall be to the second as the third 
and fuurta together to the fourth, 
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Let AF, EB, CF, FD be proportionals ; that is, lot 
AE bets LB as CF isto FD: they shall also be propor- 
tionals when taken jointly ; that is, 212? shall be to BA as 
CD is to DF. 

Take of AB BEL CD, DF any equimultiples whatever 
GH, UK, LM, MON; 
and, again, of BH, DF take any cqyuimultiples whatever 
AV, NP. 

Then, because AO and NZ? are equimultiples of 77 
and JF, and that A// and NU are also equimultiples of 
BE and Ds. [Cheat rie! ton, 
therefore if AO. the multiple of BL be greater than AAT, 
which is a multiple of the same 272) then V7? the multiple 
of DF ia alse greater than .WA the multiple of the aume 
DF; andif AO be equal ta AA, NP ois equal tu NM; 
and if less, Icss, 


First, Jet AV be not preater than A//; 
therefore VJ? is not greater than VIL. 


And beeiuse GIT and WK IL 
are equimnltiples of 18 
and £ ., [OC anerd cr ae ede, 0 


and that 42 is greater 

than J32:, 

therefore G/7 ia greater 
than //A . [VL Atrios 2, k 
bat A@ is pet greater 

than A //; [Figprrthevs, 


<a 


> 
iA 


therefore (/// is greater B. 
than A‘? i | D, 
In like manner it may Fi 
be hewn that 2.4 is | 
greater than .VJ’, CG A Cc L 


Thus if AO be not greater 
than AM, then GUL the multiple of 17, is always greater 
Chan AU, the multiple of BL, 


and likewise /.4/, the multiple of CD, is greater than NP, 
the multiple of DF. 


WW 
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Next, let AO be greater than A//; 
therefore, as has becn shewn, NP is greater than NAL 
And because the whole G// is the same multiple of the 


whole AZ that //A is of LE, [Construction. 
therefore the remainder GA is the same multiple of the 
remainder AZ that G// is of AB; {V. 6. 
which is the same that ZA/ is of CD. (Construction. 


In liko manner, because the whole ZA is the same 
multiple of the whole CZ) that ALN is of DF, [Construction. 


therefore the remainder ZN’ is the same multiple of the 
remainder CF that LM is of CD. {V. 4. 


But it was shewn that ZAf is the same multiple of CD that 

GA is of AE. 

Therefore GK is the samo multiplo of AF that ZN is 

of CF; 

that is, GK and LN are equimultiples of 42 and CF. 
And becauso AO and NP are cquimultiples of BE and 


. (Construction, 


therefore, if from AO and NP there be taken AV and 
NM, which aro also equimultiples of BH and DF, (Constr. 


the remainders 2/0 and Af? are cither oqual to BE es 
DF, or aro cquimultiplos of them. (V. 


Suppose that 7O and ALP 
are equal to BE and DF. 
Then, because AEF is to EB H 
as ('F' isto FD, (Hypotheis. 
and that GA and LN are 
oquimultiples of 4 FB and CF’; x 
therefore GA isto Fas LN 
isto FD. {V. 4, Cor. 
But HO is oqual to BE, and F 
MP is oqual to DF; [Hyp. 
therefore GA is to HO as LN vi gd 
isto MP. 


mK My 
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Therefore if GA be greater than 770, IN is greater ari 
MP; and if equal, equal; and if less, less. [V. 


Again, suppose that 7/0 and AZP are cquimultiples 
of EB and FD. 
Then, because AE is to FB 
as ('F’ isto FD; (Mupothesis. 
and that GA and ZN are 
equiniultiples of AZ and CF, Hi P 
and #/O and Af? are equi- | 
multiples of #4 and FD; 
therefore if GA bo greater K; n 
than 4/0, LN is greater than | 
MP; and if equal, equal; and E 
if less, less hs [V. Detinitian bh, 
which was likewise shewn on 
the preceding supposition. C A C 1! 


C 





Rut if G// be greater than AO, then by taking the com- 
mon magnitude A’// frum beth, GA’ is greater than 4/0; 


therefore also ZV is preater than Af?’ ; 


and, by adding the common magnitude NAL to both, LAL 
ix greater than N’7?, 


Thus if G//7 be greater than AO, LM is greater than N7?, 


In like manner it may be shewn, that if G/L bo equal 
to AO, LM is equal to N/’; and if leas, less, 


And in the case in which AO is not greater than A'//, 
it has been shewn that (77 ia always greater uu KU, 
and also LAf greater than V2’. 


But 6/7 and 2M are anv cquimultiples whatever of AS? 
and C7), and AO and AY? are any equimultiples whatever 
of BE and DF, {Conetruction, 


therefore AB isto BE as CDinto DF. — [V. Defaition 5. 
Wherefore, ff magnitudes kc. OED. 


11-2 
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PROPOSITION 19. THEOREM. 


[f a wlede magnitude be ty a while as a magnitude 
taken from the firat ts to a magnitude taken from the 
other, the remainder shall be to the remainder as the 
whole is to the whole. 


Let the whole AZ be to the whole CD) as AF, a mag- 
nitude taken from .4 2, is to CA’ a magnitude taken from 
C2): the remainder 2B shall be to the remainder FD as 
the whole .42 is to the whole CY), 


For, because .1B is to CY) as AF is to 


CF, [ Mypotherta, y, 
therefore, alternately, AB is to AK aa | 
CD is to CF’ [V. 18. ay C 
And if magnitudes taken jointly be pro- | | 
portionals, they are alxo  proportionals 1 
when taken separately ; Oe Pe | | 
therefore FB isto AL as FD is to CF; | 
therefore, alternately, ZB is to FD as B oY 
AF ia to CF. [V. 18. 


But A# isto CFas AB isto CD: [Mup. 
therefore EB isto FD) as A BisteCD. [VA 
Wherefore, a whole &e. QEp. 


CornoLtuary. If the whole be to the whole as a mag- 
nitude taken from the first is to a magnitude taken from 
the other, the remainder shall be to the remainder as the 
magnitude tuken from tho first ia to the magnitude takon 
from the other. The demonstration is contained in tho 


preceding. 


PROPOSITION £. THEOREM. 


If four magnitudes be proportionals, they shall also ba 
proportionals by concerston; that ia, the Aret shall be to 
tts excess abore the sccond aa the third is to tle excess abore 
the fourth, 


Let 4B beoto BE as CD is to DP: AB shall be to 
AE as CD is to CF. 
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For, because AB is to BE as CD is 


to DF; (Mupothesis, 1 
therefore, by division, 42 is to #B = | Cc 
CF is to FD; {V.1 
and, by A aveEsiOt: EB is to AE as Fp | k 
is to CF. [V. &. 
Therefore, by composition, .1 2 is to aa 
as ('D is to UF. ‘aM 

Wherefore, (four magnitudes &¢. QED. Bob 


PROPOSITION 20, THEOREM, 


[f there he three maquitudes, and other three, which 
hare the same realty, tuken taro and tes, the my iS the first 
be qreater than the third, the fourth shall be gv rater than 
the sicth - and Uf equal, equal; 5 and Uf lees, leas. 


Let .1, B, Co be three magnitudes, and 2), F, F other 
three, which have the same ratio taken two and two; that 
in, let 4 be to Bas Disto Bland let Bobe to Cas # is 
to F: if A be greater than C, /) shall be greater than F’; 
and if equal, equal; and if leas, lesa, 

First, let cf be greater than C: D 
shall be greater than #° 
For, because Ais greater than C, and 2B 
is any other magnitude, 
therefore A has to #4 greater ratio than 
Chas to 2. {V. &. 
But 4 isto #as D is to re (Myjethema. 
therefore D has to £ a greater rutiv than 
C has to B. [V. 13. 
And because 2 is ta Cas Fis to F, [M/up. 
therefore, by inversion, C is to Bas F is 
to £. [VL &#. 
And it was shewn that D has to £ a 
greater ratio than (’ has to J; 
therefore J) has to E a greater ratio than 
F has to £; [¥. 13. Cor. 
therefore J is greater than F. (V. 10. 


Ne et eee 
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Secondly, let A be equal to C: D shall 
be equal to F. 
For, because A is equal to C, and ZB is any 
other magnitude, 
therefore A isto Bas Cisto B[V. 7. 
But Aisto Bas Disto Ey [Mupothesis. D 
and Ciisto as Fis to &, (/fyp. Vi B. 
therefore Disto Fas Fisto #;  [V. 11. 
and therefore D is equal to 2. [V.%. 


Lastly, let A be less than C: D shall 
bo less than 
For C is greater than A; 
and, as was shewn in tho first case, C’ is to 
Bas Fisto E; 
and, in the same manner, 73 is to .f as F is A B 
to LD; 
therefore, by the first case, F is greater D : F 
H 





> 
w—- 


—-r4 





© 


than J); 
that is, J is lesa than & 
Wherefore, (f there be three &e. QED. 


PROPOSITION 21, THEOREM. 


Uf there he three magnitudes, and other three, which 
hare the same ratio, taken treo and tics, butin a cross 
order, then U the firat be greater than the third, the 
fourth shall be greater than the sixth; and Uf equal, 
eyual ; and U leas, leas. 


Let 1, B,C be threo magnitudes, and D, E. F other 
three, which have the same ratio, taken two and two, but 
in a cross order; that is, lot 4 boto Bas FE is to Fi and 
let B bo to Cas Dis to E: if 4 be greater than C, D 
ea be greater than #’; and if equal, equal; and if leas, 
esa, 


First, let 4 be ter than C': D shall be tor 
ieee” grea grea 
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For, because A is greater than C, 
and J} ia any othor magnitude, 


therefore .4 has to B a greater ratio 
than C has to B. [V. x. 


But A isto Bas EZ isto F; (Hypothesis, 
thereforo £ has to F’ a groater ~~ 


than (’ has to B. [V. A BC 
And becauso B is to C as D = DFE F 
to E, [ Hypothesis. : 
therefore, by inversion, C' is to 2 as 

E is to D. [V. B. 


And it was shown that # has to Fa 
greater ratio than Chas to 3B; 


therefore EF has to F' a greater ratio 
than F has to D; [V. 13, Cer. 


therefore F is less than D; [V. 10, 
that is, D is greater than /. 


Secondly, let A bo equal to C: D 
shall bo equal to Ff | 


For, because A is i to C, and B 
is any other magnitude 


therefore 1 ia to Bas Cin to BV. 7. A B 
But 4 isto Bas Fis to #’; { up. 
and Cis to B as E isto D; (Hyp. V. 2. DF | 
therefore Z isto Fas Fis to D5 [V.11. | | 
and therefore D is equal to FL [V.9 | 
Lastly, let f be less than C: D 
shall be loss than F. 
For C is greater than 4; | 


| 

and, as was shewn in tho first case, | 
Cisto Bas Eisto D: An ¢ 

D 


weed. in the mune matinerD i'to.A’as Se 
F isto E; ee 
rg i a Fis greater | | 
than D; ; | 

that is, D is lees than F. 


Wherefore, ¢/ there be three &c. QED. 
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PROPOSITION 29. THEOREM. 


If there he any number of magnitudes, and as many 
others, which hace the same ratio, taken Qea and to in 
order, the firet shall hare to the last of the first: mag- 
nitudes the same ratio which the first of the others has 
to the last. 


Thia proposition is usually cited by the words ex aquali.] 
pro} ) ; 


First, let there be three magnitudes 1, 2, C, and other 
three 2, 2, #, which have the same ratio, taken two and 
two in order; that is, let -f be to 4 as J) is to Fy and let B 
be to Cas £is to 2’: of shall he to Cas D is to F. 

Take of 4 and 7) any equi- 
tnultiples whatever G and /f; | - 
and of J} and # any equimul | 
tiples whatever Av and Z ; 1 | | 
and of Cand # any equimul A OB DoE 
tiples whatever 47 and JV. 


Then, because sf is te Boas D G K HY yor. ON 
isto 1; {U/upothesiz, t | 
and that G@ and // are equi- - 4 | 3 
multiples of .f and 2), . 4 es 
and A and Z equimultiples of | | ne 
Band £; [ft veuateurtion, 

therefore G is to A as /7/ is to 

L. [V. 4. 


For the same reason. A is to Jf as Z is to N. 


And because there are three magnitudes G, A, Mf, and 
other three 27, Z, AN, which have the sume ratio taken two 
and two, 


therefore if G be greater than Af, Z/ is greater than NV’; 
and if equal, equal; and if less, less. [V. 20. 


But @ and // are any equimultiples whatever of A and D, 
and Mf and N are avy equimultiples whatever of Cand F. 


Therefore 4 ia to Cas D is to F. [V. DxeSnition 5. 
Next, let thore be four magnitudes, 4, J, C, D, and 
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other four F, F, G, H, which have tho 0 
game ratio takon two and two in order; | A.B. C.D, 
namely, let -l be to Bas Listo Fyand BL BL G. 1D 
Atv C as F ix to G, and C to Yas! - eee 
Gisto H: A shallbeto Das £ isto 7. 

For, because .1, 8, Care three magnitudes, and FF, 
other three, which have the same ratio, taken two and two 


wok 


in order, | Mypotheas, 
therefore, by tho first case, .{ is tu C'as Fis to @. 
But Cis to Das @ is to /; [ Mypothesia, 


therefore also, by the firat case, A is to 7) aa Fis to ff. 
And so on, whatever be the number of magnitudes, 
Wherefore, (4 there be any number &e Qed. 


PROPOSITION 23. THEOREM, 


Lf there be any numler of magnitudes, and as many 
athers, which hace the same ratio, taken teu and bres in 
acrias order, the tiret shall hare ts the last of the fra 
magnitudes the aame paths which the fire of the others 
has ts the last, 

First, let there be three magnitudes, .1, 2. and other 
three 2), FF, which have the sume ratio, taken twe ind 


two in a cross order; namely, Jet A be to Baw Fis to F, 
and Bto Cas Disto A: uf shall be to Cas J) into FF. 


Take of Af, 3B, 2D any 


equimultiples whatever Gf | ak GI 
H, Ky and of C.F, F any | | 
equimultiples whatever 1, . a = | 
hgaNe A B ; Des: F 
Then because Gand // aro, 

equimultiples of A and 1, 1 H is ny ’ 
and that magnitudes have of od 

the same ratio which their {| hd 
equimultiples have; [V.15. 0 | , 
therefore A isto BasGis | | = 
And, for the same reason, 


E is to F as M is to N. 
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But A is to B as E is to 
F. [ ‘fy pothesia, 
Therefore G is to // as M 
is tu N. (V. 11. 

And because 73 is to C 
as Disto £, [ My potheais, 
and that 7/ and A” aro Gai tL. 
equimultiples of Band 7), 
and Zand MM are equimul- 
tiples of Cand 2, [Coastr. 
therefore 7/ in to Las A 
is to AM. [V. 4, 

And it has been shewn 
that (is to AZ as Af is 
to N. 

Then since there are three magnitudes G, 77, Z, and 
other three AY, AY, .N, which have the same ratio, taken two 
and two in a cross order; 
therefore if ¢ be greater than Z, A’ is greater than NV; and 
if oqual, equal ; and if less, leas. [V. 21. 
But Gand A aro any equimultiples whatever of A and D, 
and Z, and N’ are any equimultiples whatever of ( and F; 
therefore -f is to Cus 1) is to £. [V. Definition 5, 


Noxt, let there be four maynitudes 


A ee 
eS 
4 ep 


A, ABC, Pyand other four BFL G. WM pom ee 
which have the aame ratio, taken two | A. B.C. D. 
and two in a cross order; namely, let =| og. F. G. IL. 
A boto Bas G isto Hand Btag 





as FiatoG and (C'to Das Fis tof: 
A shall bo to J) as F is to /7/. 

For, because .f, 3, C are three magnitudes, and F, G, Ff 
other three, which havo the same rativ, taken two and two 


in a cross onler ; { Hypothesia. 
therefore, by tho first case, 4 is to Cas F is to J. 
But Cis to Das £ is to F; [ Hypothesis, 


therefore also, by the first case, 4 is to D as Eis to /7, 
And so on, whatever be the number of magnitudca, 
Wherefore, / there be any number &c. QED, 


BOOK V. 2. 1 


PROPOSITION 24. THEOREM. 


Uf the firat hare to the second the same ratio which the 
third has to the fourth, and the ANN hare to the second 
the same ratio which the sirth has to the fourth, then tha 
Arat and nith tarether shall hare to the accond the same 
ratio which the third and sirth logether hace ts the fourth, 


Let 14 the first have to C the second the same ratio 
which MF the third has to 7’ the fourth; and let BG the 
fifth have to (the seeond the aame ratio which £7/ the 
sixth has to 4’ the fourth : 4, the first and fifth tagether, 
shall have to C’ the second the same ratio which J2/, the 
third and sixth together, has te £# the fourth. 

For, because BG is to Cas AUT 
is to Fi [ Alape thesis, G 


therefore, by inversion, Cis to HG 

as F isto BU. [Ve # HW 

And because 43 is to Cas DE is 

to #’ [Majetheaia, VY 

and (isto BG as Fisto EH: 

therefore, ex wquali, 4B is to BG 

as DE isto EAL. Ev oe 

And, becanse these magnitudes aro | | 

proportionals, they ure also propor- 4A C¢ p F 

tionals when taken jointly; {V. 18, 

therefore .1G is to BO as Dil isto EH. 

But BG is to Cas E/T is to F; [ Mypotheais, 

therefore, ex wquali, AG is to Casa D// is to F. {[V.2u. 
Wherefore, if the fret &c.  Q.£.D, 


Corpo.tary }. If the same hypothesia be made ns in 
the proposition, the excess of the first and fifth shall be to 
the second as the exccas of the third and sixth is to the 
fourth. Tho demonstration of this is the samo as that of 
the proposition, if division be used instead of composition. 


Corontary 2. The proposition holds true of two ranks 
of magnitudes, whatever be their nuinber, of which each of 
the first rank has to the accund magnitude the same ratio 
that the corresponding one of tho sccond rank has to the 
fourth magnitude ; as ts manifest. 
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PROPOSITION 25. THEOREM. 


Tf four magnitudes of the same kind be proportionals, 
the greatest and least of them together shall be greater 
than the other two together. 


Let the four magnitudes 42, CD, FE, F be propor- 
tionals; namely, let 1/2 be to C2 as E in to F’; and let 
AB bo the greatest of them, and consequently #’ the 
least ; [V. 4, Vo 14. 
AB and # together shall be greater than CD and £ 
together. 


—e 


Take AG equal to F, and B 
CH equal to F. 
Then, becnuse 212 is ta CD) as G: 
isto F, [Mysethessis, | oe 

| 


and that .1G is equal te 2 and 

CH equal to Fy [Conatrtetion, 
therefore 123 is to CW as AG 
is to CAT, Vea. Veal, 
And beeause the whole {8 is to A C 
the whole (7) as £6 is to CH; 

therefore the remainder G2 is to the remainder 7/7) as 


OF mee wee Le 


4 KF 
a 


the whole 12 is to the whole CZ, {V. 19. 
But AB is preater than C7; [ Hupathesis. 
therefore Hy is greater than J)//. [V. A. 


And because 1G is equal to FE and CH equal to F, (Cons-r, 
therefore 4G and # together are equal to CZ and £ 
together. 

And if to the unequal sia, ae Ba, DH, of which 
Bi iw the greater, there be added equal magnitades, 
namely, iG and F to JiG, and C/f and 2& toe DH, thea 
AB and F together are greater than CY) and £ together. 

Wherefore, sour magnitudes &e. QED. 


BOON VI. 
DEFINITIONS. 


1. Srvivar rectilinea! 
figures are those which 4 
have their several angles ie 4 
equal, cach to each, and a 
the sides about the equal = 
angles proportionals. 


2. Reciprocal figures, namely, triangles and parallelo- 
grams, are such as have their sides about two of their 
angles proportionals in such a manner, that a side of the 
first figure is ton side of the other. as the remaining side 
of this other ia ty the remaining aide of the first. 


3. A straight line is aid to be cut in extreme anid 
mean ratio, when the whole is to the greater segment as 


the greater segiuent is to the less. 
7 
4. The altitude of any figure is wow 
the straight line drawn from its ver- ae 
tex perpendicular to the basc. is i ot 


174 EUCLIDS ELEMENTS. 


PROPOSITION 1. THEOREM, 


Triangles and paralleloqrama of the same altitude are 
to one another as their bases. 


Let tho triangles 4 2C, ACD, and the parallelogramsa 
uC, UF have the same altitude, name ‘ly, the perpendicular 
drawn from the point 4 to BD: as the base BC is to the 
base CJ), so shall the triangle AC be to the triangle 4 CD, 
and the parallelogram £C to the parallelogram CF, 
Produco 2) both 
Witys ; 
take any number of 
straight fines BG, GH, Af 
each equal to BC, and 


any number of straight if 
lines DA, AL, cach ra LL MA. 


equal to CD: {T.3. B \ ‘L 
and join AC, 1H, AA, 
AL, 

Then, because C2, BG, G7 are all equal, (Construction, 
the triangles ABC, AGB, AHG are all equal. [I. 38. 


Therefore whatever multiple the base HC is of the baso 
ARC, the same multiple is the triangle AH’ of tho tri- 
angle ABU. 


For the same reason, whatever multiple the base CZ is of 
the hase ¢'7), the same multiple is the triangle AC'Z of 
the triangle ACD. 


And if the base 77C be equal te the base CZ, the trianglo 
ALC is cqual to the triangle ACL; and if the base ic 
be greater than the base CL, the triangle 4 H/C ia greater 
than the triangle ACL; and if less, leas. [f. 33, 


Therefore, since there are four magnitudes, namely, tho 
two bases BO, C2), and the twa triangles: ABC ACD; 
and of the hano AC, and the triangle ABC, the first and 
the third, any ex nimultiples whatever have been taken, 
namely, the hase 2/C and the triangle 4 H/C’; and of the 
hase CD) and i triangle A('2), the second and the fourth, 
any onl! Feary be gh eae whatever have been taken, namely, tho 

triangle ACL ; 
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and since it has been shown that if tho baso /7( be greater 
thun the base CZ, tho triangle //(' ia greater than tho 
triangle AC'L ; and if equal, equal; and if less, lesa; 


therefore as the base BC is to tho baso C7), so in tho 
trianglo 4ZBC to tho triangle ACD, [V. Definition 6, 


And, becauso the parallelogram C# is double of tho 
trianglo ABC, and the parallelogram C’F' is double of the 


triangle ACD; {l. 41. 
and that magnitudes have the same ratio which their ojui- 
multiples have ; [V. 1%. 


therefore the parallelogram EC is to the parallelogram CF 
as the triangle 4 BC'is to the triangle (CV. 


But it has been shewn that the triangle 420 is to tho 
triangle ACD as the base 4’ is to the base C7); 

therefore the parallelogram £C' is to the parallelogram CF 
aa the base JC’ is to the base CJ), {Vo 11. 


Wherefore, triangles &e. Quen. 


Cornotuany. From this it is te that triangles and 
parallelograms which have cqual altitudes, are to ono an- 
other as their bascs. 


For, Jet the figures be placed 80 as to have their basos 
in tho same straight line, and to be on the same side of it; 
and having drawn perpendiculars from the vertices of the 
trianglos to the bases, tho straight line which juina the ver- 


tices is parallel tu that in which their basea are ; [}. 33, 
because the perpendiculars are both equal and parallel to 
one another. {f. 29. 


Then, if the same construction be made as in the pro 
position, the demonstration will be the sume. 


PROPOSITION 2. THEOREM. 


a straight line be draton parallel to one of the sides 
we angle it shall cut the other aides, or those sides 
produced, proportionally; and (f the sides, ur the sides 
produced, be cut proportimally, the straight line which 
joins the points of section, shall be paralled to the re 
maining side ff the = — 
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Let DE be drawn parallel to LC, one of the sidos of 
the triangle ABC: BD shall be to V1 as CE is to EA. 


A A : eer 
\ ‘ 7] 
\ \ \ ‘, f 
‘ ; ‘, 
5 , . 
\ ae 


~ ON 
; *s aa 
i \ / ‘ \ 
8) E n- - ‘¢ 
\ ~, ‘ 
= \ \ a f oN 

: Ny a Fo Sth ee ‘~, \ aoc a ue s, 
1 U 1) i B C 


Join BE, CD. 
Then the triangle BDF is equal to the triangle CDE, 


becanse they are on the same base DY and between the 
xame parallels DF, BC. [l. 37. 
And ADE is another triangle ; 
and equal magnitudes have the same ratio to the samo 
magnitude ; [NF 
therefore the triangle BPEL is to the triangle .4DE£ as the 
triangle CVF is to the triangle £04. 

But the trianglo DZ is to the triangle ADE as BD 
into 4; 


because the triangles have the same altitude, namely, the 
perpendicular drawn from 27 to off, and therefore they are 
to one another as their bases. (VEIL. 


For the same reason the trianglo C/E is to the triangle 
ADL as CEH isto B.A. 


Therefore BD isto Del as CE is to E.f. {V. 11. 


Next. let BP be to fas CE is to EA, and join DE: 
DE shall be parallel te BC: 


For, the same construction being made, 


because PD isto Dil as CEH isto EA, [ Tupothesiz. 
and as J?) is to 2.1, 80 is tho triangle BDE to the 
triangle .1 DL, (Vi... 


and as CE is to £-4 a0 is the triangle CDE to the triangle 
ADE; {VL 1. 
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therefore the triangle BPE is to tho triangle 4 DE aa tho 
triangle CDE is to the triangle ADL; {V. 11. 
that is, the triangles BME and CDE have the same ratio 
to the triangle ADE. 
Therefore the triangle BDL ix cqual to the triangle 
CUE. {Vo 9. 
And these triangles are on the same base DE and on the 
name side of it; 
but equal triangles on tho same base, and on the same aside 
of it, are between the same parallels ; {1. 30. 
therefore 7 ix parallel to BC. 

Wherefore, (fa straight line &e. op. 


PROPUSITION 3. THEOREM. 


If the vertical angle ofa triangle be biaected bya straight 
line which alas cute the base, the ecumente of the base shall 
have the same ratio which the other sides of the triangle 
hace to one another: and Uf the avcuamenta of the base hare 
the same ratio which the other sides of the trinnyle hare ty 
ane anvther, the straight line drawn from the certes ls the 
point of section shall hiseet the eerticad angle, 


Let A120 bea triangle, and let the angle BAC he 
bisected by the xtraight line 4/7, which meets the base at 
D: BD shall be to J’ as BA is to AC. 

Throngh (' draw CH 
parallel to 1.4, (1. 31. . 
and let /.4 produced wae 
meet (Eat E. | a 

Then, because the a / 
straight line Af’ mects bee ee 
the jarallels 40, EC, | “\ 
the angle ACE is equal us oe 
to the alternate angle B&B Dp C 
CAD: {t. 2g. 
yay os angio CAD is, by hypotheais, oqual to the angio 
therefore the angio BAD is cqual to the angle ACE. (Az. 1. 


12 
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Again, because the straight line BAZ meets the parallels 

AD, £C, the exterior angle HAD is equal to the interior 

and opposite angle ALC; {I. 29. 

but the angle 2A D has 

been shewn equal to the 

angle ACE ; EK 

therefore the angle ACE we 

is ogual to the angle A” 

ALU; [Avion 1. Sate 

and therefore AC is ga i \ 

equal to AL, [I]. 6. : \ 
And, because of 7) is bee oer Be 

parallel to LC, [Conatr. B b “Oo 

one of the sides of the 

trianvle BCE, 


therefore BY is to DC as BA isto FE; (VI. 2 
but AA is equal to oC, 
therefore BD) is te DC'as Bf is to AC. [V. 7. 


Next, let BY) be to Deas Bul is to AC, and join AD: 
the angle /.4¢ shall be bisected by the straight line 1). 


For, Iet the same construction be made. 


Then BY) isto DC as BA isto Ac; [ Hypoth exis, 
and BD isto DC as But is to 2, (VI. 2. 
because .1) is parallel to B'; [Construction, 
therefore Buf is to AC as BA is to Ak, {Vo 11. 
therefore .fC is equal to AEF; [V. 9. 


and therefore the angle EC is equal tothe angle ACE. (1.5. 

But the angle 4 Ais equal to the exteriorangle /3.4 7); [1.29. 

and the angle CZ is cqual to the alternate angle (4 D ; (1.29. 

therefore the angle .f D is equal to the angle C4); [4z. 1. 

that is, the angle 77.1 is bisected by the straight line 4D, 
Wherofore, Uf the certicul angle &ce. Q kp. 
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PROPOSITION A. THEOREM, 


If the exterior angle of a triangle, made by producing 
one of tta sides, be bisected fy a straight line which alam 
cute the base produced, the segments beticcen the dividing 
atratght line and the crtremittes af the base ahall hare the 
same ratio which the other sides uf the triangle hare to 
one another; and uf the aeqmenta of the base produced 
hace the same ratio which the other sides oof the trianale 
Aare to one another, the straight line drawn from the 
rerlee to the proint of section shall bisect the exterior angle 
of the triangle. 

Let {BC bea triangle, and let one of its sides 2. bo 
pealuses! to #; and let the exterior angle Cul bo 
dsected by the straight line A/) which meets the base 
produced at 22: BD shall be to YC as Lf is w 14 

Through C draw CF 
parallel tu .f 2), {1. 31. E 
mecting AB at £. ne 

Then, because — the 
straivht line .f0" meets vi 
the parallels 42, £C, the i / 
angle LCF is equal to the eg : 
alternateangle (4 /),( Luu. fs G D 
but the angle CAD is, by bypothesia, equal to the anglo 
DAE; 
therefore the angle D.1E ia equal to the angle ACF. [Az 1. 
Again, because tho straight line FAX moeta the parniichs 
AD, FU. the exterior angle DAE ia equal to the interior 
and opposite angle AFC ; [f. 29. 
but the angle 2.4 F han been shewn equal to the angle ACF; 
therefore the angle ACF’ is equal to tho angle AFC; (47. 1. 


and therefore AC is equal to AF. {T. 4. 
And, because AD is paralled to FC, (Conatruction, 

one of the sides of the triangle BCF ; 

therefore DD isto DC as BDA isto AF; {Vf 2 

but 4 F is equal to AC’; 

therefore BD is to DC' as B.A is to AC. [V. 7. 


12—-2 
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Noxt, let BD be to DC 
as BA is to AC; and join 
AD: the exterior angle 
CAE shall be bisected by 
the straight line AD. 


FE. - 
For, let the same con- ~ VA 
struction be made. Poe : vA 
Le a ca eS Ae Cc eee ee ot es ee 


Then BY is to DC as BA 








isto AC; [//ypothesia. 

and BD isto DC as BA isto AF; [VI. 2. 
thercfore BA is to AC as BA isto AF; [V. 11. 
therefore AC is equal to AF, [V. 9. 


and therefore the angle ACF is equal to tho angle AFC. [1.5. 

But the angle A FC is equal to the exteriorangle DA EZ ; [1. 29. 

and theangle.4 CF is cqual tothe alternate angle CAD; [1. 29. 

thorefore the angle C4 Dis cqual to the angle DAK; [Az.1. 

that is, the anglo CAE is bisected by the straight line AD. 
Wherefore, (f the exterior angle &c.  Q.E.D. 


PROPOSITION 4. THEOREM. 


The sides about the equal angles of triangles which are 
eqguiangular to one another are proportionals; and those 
which are opposite to the equal angles are homologous sides, 
that is, are the antecedents or the conseguents of the ratios. 


Lot the triangle 4 BC be equiangular to the triangle DCE, 
having the angle .{8C equal to the angle CE, and the anglo 
ACB equal to the angle DEC, and consequently the angle 
BAC equal tothoangle CDE: thesidesabout the equal angles 
of the triangles A BC, DCE, 
shall be proportionals; and 
those Sth " ne homolo- 
gous sides, which aro oppo- 
site to the equal angles. 

Let the triangle DCE 
be placed so that ita side CE 
may be contiguous to BC, 
and in the same straight 
line with it. {I. 22. 
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Then the angle BCA is equal to the anglo CED; [/lyp. 
add to each the angle ABC; 
thorefore the two angles ABC, BCA aro equal to the two 
angles ABC, CED; {[Ariom 2. 
but the angles ABC, BCA are togethor less than two 
right angles; (1.17. 
therefore the angles ABC, CED are togothor Icss than 
two right angles ; 
therefore BA and LD, if produced, will meet. [Axiom 12. 
Let them be produced and mect at the point F. 

Then, because the angle ABC is cqual to the angle 


CE, [ Uypothesis. 
BF is parallel to CD; [I]. 23. 
and because the angle ACB is equal to the angle DEC, [Hyp. 
AC is paralicl to FZ. {1, 28. 


Therefore FACD is a parallelogram ; 

and therefore 4 / isequal toCY, and AC isequal to FD. [1. 34. 
And, because AC is parallel to #’Z, one of the sides of 

the triangle FBE, 


therefure BA is to AF as BC isa to CLE; {VI. 2. 
but AF is equal to CD; 
therefore BA is to CD as BCis to CE; [V. 7. 


and, alternately, .{ is to BC as DUC is to CE. [V. 16. 
Again, because CD is parallel to LF, 


therefore BC is to CE as FD is to VDE; [VI. 2. 
but FD is equal to AC; 
thercfore BC is to CE as AC isto DE; [V. 7. 


and, alternately, BC is to CA as CE ia to ED. [V. 16. 
Then, because it has been shewn that AB isto BC as DC 
is to CE, and that BC is to Cl as CE is to FD; 
therefore, ex wquali, B.A is to AC as CD is to DE. [V. 22. 
Wherefore, the sides &C.  Q.E.D. 
PROPOSITION 5. THEOREM. 

Uf the sides of two triangles, abut each of their angles, 
be proportionals, tha triangles shall be equiangular to one 
another, and shall have those angles equal hich are opposite 
to the homologous sides. 
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Let the triangles A BC, DEF have their sides propor- 
tional, so that 4B is to BC as DE is to EF; and BU to 
CA as EF is to FD; and, aid paar ex wquali, B.A 
to AC as ED is to DF: the triangle ABC shall be equian- 
gular to the triangle J) #'F,, and they shall have those angles 
equal which are opposite to the homologous sides, namely, 
the angle 4 BC! equal to the angle DEF, and the angle 
BCA equal to the angle EFVY, and the angle B.AC' equal to 
the angle LDF. 


At the point Z, in the 


straight line ##’, mako the A D 
angle FAG cyual to the angle 

A BC; and at the point F, in vA 
the straight line AF, make tho Ee 
angle LFG equal to the angle ce eeee *~\ 
BCA; (1.23, 3B d 
therefore the remaining angle 

EG F is equal to the remain- 

ing angle J2.4C-. 

ep the triangle A BC is equiangular to the triangle 
GEF; 


and therefore they have their sides opposite to the equal 


angles proportionals ; [VI 4. 
therefore 4B is to BC as GE is to EF. 

But AB isto BC as DE isto EF: (Aypothesis. 
therefore DE is to EF as GE is to EF; [V. 11. 
therefore DE is equal to GF. [V. 9. 


For the same reason, Js’ is equal to GF. 

Then, because in the two triangles DEF, GEF, 
DE is equal to GE, and £F' is common ; 
the two sides DE, EF are equal to the two sides GE, EF, 
each to each; 
and the base DF’ is equal to the base GF; 
therefore the angle DEF is equal to the angle GEF, [I. 8. 
and the other angles to the other angles, each to each, to 
which the equal sides are oppusite. [I. 4. 


therefore the angle DFE is equal to the angle GFE£, and 
the angle EDF is equal to the angle EGF. : 
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And, because the angle DEF is equal to the angle GEF, 
and the angle GEF is equal to the angle 4 BC, {Constr, 


therefore the angle f BC ia equal to the angle DEF. [Ax. 1. 


For the same reason, the angle ACB is equal to tho anglo 
DFE, and the angle at A is equal to the angle at D. 


yaaa the triangle .f BC’ is equiangular to the triangle 
DLE. 
Wherefure, (f the sides &. QED. 


PROPOSITION 6. THEOREM. 


If two triangles hace one angle of the one equal to one 
angle of the other, and the sides about the equal angles 
proportionals, the triangles shall be cgutangular to one 
another, and shall hare those angles equal which are op- 
poate to the homologous sites, 


Let the triangles 1BC) ULF have the angle BAC in 
the one, equal to the angle H/F" in the other, and the 
sides about those angles proportionals, namely, 44 to AC 
as AY) is to YF’: the triangle AC shall be equiangular to 
the triangle AF. and shall have the angle A/C equal to 
the angle DEF and the angle A (73 equal to the angle JF'L. 

At the point 7, in the 4 
straight line J/’, make the . 
angle #)G equal to either ! fmm, 
of theangles LAC, EDF; a H ( G 
and at the point 4), in the i ~ | 
straight line JF, make { \ i 
the angle H/F equal tu ree a 
the angle ACB; {1.23 = CE 
therefore the remaiuing angle at G@ is equal tu the remain- 
ing angle at 2. 


Peete the triangle ABC is equiangular to the trianglo 
GF; 


therefure BA is to AC as GD is to DF. (VI. 4. 
But BA is to AC as ED is to DF; [My pothesis. 
therefore ED is to DF as GD isto DF; {Vo 11, 


therefore ZD is equal to GD. [V. # 
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And DF is common to the two triangles EDF, GDF; 
therefore the two sides ED, VF are cqual to the two sides 
GD, DF, each to cach; 
and the anglo EDF is equal 
to the angle GDF; [Constr. 
therefore tho baso FF’ is 
equal to the base GF, and 
the triangle HDF to the 
triangle GDF, and the re- 
maining angles to the re- 
maining angles, each to cach, 
to hich the equal sides are 
opposite ; [l. 4. 
therefore the angle DFG is equal to the angle DFE, and 
tho anglo at @ is oqual to the angle at EZ. 

But the angle DFG is equal to the anglo ACB; [Constr. 
thorefore the angle ACB is equal to the anglo DFE. (Az. 1, 
And tho angle BAC is equal to the angle BDF; [Hupothesis. 
therefore the remaining angle at B is equal to the remain- 
ing angle at £. 
ee tho triangle ABC is equiangular to the triangle 

) A] Mi 


Wherefore, tf treo triangles &e. QED. 





PROPOSITION 7. THEOREM. 


Lf two triangles hace one angle af the one equal to one 
angle of the other, and the sides about ties other angles 
proportionals ; then, (f each of the remaining angles be 
either less, or not less, than a right angle, or Uf one of 
them be a right angle, the triangles shall be equiangidar 
to one another, and shall hare those angles equal about 
which the sides are proportisnals. 


Let the triangles ABC, DEF havo one angle of the 
one equal to one angle of the other, namely, the angle 
BAC cqual to the angle EDF, and tho sides about two 
other angles 4. BC, DEF, proportionals, so that .12 is to 
BC as DE is to EF; and, first, let cach of the remaining 
75 at C and F' be less than a right angle: the triangle 
ABC shall be equiangular to the triangle DEF, and shall 
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have the angle ABC equal to the angle DEF, and tho 
angle at (equal to the angle at &. 
For, if the angles 4 BC, 
DEF be not equal, one of J 
them must be greater than mi 


the other. - a 
Lot 4BC bo the greater, , | Gita 
and at the point 23, in the B Cc Ff 
straight line 42}, mako tho 

angle 42 equal to the angle DEF. [1. 23. 


Then, because the angle ut 4 is equal to the anglo at D, (//yp. 
and the angle A BG is equal to the angle DEF, [Constr, 
thercfore the remaining anglo AGB is equal to the re- 
maining angle DFE; 

rye the trianglo ABG is cquiangular to the triangle 


Therefore AB is to BG as DE is to EF. [VI. 4. 
But AL isto Bas VE isto EF; [Wypothesis 
therefore 172 is to BC as AB isto BG; [V. 11. 
therefore BC is equal to BG ; [V. 9. 


and therefore the angle BCG is equal tu the angle BAC. (1. 6. 
But the angle BCG is less than a right angle; (//yp. 

therefore the angle BGC is leas than a right angle; 

and therefore the adjacent angle AGZ muat be greater 

than a right angle. {f. 15, 

he the angle AGB was shewn to be equal to tho anglo 

as, 


thercfore tho angle at F’ is greater than a right angle. 
But the angle at Fis leas than a might angle; = [//ysothesie. 
which is absurd. 

Therefuro the angles ABC and DEF are not unoqual ; 
that is, they are equal. 
And the angle at A is equal to the angle at D); [/ypothesia, 
therefore the remaining angle at C is equal to the remain- 
ing angle at F'; 
errs the triangle 4 2C is cquiangular to the trianglo 
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Next, let each of the angles at C’ and F be not less 
than a right angle: the triangle ABC shall be equiangular 
to the triangle DEF. 

For, the same con- 
struction being made, A 
it may be shewn in the D 
same manner, that BC de “4d 
is equal to BG ; ee 
therefore the angle B 
BUG is equal to the 
angle BGC, [1. 5. 
But the angle BCG is not less than aright angle; [//yp. 
therefore the angle LGC is not less than a right angle; 
that is, two angles of the triangle BCG are together not 
less than two right angles; which is impossifile. (I. 17. 
Therefore the triangle .4BC may be shewn to be equi- 
angular to the triangle J72'/;, as in the first case. 


Lastly, let one of the angles at C and F' bo a right 
angle, namely, the angle at C': the triangle ABC shall be 
equiangular to the triangle DLE. 

For, ifthe triangle .1 BC 
be not equiangular to the 
triangle DEF, at the point 
#8, in the straight line 123, 
make the angle A BG cqual 
totheangh DEF. [L. v3. a 27 
Then it may be shewn, as 





in the first case, that BC Ea 
is equal to BG ; J 
therefore the angle BCG is ) 


equal totheangle BOC. [L.5. 
But the angle BCG is a 
right angle: [upothests. 
therefore the angle BGC 
is a right angle ; 

that is, two angles of the triangle BCG are together equal 
to two right angles; which is impossible. {I. 17. 
eee the triangle .4 BC is equiangular to the triangle 

F. 





Wherefore. if treo trianales &e. QED. 
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PROPOSITION 8. YIHIEOREM, 


In a right-angled triangle, if a perpendicular be draten 
Srom the right angle to the base, the triangles on cach side 
of tt are similar to the whole triangle, and to one another, 


Let ABC be a right-angled triangle, having the right 
angle 2.4C; and from the point A, let AD bo drawn per- 
pendicular to the base BC: tho triangles DBA, DAC 
phall be similar to the whole trianglo .42C, and to one 
another. 

For, the angle BAC is equal 
to the angle BY, cach of them 
being a right angle, 9 (riom 11. ee 
and the angle at /3 is common to nt 
the two triangles -1BC, DBA; ee 
therefore the remaining angle BO 
ACB is equal to the remaining 
angle DAB. 

Therefore the trianglo 4 BC is equiangular to the triangle 
DBA, and the sides about their equal angles are propor- 
tionals ; [VI. 4. 
therefore the triangles arc similar. [Vi. Definition 1. 


In the same manner it may be shewn that the triangle 
DAC is similar to the triangle ALC. 
And the triangles DBA, DAC being both similar to the 
triangle BC, are similar to cach other. 

Wherefore, in a right-angled triangle &ce. Qn. 

Corouiary. From this it is manifest, that the perpen- 
dicular drawn from the right angle of a right-angled 
triangle to the base, is a mean eke between tho 
segments of the base, and also that cach of tho sides is a 
mean proportional between the base and the segment of 
the base adjacent to that side. 
For, in the triangles DBA, DAC, 





BD isto DA as DA is to DC; [VI. 4. 
and in the triangles ABC, DBA, 
BC is to BA as BA ia to BD; (VI. 4. 


and in the triangles 4 BC, DAC, 
BC is to CA as CA ia to CD, [VI. 4. 
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PROPOSITION 9. PROBLEM. 
From a given straight line to cut off any part required. 
Let AB be tho given straight linc: A 
it is required to cut off any part from it. 
From tho point A draw a straight E!_\p 
lino AC, making any angle with 4B; 
in AC take any point J), and take AC the 
samo multiple of AD, that .1 2 is of the 


yart which is to bo cut off from it ; join 
C,and draw DEF parallel to it. AF 


shall be the part required to be cut off. e 
For, because ED is parallel to BC, [ Construction. 

one of the sides of the triangle ABC, 

thorofore CD is to DA as BE is to EA; [vIr. 2. 

and, by composition, Cl is to AD as B.l is to AE. [V. 18. 

But CA is a multiple of AD; (Construction. 

therefore 73.1 is the samo multiple of .1£; [V. D. 


a ‘ whatever part AD is of AC, AE is the same part 
of AD. 


Wherefore, from the given straight line AB, the part 
required has been cut off. QE.F. 


PROPOSITION 10. PROBLEM. 


To divide a given straight line similarly to a given 
divided straight line, that ta, into parts which shall hace 
the same ratios to one another, that the parts of the giren 
divided straight line hace. 


Let .4B be the straight line given to be divided, and 
AC the given divided straight line: it is required to divide 
AB similarly to AC. 

Lot AC bo divided at the points “4 
D, E; and let AB, AC be placed 
80 as to contain any angle, and join F D 
BC; through the te D, draw DF j WN 

lel to ire, anc through thopoint G—-"}-* 
draw EG parallel to BC. [I. 31. —_ ; x 
B Kk 


AB shall be divided at the points 
F, G, similarly to AC. 
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Through D draw DHK parallel to AB. (I. $1. 
Then each of the figures FH, 7B is a parallelogram ; 
therefore DJZ is equal to FG, and HA is equal to GZ). [1.34. 


Then, because J/E is parallel to AC, [Construction 
one of the sides of the triangle DAC, 

therefore AZ is to HD as CE is to ED. {[VI. 2. 
But A// is equal to BG, and J/D is equal to GF; 
therefore BG is to GF as CE is to ED, [V. 7. 


Again, because ') is parallel to GE, [Conatruction. 
one of the sides of the triangle AGE, 
thercfore GF is to FA as E/) is to DA. {VI. 2. 
And it has been shewn that BG is to GF as CE isto LD. 
Therefore BG is to GF as CE is tu ED, aud GF is to FA 
as ED is to DA. 

Wherefore the giren straight line AB is divided simi- 
larly to the giren divided straight line AC. QE.¥. 


PROPOSITION 11. PROBLEM. 
To find a third proportional to two giren atraight lines. 
Let AB, AC be the two given straight lines: it is re- 
quired to find a third proportional to 4, AC. 
Let AB, AC he placed so A 
as to contain any angle; produce 
AB, AC, to the points 2), £; and : 
make BD equalto AC; — [I. 3. 3h —- 
join BC, and through D draw DE \ 
parallel to BC. {1. 31. ‘ 
CE shall be a third proportional eae 
to AB, AC. 
For, because BC is parallel to DE, (Construction, 
one of the sides of the triangle 4 DE, 
therefore AB is to BD as AC is to CE; [VI. 2. 
but BD is equal to AC; (Construction, 
therefore AB is to AC as AC is to CE. [V. 7. 
Wherefore to the two giren straight lines AB, AC, a 
third proportional CE ts found. 
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PROPOSITION 12. THEOREM. 
‘5 To find a fourth proportional to three given straight 
ines, 


Let A, B, C be the three given straight lines: it is 
required to find a fourth proportional to 4, B, C. 


Take two straight lines, 


DE, PF, containing any an- D ae , eee 
Wy Stel ae a es es ‘ _B_ 

f equal to 1, GE equal to . 
BB, ud DH equal to C : [I. 3. — 
join G17, and through # draw G/ H 
EF parallel to GH. [!. 31. aaa : 
TF shall be a fourth propor- ere: 
tional to 4, B,C. kK Kk 

For, because GH is parallel to 7F, (Construction. 
ono of the sides of the triangle DEF, 
thercfore DG is to GE as D// is to JLF. [VI. 2. 
But DG is equal to A, GE is equal to 2, and D// is 
equal to C; (Construction, 
therefore .1 is to B as ( is to IF. [V. 7. 


Wherefore to the three giren straight lines A, B, Ca 
Jourth proportional ILF is found.  Q.e.¥. 


PROPOSITION 13. PROBLEM. 


To find a mean proportional between tico gicen straight 
lines. 


Let AB, BC be the two given straight lines: it is 
required to find a mean proportional between them. 


Place A B, BC in a straight 
lino, and on AC describe the wee 
semicircle ADC; from tho Pa oe 
point B draw BD at right ee 
angles to AC. [f. 11. f Pe 


BD shall be a mean propor. een 
tional between 42 aad BC. A 
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Join AD, DC. 
Then, the angle ADC, being in a semicircle, is a right 
angle ; {TIT 81. 


and because in the right-angled triangle ADC, DB is 
drawn from the right angle perpendicular to the baae, 


therefore DB is a mean proportional between AL, BC, 
the segments of the base. [VI. 8, Corollary. 


Wherefore, between the toro given straight lince AB, 
BC, a mean proportional DB is found.  Q.eF. 


PROPOSITION 14. THEOREM. 


Equal paralleloqrams arhich hare one angle of the one 
equal to one angle of the other, hace thety sides about the 
equal angles reciprocally proportional; and parallelo- 
grams which hare one angle of the one equal to one angle 
Of the other, and their aides about the equal angles reci- 
procally proportional, are equal lo one another. 


Let AB, BC he equal parallelograms, which have the 
angle FD) equal to the angle ABG: the sides of the 
parallelograms about the equal angles shall be reciprocally 
proportional, that is, 2)/? shall be to BE as GB is to BF. 


Let the parallelograms be 


placed, so that the sides DB, iw ao ~ 


BE may be in the samo \e 
straight line ; ee : 
therefore also FB, BG are in 

one straight line. {f. 14, ‘ \ 


Complete the parallclogram 
FE. 


Then, becanse the parallelogram 2 is equal to the 


parallelogram 23C, { Hypothesis, 
and that FZ is another parallelogram, 
therefore AB is to FE as BC is to FE. [V. 7. 


But AB is to FE as the base DZ is to the base BE, (V1.1. 
and BC is to FE as the base 7B is to the base BF; (V1.1. 
therefore DB is to BE as GB is to BF, [V. 11. 
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Next, let the anglo FBD be be pe to tho angle FBG, 
and Ict the sides about the equal angles be reciprocally 
proportional, namely, DB ; 
to BE as GB is to BF: a 
the parallelogram AB shall 
be oqual to the paralielo- 
gram DC. 

For, let the same con- 
struction be made. 
Then, because DZ is to BE 
as CB is to BF, [ Hupothesta, 


and that DB is to BE as the parallclogram AZ is to the 
paraliclogram /'£, [VI.1. 
and that G7? is to BF’ as the parallelogram BC is to tho 
parailclogram FF: ; [VI.1. 
thercforo tho parallelogram 4 7? is to the parallelogram FE 
as the parallelogram (is to tho parallelogram FZ; [V.11. 
therefore the parallelogram AB is cqual to the parallelo- 
gram BC. [V. 9. 
Wherefore, equal parallelograms &c. Q.E.D. 





PROPOSITION 15. THEORES. 


Kqguatl triangles which hare one angle of the one equal 
to one angle of the other, hare their aides about the equal 
angles reciprocally proportional; and triangles which 
hare one angle of the ane equal to one angle of the other, 
and thetr sides about the equal angles reciprocally pro- 
portiondl, are equal to one another. 


Let ABC, ADE bo equal 
triangles, which have the angle 
BAC oqual to the angle DAE: 
the aides of the triangles about 
the cr angles shall be reci- 
procally proportional ; that is, CA 
shall be to AD as EA is to AB. 

Let tho ae Pi be placed so 
that the sides CA, AD may be 


in the same straight line, 
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therefore also £1, .42B aro in ono straight line; [I. 14. 


join BD. 
Then, because tho triangle .1/3C' is equal to tho trian- 
gle ADE, [ Fupothesta, 


and that 4 BD is another triangle, 
therefore the triangle 4 BC is to the triangle .4 BD aa tho 


triangle ADE is to the triangle 137). [V. 7. 
But the triangle 4 2C' is to the triangle 42D as the baso 

’A is to the base .1/), (Vio. 
and the triangle 1 D7) is to the triangle 12D as the base 
EA is to the base -123; {VI.1. 
therefore C'A is to {Das E.L is to AR. [V. 11. 


Next, let the angle PAC he equal to the angle DAF, 
and let the sides about the cnet angles be reciprocally 
proportional, namely, (.{ to 1/7) as HA is to AB: tho 
triangle ABC shall be equal tu the triangle ADE. 

For, let the same construction be made. 
Then, because (Lf isto fas Auf isto AB, [up thesia 
and that (.1 is to 10) as the triangls ABC is to the 
triangle 127), (VIL U. 
and that 77.1 is to 12 as the triangle ADL is to the 
triangle 12D, [VI 1. 
therefore the triangle .12¢' is to the triangle 1B) as the 
triangle -{ DE is to the triangle ABD; [V. 11. 
therefore the triangle .1 BC isequal to the triangle A DE.LV.U. 

Wherefore, egual triangles &e. Qh. 


PROPOSITION 16. THEOREM. 


If four straight lines be proportionals, the 
contained by the extremes ta equal to the rectangle cm- 
tained by the meana; and tf the rectangle contained hy 
the’ extremes be equal to the rectangle emtained by the 
means, the four straight lines are proportionals. 

3 
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Let the four straight lines 4B, CD, E, F, be propor- 
tionals, namely, let AB be to CD as # is to F': the rect- 
angle contained by AZ and Ff’ shall be equal to the rect- 
angle contained by CV and £. 


From the points A, 
C, draw AG, C// at right 


angles to AB, CY); [1.11. Ee 3S seh-= 

make AG equal to J’, and F : Lee 

Cifequalto #;) [1.3. Go. 

and complete the paral- i | 

lelograms BCs, J. (1.51. | 
Then, because 47 is | | | | 

to CD) as Lis to FB, [i yp. — Pf 

and that 7) is equal to A i t D 

CH, and F is equal to 

AG, [Consdruction. 

thercfore 12 is to CD as CH is to AG ; [V. 7. 


that is, the sides of the parallelograms BG, D7/ about the 
equal angles are reciprocally proportional ; 

therefore the parallelogram BG is equal to the parallelo- 
gram D/I. [Vi. 14. 
But tho parallelogram BGC is contained by the straight 
lines .1 Band F, because .fG@ is equal to Foy (Construction, 
and the parallelogram 2/7 is contained by the straight 
lincs CY) and £, because ('// is equal to F; 

therefore the rectangle contained by 4B and PF’ is equal 
to the rectangle contained by CD and £. 


Next, let tho rectangle contained by {8 and F" be 
equal to the rectangle contained by C) and £: these four 
straight lines shall be proportional, pamely, .1ZB shall be 
to CD as E is to F. 

For, let the samo construction be made. 

Then, because the rectangle contained by 4B and F is equal 


to the rectangle contained by CJ) and £, [Hupothesis, 
and that the rectangle BG is contained by AZ and F, 
because .4(@ is equal to F, [ Construction. 


and that the rectangle DH is contained by CD and £, 
bocause CH is equal to £, (Construction. 
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therefore the parallelogram BG is equal to the paral- 
lelogram DH. [Axiom 1. 
And these parallelograms are cquiangular to one another ; 

therefore the sides about the equal angles are reciprocally 


proportional ; [V1. 14. 
therefore .4 B is to CD as CH is to AG. 

But C// is equal to 7, and 2fG is oqual to £; [ Constr. 
therefore 12 isto CY) as £ is to F. [V. 7. 


Wherefore, four straight lincs &e. QED. 


PROPOSITION 17. THEOREM, 


If three straight lines be proportionals, the rectangle 
contained by the extremes is equal to the square on the 
mean; and U the rectangle contained by the ertremes be 
equal to the square on the mean, the three straight lines 
are proportionals, 


Let the three straight lines 4, 2, C he proportionals 
namely, let 4 be to Bas 2 is to C: the rectangle contained 
by 4 and C' shall be cqual to the square on 72. 

Take D equal to 73, Kets: ; 

Then, becanse .1 is to a 

Bas Bis toe, [//yp, B- - 
and that Bis equal to 7), n-- 
therefore 4 is to Bas D C 
is to 2. [V. 7. 
But if four straight lincs [ 
be proportionals, therect- 
angle contained by the 
extremes is equal to the e 7 | 
rectangle contained by A s) 
the means ; [VI. 15. 
therefore the rectangle contained by 1 and C is equal to 
the rectangle contained by 2 and J. 
But the rectangle contained by # and J is the sqnare on J, 
because B is equal to D; [ (onstruction. 
therefore the rectangle contained by A and C is equal to 
the square on J. 


ene 

.. -< 
a 
—. 


13—2 
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Next, Ict the rectangle contained by A and C’ be equal 
to the square on B: A shall be to Bas B is to C, 


For, let the same construction be made. 











Then, because the rectan- x 

gle contained by 4 and C 

Is equal to the square on B 

B, [HM ypotheais. D 

and that the square on B Co 


is equal to the rectangle 
contained by 2 and DP, 
because # is equal to 


D, [Construction, | c b 
thereforo the rectangle “——~ ag 
contained by A and C is 


equal to the rectangle contained hy Band D. 


Kut if the rectangle contained by the extremes be equal 
to the rectangle contained by the means, the four straight 


lines aro proportionals ; [VI. 16. 
therefore .1 is to Bas Dis to C. 

But 7 is equal to 7); [Construction, 
Therefore .4 is to Bas Bis to C [V. 7. 


Wherefore, (three straight lines &c.  QE.D. 


PROPOSITION 18. PRORLEM. 


On a given straight line to describe a rectilineal fiqure 
similar and similarly situated toa gicen rectilineal figure. 


Let AB be the given straight line, and CDEF the 
given rectilineal figure of four sides: it is required to de- 
scribe on the given straight line .12. a rectilincal figure, 
similar and similarly situated to CDEF, 

Join DF; at the 

int A,in the straight 
ino AB, make the 


H 
angle BAG oqual to | 
the angle DCF’; and at 
the point 2, in tho 
straight line 4 2, make 
A 


the angle 4 BG equal 
twtheangleC DF’ [I.23, 
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therefore the remaining angle AGB is equal to the remain- 
ing angle CFD, 
and the triangle AGB is equiangular to the triangle CFD. 
Again, at the point 2, in the straight line BG, make tho 
angle GBH equal to the angle #)/; and at the point G, 
in the straight line BG, make the angle BOLT equal to 
the angle DFE; [1]. 23. 
therefore the remaining angle B/JG is equal to the ro- 
maining angle DEF, 
and the triangle B//G is equiangular to the triangle DEF. 
Then, becanse the angle .1G 2 is equal to the angle CFD, 
and the angle BG 77 cqual to the angle DEE; [Contraction 
therefore the whole angle -1G4Z is equal to the whole 
angle CFE. [.Arivm 2. 
For the samo reason the angle AB// is equal to the 
angle CDE. 
And the angle BAG is equal to the angle DC/', and tho 
angle BH is equal to the angle DEF: 
Therefore the rectilineal figure {B/G is equiangular to 
the rectilineal figure CDES. 


Also these figures have their sides about tho equal 
angles proportionals, 
For, because the triangle 7.4G is equiangular to the trianglo 
DCF, therefore Bel is to AG as DCU is to CL. {[Wi. 4, 
And, for the same reason, AG isto GB us CF ia to FD, 
and BG isto Gil as DF is to FE; 
therefore, ex aequali, AG is to Gif as CF is to FE. [V. 22. 
In the same manner it may be shewn that AZ is to LU 
as CD is to DE. 
And Gil isto HB as FE isto ED. [VI. 4. 
Therefore, the rectilineal figures ABIIG and CDEF 
are equiangular to one another, and have their sides alwut 
the equal angles proportionals ; 
therefore they are similar to one another. (VI. rfinitim 1, 
Next, let it be required to describe on the given straight 


line AB, a rectilineal figure. similar, and similarly situated, 
to the rectilineal igure CDA EF of five sidca, 
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Join DE, and on the given straight line AB describe, 
as in the former case, the rectilineal figure _ABHG, similar, 
and similarly situated to the rectilineal figure CDEF of 
four sides, At the point 
B, in the straight line H 
BH, make the angle a 
HBL equal to the an- pee \ _ + 
gle EDA’; aud at tho i‘ yr \ 

wint /7, in the straight ah | | ‘KC 
ino 3/7, mako the an- Joc cashed pe 
gle BAL cqual to the A iB CD 
anvle DEA; — [I. 23. 

therefore the remaining angle at Z is equal to the remain- 
ing angle at A. 

Then, because the figures 4 BIG, CDEF are similar, 
the angle 4 B// is equal to the anglo CDE, (VL. Def. 1. 
and the angle 4/7 is equal to the angle EDA; (Constr. 
therefore the whole angle ABL is equal to the wholo 
angle CDA, [4riom 2. 
For the same reason the whole angle G//Z is equal to the 
whole angle FLA. 

Therefore the five-sided figures 4 BLHG and CDA EF are 
equiangular to one another. 

And, because the figures .{ BG and CDEF are similar, 
therefore 1B is to Bilas CD isto DE; (VL. Definition 1. 
but Bi isto BL as DF isto DA; [VI. 4. 
therefore, ex ewquali, 12 is to BL as CD is to DA. [V. 22. 
For the same reason, GH is to J/Z as FE is to BA. 


And BL isto LHas DK is to KE. (VI. 4. 
Therefore, the five-sided figures 4 BLHG and CDKEF 
are equiangular to one another, and have their sides about 
the equal angles proportionals ; 
therefore they are similar to one another. [VI. Definition 1. 
In the same manner a rectilineal figure of six sides 
may be described on a given straight line, similar and 
similarly situated to a given rectilineal figure of six sides ; 
and soon, @.EF, 
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PROPOSITION 19. THEOREM, 


Similar triangles are to one another in the duplicate 
ratio of their homologous sides. 

Let ABC and DEF be similar triangles, having the 
angle B equal to the angle £, aud let 23 be to BC as DE 
is to EF’, so that the A 
side BC is homolo- 
gous to the side #F’: se D 
the triangle .482C : = - \ 
shall be to the tri- a 4 4 
angle MEF’ in the 9 f \ 
duplicate ratioof BU B G Cc Or 
to EF. 

Take BG a third es ary to BC and LF, so that 

BC may be to BF as EF is to BG, [Vio 11, 
and join AG, 
Then, because AB isto Blas DE isto LF, [Mupothesia, 
therefore, alternately, [2B isto Dias LC is to BP, LV. 16. 
but BC is to BF as LK is to BG, (Construction, 
therefore [Piste Dias EF is to BG: {V. 11. 
that is, the sides of the triangles 120 and DEF, about 
their equal angles, are reciprocally proportional ; 


but triangles which have their sides about two equal angles 
reciprocally proportional are equal to one another, [VE 1, 


therefore the triangle ABG is equal to the triangle DEF. 
And, because BC isto BF as EF isto BG, 
therefore BC has to BG the duplicate ratio of that which 


BC has to EF. [v. De tinttion VO, 
But the triangle ABC is to the triangle ABG as RC is 
to BG; [VEL I. 


therefore the triangle ABC has to the triangle AUG the 
duplicate ratio of that which BC has to LF. 


But the triangle 4 BG was shewn equal to the triangle DEF; 


therefore the triangle ABC has to the triangle DEF’ the 
duplicate ratio of that which BC has to EF. {V. 7. 


Wherefore, stiailar triangles & QED. 
CorocLagy. From this it ia manifest, that if three 
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straight lines be proportionals, as the first is to the third, 
so is any triangle described on the first to a similar and 
similarly described triangle on the second. 


PROPOSITION 20. THEOREM. 


Similar polygons may be dirided into the same number 
of similar triangles, having the same ratio to one another 
that the polygons hare; and the polyqons are to one 
another in the duplicate ratte of their homologous sides. 


Let ABCDE, FQUKL be similar polygons, and let 
AB he the side homologous to the side AG): the polygons 
ABCDE, FCGHAL may be divided into the same number 
of similar triangles, of which each shall have to each the 
sume ratio which the polygons have: and the polygon 
ABCDE shall be to the polygon #G//AZ in the duplicate 
ratio of .{B to FC. 


Join BE, BC, GL, LIT. 
Then, because the polygon .{BCDE is similar to the poly- 


gon FGHA L, [ Hypothesis. 
the anglo BAF is equal to the anglo GFZ, and BA is 
to AH as GF is to FL. [VI. Detinition 1. 


And, because the triangles ABE and FGZ have one angle 
of the one equal to one angle of the other, and the sides 





about these equal angles proportionals, 

therefore the triangle AZZ is equiangular to the triangle 
FOL, (VI. 6. 
and therefure these triangles are similar ; [VI. 4. 
therefure the angle .4 BZ is equal to the angle FGL. 
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But, because the polygons are similar, [Tupothesis. 
therefore the whole angle BC’ is equal to the whole anglo 
LOH ; [VI. Definition 1, 
therefore the remaining angle BC is equal to the remain- 
ing angle LGJ/Z. [-triom 3. 


And, because the triangles .42F and FGZ are similur, 
therefore 2B is to B.1a8 LG is to GF; 

and alsv, because the polygons are similar, (Typothesia, 
therctore AB is to BC as FG isto GH; [VEL Definition 1. 
therefore, ex quali, 22 is to BC as LG is to GH; [V. 22. 
that is, the sides about the equal angles “VC and LGM 
are proportionals ; 


therefore the triangle ABC is equiangular to the triangle 
LGH , {VI 6, 


and therefore these triangles are similar. [VI. 4. 


For the same reason the triangle LCD is similar to the 
triangle LIA. 

Therefore the similar polygons .4BCDE, FGHAL may be 
divided into the same number of similar triangles. 


Also these triangles shall have, each to each, the samo 
ratio which the polygons have, the antecedents being ABE, 
EBC, ECD, ad the consequents FGL, LGW, LHK ; and 
the polygon ABCDE shall be to the polygon FOAL in 
the duplicate ratio of 12 to FG, 


For, because the triangle ABE is similar to the tri- 
angle FGL, 
therefore ABE is to FGL in the duplicate ratio of EB 
to LG. {[VI. 19. 
For the same reason the triangle FBC is to the triangle 
LGH in the duplicate ratio of BB to LG. 
Therefore tho triangle 4 BE is to the triangle FGZ as the 
triangle EBC is tw the triangle LOL. [V. 12 
Again, because the triangle LC is similar to the tri- 
angle LGH, 
therefore EBC is to LGH in the duplicate ratio of EC 
to LH. [V1. 1% 
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For the same reason the triangle ECD is to the triangle 
LHEK in the duplicate ratio of EC to LH. 
Therefore the triangle “BC is to the triangle LGJZ/ as tho 
triangle ECD is to the triangle L//A. [V, 11. 
But it has been shewn that the triangle EBC is to the tri- 
angle LG JI as the triangle 4£ is to the triangle FGZ. 
Therefore as the triangle 4 BF is to the triangle FGZ, so 
is the triangle LBC to the triangle LG //, and the triangle 
ECD to the triangle L//K ; [V. 11. 
and therefore as one of the antecedents is to its consequent 
so are all the antecedents to all the consequents; = [V. 12. 
that is, as the triangle .1B/ is to the triangle FGL sv is 
the polygon ABCD to the polygon PGHAL. 
But the triangle ABS is to the triangle FGZ in the 

duplicate ratio of the side 18 to the homologous side 

G; [VI. 19. 
therefore the polygon ABCDE is to the polygon FGI/A'L 
ae duplicate ratio of the side 1B to the humologous 
sido FU. 


Wherefore, siaeilar polygons &¢. Q.E.D. 


Coro..ary 1. In like manner it may be shewn that 
similar four-sided figures, or figures of any number of sides, 
are to one another in the duplicate ratio of their homo- 
logous sides; and it has already been shewn for triangles ; 
therefore universally, similar rectilineal figures are to one 
another in the duplicate ratio of their homologous sides. 


Corouuary 2. Ifto A Band FG, two of the homologous 


sides, a third proportional Af be taken, [Vb 11. 
A M 
Ye aa : F 
= ao sige ™~ 
SN ; \ et 
ly, Vow 
pot KH 


then 4B has to M the duplicate ratio of that which AB 
has to FG. [V. Dexnition 10. 
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But any rectilineal figure described on 4 7? is to the similar 
and similarly described rectilineal figure on AG in the 


duplicate ratio of AB to £G, [Corollary 1, 
Therefore as AB is to VM, so is the figure on 18 to the 
figure on FG ; [V1 


and this was shewn before for triangles. [VI. 19, Corollary. 


Wherefore, universally, if three straight lines be propor- 
tionals, as the first is to the third, so is any reetilineal 
figure described on the first to a similar and similarly 
described rectilineal figure on the second. 


PROPOSITION 21,0 THEOREM. 


Rectilineal figures which ave similar to the same recti- 
lineal figure, are also similar to each other. 

Let each of the rectilineal figures 4 and ZF be similar 
to the rectilineal figure C': the figure of shall be similar 
to the figure J. 

For, because 4 is 


similar to (| [7 yp. ae 
Ais equiangular to a pa om 
CG, and A and C have a "oe 
their sides about the - 
y aa 
equal angles propor- 
é.. ie 


tionals, [VI. Jef. 1. 
Again, hecause /3 is 
similar te C,  [// up. 
# is equiaugular to Cand B and C have their sides about 
the equal angles proportionals. [VI. Deuition 1. 
Therefore the figures .4 and #8 are cach of them os hea? 
gular to (and have the sides about the equal angles of 
each of them and of © proportionals. 


Therefore A is equiangular to 2, [Axiom 1. 
and 4 and # have their sides about the equal angles pro- 
portionals ; [V. 1}. 


therefore the figure A is similar to the figure 2B. [VL Def. 1. 
Wherefore, rectilineal figures &c. Q.bv. 
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PROPOSITION 22. THEOREM. 


Tf four straight lines be propurtionals, the similar ree- 
tilineal figures similarly described on them shall also be 
roportionals; and Uf the similar rectilineal fiqures simt- 
tar y described on four straight lines be proportionals, 
those straight lines shall be proportionals. 


Let the four straight lines AB, CD, EF, GH be pro- 
portionals, namely, 42 to CD as EF is to G//; and on AB, 
CD Net the similar rectilineal figures AU123B, LCD be simi- 
larly described ; and on EF. G/f let the similar rectilinea! 
figures MF, N// be similarly described: the figure Aud /. 
shall be to the figure LCD as the figuro A/F’ is to the 
figure N//. 


k 
we L 
yes . 
L. Se a x 
fo é D Hey ism 
M —— 
N 8 
\\T\ 2 Uo 
—_— ee Oe Ae 
K ¥ u i P R 
To AB and CD take a third proportional YY, and to FF 
and G/f/a third proportional 0. (VI.11. 
Then, because .4B is to CD as EF is to GH, [Hupothesis. 
and 4B isto CD as CD is to X; [Construction, 
and EF is to GH as GH is to O; (Construction. 
therefore C'D is to XY as GH is to O. [V. 11 


And AB is to CDas EF is to GH; 

thoreforo, ex wquali, ABisto Xas EF istoO. [V. 22 
But as AB is to X, so is the rectilincal figure AAB to 
the rectilineal figure LCD ; (VI. 20, Corollary 2. 
and as EF is to QO. so is the rectilineal figure M/F to the 
rectilincal figure NH; {VI1. 20, Corollary 2 


BOOK V1. 22, 23. 200 


therefore the figure A.AZ is to the figure ZCD aa the 
figure ALF is to the figure NJ/, {V. 11. 


Next, let the figure A.B be to the similar figure LCD 
as the figure A/F is to the similar figure N4/: AB shall 
be to CD as EF is to G/. 

Make as ABisto CD s0 EF to PR: (VI. 12. 
and on J? describe the rectilineal figure SR, similar and 
similarly situated to either of the figures ALF, NAL [V1.18, 
Then, because 12 is to CC) as EF is to PR, 
and that on 42, CY) are described the similar and simi- 
larly situated rectilineal figures ALAA, LCD, 
and on EF, PF the similar and similarly situated recti- 
lineal figures ATF, S2; 
therefore, by the former part of this proposition, A.A is 
to LUD as MF isto S2. 

But, by hypothesis, AU1B is to LOD as MF isto NI; 


therefore ALF’ is to SR as ATF’ is to NH: {[V.114. 
therefore SA is equal to .V/7/. (Vu. 
But the figures S20 and .V/¢ are similar and similarly 
situated, {C'onstruction, 


therefore PR is equal to GU, 

And because 473 is to CD) as EF is to PR, 

and that 7?/2 is equal to G//; 

therefore AZ is to CL) as EF is to GIT. [V. 7. 
Wherefore, four straight linva &. OED. 


PROPOSITION 23. THEOREM. 


Parallelograma «which are equiangular to one another 
have to one another the ratio which is conpounded of 
the ratios of their sides. 
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Let the parallelogram AC’ be equiangular to the paral- 
lelogram CF, having the angle BCD equal to the angle 
ECG: the adie A AC shall have to the parallelo- 
gram ('F’ the ratio which is compounded of the ratios of 
their sides. 

Let BC and CG be placed in 
a straight line ; r 
therefore PC and CEH are also in \ ~ 
a straight line; {l. 14. 
complete the parallelogram JG ; B 
take any straight line AY and 
make A’ to Z aa BC is to CG, and | 
iL to M as DUC is to CE; [VI. 12: | 
then the ratios of A” to Z and | 
of Z, to Af are the same with the K 
ratios of the sides, namely, of BC 
to CG and of DC to CE. 


But the ratio of A’ to WW is that which is said to be com- 
pounded of the ratios of A to Z and of Z to Mf; [V. Def. A. 


therefore Av has to Af the ratio which is compounded of 
the ratios of the sides. 


Now the parallelogram AC is to the parallelogram CH 


| 
QR 


EF 


re 
pacar 


as BC is to CG ; [VI. 1. 
but 2C is to CG as Kisto ZL; [Construction, 
therefore the parallelogram fC is to the parallelogram 
CH as A is to 1. [V. 11. 
Again, the parallelogram C7/ is to the parallelogram CF 
as DC'is to CE; (V1.1. 
but DC is to CE as L isto M; (Conatruction, 
therefore the parallelogram (C// is to the parallelogram 
CF as L is to M. [V. 11. 


Then, since it has been shewn that the parallelogram AC 
is to the parallelogram (// as A is to Z, 


and that the parallelogram C// is to the parallclogram CF 
as L is to Af, 

therefore, ex quali, the parallelogram .1C' is to the paral- 
lelogram CF'as A’ is to M. [V. 22. 
But K has to Af the ratio which is compounded of the 
ratios of the sides ; 
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therefore also the parallelogram -1C has to the parallelo- 
gram ('F’ the ratio which is compounded of the rative of 
the sides, 

Wherefore, parallelougrams &e. Q.¥.n. 


PROPOSITION 24. THEOREM. 


Paralleloqrams about the diameter of any parallelo- 
qram are similar to he whole parallelogram and ta one 
another. 

Let ABCD be a parallelogram, of which AC is a 
diameter; and let BG and /7A° be parallelograms about 
the diameter: the parallelograms AO and //A” shall be 
similar both to the whole parallelogram and to one another, 


For, because JC and 


GF are parallels, A BE OB 
the angle 4 C is equal a Fi i 
to the angle AGF. [1.24 ae coer 
And because BC and LF / i : 

are paralicls, / i Se 

the angle ABC is equal oo a Saar 


to the angle ARF. [1 29. 
And each of the angles 
BCD and EFG is equal to the opposite angle BAD, [6.34. 
and therefore they are equal to one another. 

Therefore the parallelograins .1 BCD and AE FG are equi- 
angular to one another. 

And because the angle ABC is equal to the angle 
AEF, and the angle BAC is common to the two triangles 
BAC and BA F, 
therefore these triangles are equiangular to one another ; 


and therefore AZ is to BC as AE is to EF. [Vh. 4. 
And the opposite sides of parallelograms are equal to one 
another ; {I. $4. 


thercfore AB isto AD as AEF is to AG, 
and DC is to CB as GF isto FE, 
and CD is to U4 as FG is to GA. [V. 7. 
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Therefore the sides of the parallelograms ABCD and 
AEFG about their equal angles are proportional, 
and the parallelograms are therefore similar to one an- 
other. [VI. Definition 1. 
For the same reason the 
parallelogram ABCD is 
similar tothe parallelogram 
FHCK. 
Therefore each of the pa- 
rallelograms HG and //A 
is similar to BD; 
thercfore theparallclogram 
EG ia similar to the parallelogram 7/A‘ (VI. 21, 
Wherefore, parallelograms &e.  Q.b.D. 





PROPOSITION 25.) PROBLEM. 


Tu describe a reetilineal figure which shall be similar 
to one given rectilineal figure and equal tv another giren 
rectilineal figure, 

Let 4 BC be the given rectilineal figure to which the 
figure to be described is to be similar, and J) that to which 
it is to be equal: it is required to describe a roctilincal 
figure similar to .f BC’ and equal to D. 


A 


/\ Res 
~~ [sa & 


é ( 


: ae eae 7 


t asecel ee 
L “E M G H 


On the straight line BC describe the parallelogram BH 
equal to the figure ABC. 
On the straight line CE describe the mrallelogram CM 
equal to D, and having the angle FCE equal to the 
angle CBL; (I. 45, Corollary. 


ane amen 
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therefore BC’ and CF will be in one straight line, and LE 
and EM will be in one straight line. 

Between BC and CF find a mean proportional G/7, (V1. 13. 
and on G// describe the rectilineal figure AG 7/, similar and 
similarly situated to the rectilineal figure BC. | [V1 18, 
AGH shall be the rectilineal figure required. 

For, because BC is to GFL as GH in to CK, (Construction, 
and that if three straight lines be proportionals, as the first 
is to the third so is any figure on die first to a similar and 
similarly described figure on the second, [VI. 20, Cor, 2, 
therefore as BC is to C/K so is the figure ABC to the 
figure AG/f. 

But as BC is to CF so is the parallelogram JE to tho 


parallelogram CLM , ; [Vi.1. 
therefore the figure 4 BC is to the figure AG// as the pa- 
rallelogram 224 is to the parallelogram CA, [V. 11. 


Aud the figure 20 js equal to the parallelogram 222: ; 
therefore the rectilineal figure AG/Z is equal to the paral- 
leloyram Cu, {V. 14. 
But the parallelogram (.V/ is equal to the figure J; [Conatr. 
therefore the figure AG // is equal to the figure 7, [Axiom 1, 
and it is similar to the figure oA BC. [ lonatruction, 
Wherefore the rectilineal fianre KGH has been de- 
scribed similar to the figure ABC, and equal to D. QBS. 


PROPOSITION 26.0 TITROREM, 


If taro similar parallelugrames hare a common angle, 
and be similarly situated, theyare abou the same diameder, 


Let the parallelograms .4 BCD), 
AEFG be similar and similarly si- 
tuated, and have the common angle 
BAD: ABCD and AEFG shall 
be about the same diameter. 

For, if not, let, if possible, the 
parallelogram BD have its diame- 
ter AHC in a different straight 
line from AF’, the diameter of the 
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parallelogram EG; let GF 





meet A/C at J//, and through A G 

H{ draw HA’ parallel to 4D) or ee 

BC. [I. 31. Limam G ie 
Then the parallclograms 

ABCD and AKHG are about 

tho same diameter, and are 

therefore similar to one an- BO 

other ; [VI. 2. 


therefore Dut isto AB as G.f is to ATA. 
But because ABCD and AEFC are similar parallelo- 


grams, [/upothesis, 
therefore DA isto ABas GA isto AE [VI Definition 1, 
Therefore G.1 is to AA as GL is to AL, [V. 11. 


that is, @.4 has the same ratio to cach of the straight lincs 
AA and AP, 

and therefore 4A is equal to fF, (v.99. 
the less to the greater; which is impossible. 


Therefore the parallelograms BC) and ARFG@ must 
have their diameters in the same straight line, that is, they 
are about the same diameter, 

* Wherefore, if fico similar parallvlograms &e,  Q.B.D. 


PROPOSITION 80, PRORLEM, 


To cuba qicen straight line in ectreme and mean ratio, 


Let AB be the given straight line: it is required te cut 
it in extreme and mean ratio. 

Divido 42 at the point ( so 
that the rectangle contained by ee 


AB, BC may be equal to the square * . B 
on AC. {l. 11. 

Then, because the rectangle 42, BC is equal to tho 
equare on .1(, [Cunstruction, 
thereforo 4B is to AC as AC is to CB. [VI. 17. 


Mherefore AB is cut in ectreme and mean ratio at 
the point C. Q.EP. [VI. Definition 3. 
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PROPOSITION 31.0 THEOREM, 


In any right-angled triangle, any reetilineal fiqure de- 
scribed on the side subtending the right angle ta equal to 
the similar and similarly described figures on the sides 
containing the right angle. 


Let ABC be a right-angled triangle, having tho right 
angle BAC: the rectilineal figure described on AC shall 
be equal to the similar and similarly described figures on 
BA and C.At. 

Draw tho perpendicular Je 

dD. {I. 12. >A 
Then, because in the right- 


angled triangle ABC, AD / / 
Lb 





is drawn from the right 
angle at A, perpendicular zs 
to the base /3¢ 4the triangles D " 
ABD, CAD are similar to | | 
the whole triangle CZ.4 and ; ot nn ot 
to one another. [V1.8 
And because tho triangle CZ2.1 is similar to the trianglo 
ABD, 
therefore C/ isto BA as BA isto BD. [VE. Def 1. 
And when three straight lines are proportionals, as tho 
first is to the third so is the figure described on the first 
to the similar and similarly described figure on tho 
second ; [VE. 20, Corollary 2, 
therefore as CP is to BD so is the figure described on C2 
to the similar and similarly described figure on /344 ; 
and inversely, as J) is to 3° #0 is the figure described 
on 33.4 to that described on C7, (Vv. #. 
In the same manner, as (7) is to CB so is tho figuro 
described on CA to the similar figure described on CZ. 
Therefore as BD and CD together are to C'B so are the 
figures described on BA and CA together to the figure 
described on (73. [V. 24, 
But BD and CD together are equal to CB; 
therefore the figure described on BC is i to the similar 
and similarly described figures on #4 and CA. [V. A. 
Wherefore, in any right-angled triangle &c.  Q.¥.D. 
14--2 
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PROPOSITION 82. THEOREM, 


If two triangles, which hare treo sides of the one pro- 
portional to two sides of the other, be joined at one angle 
so.asto hare their homologous. sides. parallel to one another, 
the remaining sides shall be inca straight line. 


Let ABC and DCE he two triangles, which have the 
two sides 3.4, AC proportional to the two sides CD, DE, 
nuncly, Ba to AC as C/) is to DE; and let 4B be 
parallel to VC and -fC parallel to DA: ‘BC and CE shall 

ein one straight line. 


For, because 1/3 is parallel A 
to DC, [Mupothesis, a 
and .4C meets them, a Dp 
the alternate angles 22.10; \ Ne ‘S a 
ACD are equal ; [}. 29. \ Sy OS 
for the same reason the angles eas 


ACD, CDE are equal ; 
therefore the angle 724C is equal to the angle CDE. [4x 1. 
And because the triangles 4 BC, DCE have the angle at 


A equal to tho angle at "PD. and the sides about these gales 
proportionals, namely, BA to (Cas CD isto DE, [Hup. 


therefore the triangle AC is equiangular to the triangle 
DUE ; [VI. 6. 


therefore the anglo .f BC ix equal to the angle DCE. 
And the angle B.1C was shewn equal to the angle ACD; 


therefore the whole angle CZ is equal to the two angles 
ABCand BAC. [Axiom 2. 


Add the angle ACB to each of these equals; 


then the angles ACE and ACB are together equal to the 
angles ABC, BAC, ACB. 


But the aneléa ABC, BAC, ACB are together — bey 
two right angles ; (I. 


therefore the angles {CE and ACB are together equal to 
two right angles. 


And since at the point C, in the straight line AC, the 
two straight lines BC, CE which are on the opposite sides 


ou. 
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of it, make the adjacent angles ACE, ACB together equal 
to two right angles, 


therefore BC and CE are in one straight line. 


{t. 14. 
Wherefore, (f teco triangles &. QED. 


PROPOSITION 33.) THEOREM. 


In equal etreles, angles, ichether at the centres or at the 
circumferences, hace the same ratia which the arce on 


which they stand hate to one another; so ateo hare the 
sectors, 


Let ABC and DEF be equal circles, and let BAC and 
FMF be angles at their centres, and BaC and EDF 
angles at their circumferences: as the are BOC is to the are 
EF so shall the angle BOC be to the angle A//F, and the 


angle /2.4C' to the angle EDF; and so also shall the sector 
BGC be to the sector BAL. 


Ps 
A. Ty, h A 
f * \ Ka ; 
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Take any number of ares CA. AL, each equal to BEC, 
and also any number of ures FM, SYN each equal to EP; 
and join GA, GL, HAM, HN. 

Then, because the arca BC CA, AL, are all equal, (Constr. 
the angles BGC, CGR, AGL are also all equal; (ETL 27, 


and therefore whatever multiple the arc BL is of the arc 
Bc", the samo niultiple is the angle BOL of the angle 
BGC. 

For the same reason, whatever multiple the arc EN is of 


the arc EF, the same multiple is the angle L7N of the 
angle E/T F. 
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And if the are BZ be equal to the arc EN, the angle BGL 
is equal to the angle E/N ; (111. 27. 
and if the arc LL be greater than the arc EX, the angle 
BGL is greater than the angle A/LN ; and if less, less. 

Therefore since there are four magnitudes, the two 
arcs BC, EF, and the two angles BGC, LHF; 





and that of the are BC and of tho angle BGC have been 
taken any equimultiples whatever, namely, the are BL and 
the angle BGL ; 

and of the are EF and of the angle EHF have been taken 
any equimultiples whatever, namely, the are Z£.V and the 
angle EVIN ; 

and since it has been shown that if the arc BZ be greater 
than the are AN, the angle BGT is greater than the anglo 
LHN; and if equal, equal; and if less, less ; 

therefore as the are #C is to the arc £4, so is the angle 


BGC to the angle H/F. [V. Metnition 5. 

But as the angle BGC is to the angle E/LF, so is the 
angle BAC to the angle EDF, [V. 15. 
fur each is double of each; [III. 20. 


therefore, as the are BC is to the arc EF so is the angle 
rae to the angle LAF, and the angle BAC to the angle 


Also as the are BC is to the arc EF, so shall the sector 
BGC be to the sector EHF. 

Join BC, CK, and in the arcs BC, CA take any points 
A, O, and join BX, XC, CO, OA. 
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Then, because in the triangles BGC, CGK, the two 
sides BG, GU are cqual to the two sides CG, GA; cach to 
each ; 


and that they contain equal angles ; (Ft. 27. 
therefore the base BC is equal to the base CA, and the 
triangle BOC is equal to the triangle CGA. [l. 4. 


- \ ny > 
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And bocanse the are BC is equal to the are CA, [Conatr, 
the remaining part when 7 is taken from the circum- 
ference is equal to the remaining part when CA’ is taken 
from the circumference ; 
therefore the angle BAC is equal to the angle COA. [ET1. 27, 
Therefore the segment JEXC' is similar to the segment 
CORK ; (FUL. Lcfinition 11, 
and they are on equal straight lines BC, CA. 

But similar segments of circles on equal straight lines are 
equal to one another ; (U0, 24. 
therefore the seginent BYC is equal to the seganent COA, 

And the triangle BGC was shewn to be equal to tho 
triangle CGA ; 
therefore the whole, the sector BGC, is equal to the whole, 
the sector CGA. (Aviom 
For the same reason the sector AGL is equal to cach of 
the sectors BGC, CORK. 

In the same manner the sectora FA F, F/IM, MIN may 
be shewn to be equal ty one another. 


Therefore whatever multiple the are BL is of the are 
AC, the same multiple is the sector BGL of the sector 
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and for the same reason whatever multiple the are EN is 

of the are EF, the same multiple is the sector A/LN of the 

sector EMF. 

And if the are BZ be cqual to the are EN, the sector 

BGL. is equal to the sector E/N ; 

and if the are BL be greater than the are FN, the sector 

BGL is greater than the sector EHN ; and if less, less. 
Therefore, since there are four magnitudes, the two 

arcs BC', EF, and the two sectors BGC, ELIF; 
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and that of the are BC and of the sector BGC have been 
taken any equimultiples whatever, naumcly, the are BL and 
the sector BUL : 
and of the are /F and of the sector E//F have been taken 
any equimultiples whatever, nanely, the are Z.V and the 
sector E/LN ; 
and since it has been shewn that if the arc BZ be greater 
than the are £.V, the sector BOL is greater than the 
sector E/7.N; and if equal, equal; and if less, less ; 
thorefore as the arc BC is to the arc EF, so is the sector 
BGC to the sector EHF. [V. Definaton 5, 
Wherefore, in cyguad circles &. QED. 
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PROPOSITION B. THEOREM. 


Lf the vertical angle of a triangle be biaected bya atraight 
line which likewise cuts the base, the rectangle contained 
by the sides of the tricngle ia equal to the rectangle con- 
tained by the segments of the base, together with the square 
on the straight line which bisects the angle. 


Let ABC be a triangle, and let the angle BAC be 
bisected by tho straight line .f/): the rectangle 4.4, AC 
shall be equal to the rectangle BY), OC, tozether with the 
syuare on .f D. 

Describe the circle ACB 
about the triangle, [IV. 5. BE 
and produce .1/) to meet the BO age | Ns 
circumference at £;, Ne ae . 
and join £C. .. | 

Then, becanse the angle \ - 7 : 
BAD is equal to the angle Z 

CAC { Muypothesia, oa ge 
and the angle 127) is equal to I. 
the angle -4/C, for they are in 
the same segment of the circle, (117. 21, 
therefore the triangle 2AD is equiangular to the triangle 


EAC. 


C 


Therefore BA isto ADas BA isto AC; [VI. 4, 
therefore the rectangle Bal, 4 is equal to the rectangle 
EA, AD, [VEL 16, 
that is, to the rectangle LY, DA, together with the square 
on AD. (U4. 3. 

But the rectangle LY, DA is equal to the rectangle 
BD, DC; (101. 45, 


therefore the rectangle B.1, AC is equal to the reciungle 
BD, DC, together with the square on 1). 


Wherefore, Uf the vertical unyle &e.  Qbev. 
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PROPOSITION C. THEOREM. 


If from the rertical angle ofa triangle a straight line 
be draicn perpendicular to the base, the rectangle contained 
by the sides of the triangle is equal to the rectangle con- 
tained by the perpendicular and the diameter of the circle 
described about the triangle 


Let ABC be a triangle, and let AD be the perpen- 
dicular from the angle A to the base BC: the rectangle 
BA, AC shall be equal to the rectangle contained by .f D 
and the diameter of the circle deseribed about the triangle, 

Describe the circle ACB 
about the triangle; [I V. 5. 
draw the diameter .1Z and 
join £C. 

Then, because the right 
anglo BIA is equal to the 
angle £C.4 in a semi- 
circle ; [PN 8h. 
and the angle A BD is ere 
to tho angle ALC, for they 
are in the same segment of 





tho circle ; [11I. 21. 

therefore the triangle .4BD is cquiangular to the trianglo 
MT id 

Therefore 2.1 is to 1D) as LA isto AC; [VI: 4. 

therefore the rectangle 3.1, .4C is equal to the rectangle 

EA, AD. (VI. 18, 


Wherefore, /rum the certical angle &. QED, 


PROPOSITION D. THEOREM, 


The rectangle contained by the diagnals of a quadri- 
lateral figure inscribed in a circle ta equal to both the 
rectangles contained by tls opposite sides. 
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Let ABCD be any quadrilateral figure inacribed in 
a circle, and join AC, BLY: the rectangle contained by 
AC, BD shall be cqual to the two rectangles contained by 
AB, CD and by AD, BC. 

Make the angle ABZ equal to the ancle DBC; [L. 23, 
add to cach of these 
equals the angle EBL, 


then the angle AD nee. 
fir baa 









is equal to the angle Ron hens ath 
EBC. [Artem 2. Be RS ca \ 
And the angle BIA is ‘ Ss 

equal totheangle BCE, for Ke Se 

they are in the saine seg- oe Py 
ment of the circle : [111.2 1. See 
therefore the — trianglo AS 


A #3 Dis equiangular to the 
triangle ABC 
Therefore 17) is to DB 


as EC is to ('B; [VI. 4. 
therefore the rectangle 17), CB is equal to the rectangle 
DB, EC. [Vi. 16. 

Again, because the angle AF is equal to the angle 
PBC, [ Constructium, 
and the angle BAL is equal to the angle BDC, for they 
are in the same segment of the circle ; {10I. 2h. 


therefore the triangle ABA is equiangular to the triangle 
DBC 


Therefore Bf isto Aas BD isto DC; [VI 4. 
therefore the rectangle BA, VC is equal to the rectangle 
AL, BD. [Vi. 16, 


But the rectangle AD, CB has been shewn equal to 
the rectangle D2}, EC; 
therefore the rectangles 1D), CB and BA, DC are together 
equal to the rectangles BY, BC and BY, AL; 
that is, to the rectangle BD, AC. (1. 
Wherefore, the rectangle contained &c.  Q.¥D. 


BOOK XI, 
DEFINITIONS, 


1, A souip is that which has length, breadth, and 
thickness, 


2. That which bounds a solid is a superficics. 


3. A straight line is perpendicular, or at right angles, 
toa plane, when it makes right angles with every straight 
line meeting it in that plane. 


4. A plane is perpendicular to a plane, when the 
straight lines drawn in one of the planes perpendicular to 
the common section of the two planes, are perpendicular 
tu the other plane. 


5. Tho inclination of a straight line to a plane is the 
acute angle contained by that straight line, and another 
drawn from the point at which the first line meets the 
plane to the point at which a perpendicular to the plane 
drawn from any pu of tho first line above the plane, 
mects the same plane. 


6. The inclination of a plane to a plane is the acute 
angle contained by two straight lines drawn from any the 
same point of their common section at right angles to it, 
one in one plaue, and the other in the other plane. 


7. Two planes are said to have the same or a like 
inclination to one another, which two other planes have, 
when tho said angles of inclination are equal to one 
another. 


8 Parallel planes are such as do not meet one another 
though produce 
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9. A solid angle is that which is made by more than 
two plane angles, which are not in the same plane, meeting 
at one point. 


10. ti la and similar solid figures are such as are 
contained by similar planes equal in number and magni- 
tude. [See the Notes.] 


11. Similar solid figures are such as have all their solid 
angles equal, cach to each, and are contained by the same 
number of similar planes. 


12, A pyramid is a solid figure contained by planes 
which are constructed between one plane and one point 
above it at which they meet. 


13. A prism is a solid figure contained by plane figures, 
of which two that are opposite ure equal, similar, and) par- 
allel to one another ; and the others ure parallelograms. 


14. A sphere is a solid figure described by the revoln- 
tion of a semicircle nbout its diameter, which remains 
fixed. 


15. The axis of a sphere is the fixed straight line 
about which the semicircle revolves. 


16. The centre of a sphere is the same with that of the 
semicircle. 


17. The diameter of a sphere is any straight line which 
passes through the centre, and is terminated both ways by 
the superficies of the sphere. 


18. A cone is a solid figure described by the revolution 
of a right-angled triangle about one of the sides containing 
the right angle, which side remains fixed. 

If the fixed side be equal to the other side containing 
the right angle, the cone is called a right-angled cone ; 
if it be less than the other side, an obtuse-angled cone ; 
and if greater, an acute-angled cone. 


19. The axis of a cone is the fixed straight line about 
which the triangle revolves. 
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20. The base of a cone is the circle described by that 
side containing the right angle which revolves. 


21. A cylinder is a solid figure described by the revo- 
lution of a right-angled parallelogram about one of its sides 
which remains fixed. 


22. The axis of a evylinder is the fixed straight line 
about which the parallelogram revolves. 


23. The bases of a cylinder are the circles described 
by the two revolving opposite sides of the parallelogram. 


24. Similar cones and cylinders are those which have 
their axcs and the diameters of their bases proportionals. 


25. <A cube is a solid figure contained by six equal 
aquares, 


26. A tetrahedron is a solid figure contained by four 
equal and equilateral triangles. 


27. An octahedron is a solid figure contained by cight 
equal and equilateral triangles. 


28, A dodecahedron is a solid figure contained by 
twelve equal pentagons which are equilateral and equi- 
angular. 


29. An icosahedron is a solid figure contained hy 
twenty equal and equilateral triangles. 


A. A parallelepiped is a solid figure contained by six 
quadrilateral figures, of which every opposite two are 
parallel. 


PROPOSITION 1. THEOREM. 


One part of a straight line cannot be in a plane, and 
another part withou ut. 


If it bo possible, let AB, part of the straight line 
4 BC, be in a plane, and the part BC without it 
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Then since tho straight 
line A ZB is in the plane, it can - 
be produced in that plane; Coes De - eee 
let it be produced to 2; and * er eee 
let any plane pass through the bhi is Nn 
straightline.f Dwand be turned ia 
about until it pass through the point (. 
Then, because the points B and C are in this plane, the 
straight line ("is in it. [1. Definition 7. 
Therefore there are two straight lines ABC, ABD in the 
same plane, that have a common segment .1 3; 


but this is impossible. [f. 11, Corellary. 
Wherefore, one part ofa atraight line &e Qh. 


PROPOSITION 8.) THEOREM, 


Tiro straight lines which ent one another are in one 
plane; and three straight lines which meet one another 
are thoone plane, 


Let the two straight lines 4722, CD ent one another at 
E: ABand CY shill be in one plane; and the three 
straight lines £C, CB, BL which mect one another, shall 
be in one plane. 


Let any plane pass through the A D 
straight line #2, and let the plane \ 
be turned about £Z, produced if % 
necessary, until it pass through the E 


point (. 

Then, because the points FF 
and ( are in this plane, the straight 
line EC isin it; — (F. Definition 7, \ 
for the same reason, the straight Renee, 
line BC is in the same plane; ¢ B 
and, by hypothesis, 4 is in it. 
Therefore the three straight lines EC’, CB, BE are in ono 
plane. 
But {2 and CD are in the plane in which EB and EC 
are ; {XI. 1. 
therefore AB and CD are in one plane. 

Wherefore, two straight lines &c.  Q.E.D. 
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PROPOSITION 8. THEOREM. 


Ty ten planes cut one another their common scetion 


tea atratght Line. 


Let two planes 4B, BC cut one another, and let BD 
be their common section: JJ) shall be a straight line. 


If it be nat. from A to J, draw 
in the plane .€48 the straight line 
RED, and in the plane LC the 
atriaiht ding 22 2°79, {Prustalate 1. 
Then the two straight lines BET), 
RED have the same extremities, 
aud therefore include a space be- 


an 
| 


ae 


i 


/ 


i“ 
| | 
ees a 


tween them ; 
but this is impossible, | [Arion 10, 


Therefore AD, the common section of the planes 42 and 
BC cannot but be a straight line. 


Wherefore, if tire planes Ge. Qk, 


PROPOSITION 4.0 THEOREM, 


Ef a stratght fine stand at right anglea to each of tira 
atratght dines ab the point of their interacction, tt ahall 
ales he at wight angles te the plane which passes through 
them, that ts, to the plane in which they are. 


Let tho straight line 4'F’ stand at right angles to cach 
of the straight lines 47,07), at £. 
tho point of their intersection: AF , 
shall also be at right angles to the wbils 
plane passing through 4B, CD. ‘ 


a meee 

Take the straight lines .4£. EA, a a ae ee 
CE, ED, all equal to one another ; a Ye 
juin 4D, CB, through E drawing gf (NOE OY | 
the plane in which are 4B, CD, ois ~\ 
any straight line cutting 4D at G, f EAH 
and CB at H, and from any point ee St 
Ff in EF draw FA, FG, FD, FQ Oe ‘B 


FH, FB. 
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Then, because the two sides 17, 2D) are equal to the 
two sides BE, LC, each to cach, [Constrretion. 
and that they contain equal angles 127), BRC; ft. 1a, 
therefore the base A is equal to the base BC, and the 
angle D2LF is equal to the angle FBC. [h. 4. 
And the angle AFG is equal to the angle BEAM; 15, 
therefore the triangles ARG, BET have two angles of the 
one equa to two angles of the other, each to each ; 
and the sides #1, AB adjacent to the equal angles are 


equal to one another; [Const rietion, 
therefore FG is equal to AW and AG in equal to 
BH. [1 ae, 

And because 71 is eqnal to 2, [efonstractim, 
and FA is common and at right angles to them, [Mapotheris, 
therefore the base of Ais equal to the base 22 {t. 4. 


For the same reason CA" is equal to JF" 
And since it has been shewn that the two «ides 24, 
Al Fare equal to the two sides CAL AE, each to each, 
and that the base J)F is equal to the Jiase CF; 
therefore the angle J). 8A is eqnal to ube angle CBE OL 8, 
Again, since thas been shewn that the two sides 201, 
AG are equal te the two sides AB, BIL each to each, 
and that the angle AuIG ia equal to the angle F’S/1 ; 
therefore the base 4G is equal to the base A°/f, ft. 4. 
Lastly, since it has been shewn that GF is equal to JZ, 
and FF ix common to the two triangles FAG, FET; 
and the lase A’G has been shewn equal to the base ZZ; 
therefore the angle PEG is equal to the angle PAIS (1, 8. 
Therefore each of these angles is a right angle. [1 Destin. 10, 
In like manner it may be ahewn that FF makes night 
angles with every straight line which mects it in the plane 
passing through 2, CD. 
Therefore EF’ is at right angles to the plane in which are 
ABCD. (XL. Jiefinition 3 


Wherefore, ifa straight line &c,  9.BD. 


15 
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PROPOSITION 5. THEOREM. 


If three straight lines meet all at one point, and a 
atratyght line stand at right angles to each of them at that 
point, the three straight lines shall be in one and the same 
plane. 

Let the straight line .f2 stand at right angles to each 
of the straight lines BC) BD, RE at 2 the point where 
they meet: BC, BD, BE shall be in one and the same 
plane, 

For, ifnot, let, if possible, A 
RDanwd BE be in one plane, 
und Le owithout it, leta plane 
pos through £4 and BC; 
the common section of this 
plane with the pline in whieh 
are BD and B22 isa stranshe 
line ; [NP 3. we en? 
let this straight line be 23 F Bee 
Then the three straight lines 
ABR, BC, BE are allia one plane, namely, the plane which 
poses through of 7 and BO, 

And beesuse 47? stands at right angles to each of tho 
straight lines BD, LL, [ Mupathesia. 
therefore iy is at right angles to the plane passing through 
them ; {XL 4. 
therefore it makea right angles with every straight line 
meeling it in that plane. [NIL Petinition 3. 
But AF meets it, and ia in that plane; 
therefore tho angle .f BP’ ix a right angle. 

But tho angle .4 AC’ is, by hypothesis, a right angle ; 
therefire the angle .4 BC is equal to the angle .f BF’; (4x. 11. 
and they are in one plane; which is impossible. (A ziom 9. 
Therefore the straight line BC is not without the plane in 
which aro BD and BE, 

therefore the three straight lines BC, BD, BE are in one 
and the same plano. 

Whorefore, Uf three straight dines &e. Onn. 


te 
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PROPOSITION 6. THEOREM. 


If treo straight lines beat right angles tu the same plane, 
they shall be parallel to one another. 

Let the straight lines 2B, CD be at right angles to the 
same plano: 4/3 shall be parallel to CJ), 

Let them mect the plano at the 4, 
points 2,0); join B/); and in the plano cs 
draw DF at right angles to BY; [1.11. A ode 
make JF equal to .1/3; [f. 3. a 
and join BE, AL, AD. BS | 

Then, beeause .1/3 is perpendicular Iii \ - ay 
to the plane, { Magyerth esta, / 
it makes right angles with every straight a 
line meeting it in that plane. [XT Zt 3. 

But BY and BH meet (4, and aro 
in that plane, 
therefure each of the angles ABD, ABE ina right angle. 
For the same reason each of the angles CO, CDE isu 
right angle. 

And because 4 2 1s equal to ED, [Conatruction, 
and #7) is common to the two triangles A2B7), BD, 
the two sides A2, BD ure equal to the two sides LD, DZ, 
each to each ; 
and the angle AZ) ix equal to the angle £7772, each of 


them being a right anyle ; {tates 1) 
therefore the base 47) ix equal to the base F/. jl 4. 
Again, because 4B ia equal to FY), [C'onatrurtion, 


and it has been shewn that BE is equal tu 71.4; 

therefore the two sides AB, BE are equal to the two sides 
ED, DA, each Ww each; 

ra} ey base .1£ is common to the two triangles ABE, 
therefore the angle A BE is equal to the angle EDA. [1. 8. 
But the angle ABE ia a right angle, 
therefore the angle .DA is a right angle, 
that is, ED is at right angics to AD. 


* 


15~-2 
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But FY) is also at right angles 
to each of the two BY, CD; WN hs 
therefure ED is at right angles to WN 
cach of the three straight lines BL), 
AD, CD, at the point at which 
they meet ; B 
therefore these three straight lines 
are all in the same plane.  [X1. 5. 
But 1 is in the planc in which 
are BL), D.t; PS eae E 
therefore 17, BY), CY are in one plane. 
And each of the angles ABD, CDB is a right angle ; 
therefore 213 is parallel to CZ). [f. 2s. 
Wherefore, ¢f tery straight lines Ee. QED. 








PROPUSITION 7.0 THEOREM, 


Uf teeo straight lines be parallel, the straight line draten 
SJrom any point in one toany point in the other, ts in the 
same plane with the parallels. 


Let 1B, CD be parallel straight lines, and take any 
wint # in one and any point Fin the other: the straight 
ine which joins £ and # shall be in the same plane with 
the parallels. 

For, if not, let it be, if pos- 
ible, without the plane, as A.. —.k... _., B 
£6 F, widinthe plane. BCL, oo 
in which the paralleis are, ~ 
draw the straight line ZF u 
from £ to F. a \ ; 

Then, since EGFisalsoa = © F DB 
straight line, [ Mypotheais, 
the two straight lines EGF, EHF include a space between 
them ; which is impossible. [Axiom 10, 
Therefore the straight line joining the points F and F' is 
not without the plane in which the parallels 4B, CD are ; 
therefore it is in that plane. 

Wherefore, Uf tio straight lines &c.  Q.Ed. 








> or eereaamaneaomanes ot of 
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PROPOSITION & THEOREM. 


If taeo straight lince be parallel, and one ¢f them be at 
right angles toa plane, the other alss shall be at right 
angles to the same plane. 


Let 2B, CD be two parallel straight lines; and let ono 
of them 1/3 be at right angles toa plane: the other CY 
shall be at right angles to the same plane. 


Let .12, CD) meet the plane 


at the points 2B, Y; join BY; A Cc 
therefore 12, CD, BD are in 
one plane. [NAL %. foe 
In the plane to which .1 7 is at 
right angles, draw J¢/7 at right oi 
angles to BD; ee a wo “4ty 
make PH equal to 17; [I]. 3. : y 
and join BR, AR AD. a 
Then, becanse 12 is at right he 


angles to the plane, [A/opethesis, 
it makes right angles with every straight line meeting it 
in that plane ; [XV. Detinrtion 8. 
therefore esch of the angles 27, AR7 isa right angle. 
And because the straight line 4/2 meets the paralicl 
straivht lines 1/4, CD), 
the angles AB), CDP are together equal to two right 
angles. [¥. 2s, 
But the angle ABD isa right angle, [Pfopothent, 
therefore the angle CUB isa right angle ; 
that is, 2) is at right angles to BL. 

And because .12 is equal to FD, [Comofrnetion, 
and BD is common to the two triangles ABD, ED; 
the two sides AB, BD are equal to the two sides ED, DB, 
each to each; 
and the angle AJD is equal to the angle EDS, cach of 


them being a right angle ; [Axiom 11. 
therefore the base .4 J) is equal to the base £/J. (1. 4. 
Again, because .{2 is equal to ED, [Construction. 


and BE has been shewn equal to DA, 
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the two sides 4B, BE aro equal to the two sides ED, DA, 
each to each ; 


and the base 4 F is common to the two NN 

triangles ABE, EDA ; VS 

therefore tho angle ABEL is equal to Py ON 

the angle ADE. [1. 8. SS 

But the angle 4 7F is a right angle; Bi - , ey D 

thorefore the angle 4) £ isa right angle; ‘\ 4 

that is, ZD is ut right angles to A] — ye 
But #/isat right angles to 3D, (Const. Vv 

therefore FW) is ut right angles to the E 

plane which passes through 2), 2A, [XI 4. 

and therefore makes right angles with every straight line 

mecting it in that plane. (XI. Definition 3. 


But CD is in the plane passing through BD, 7.4, because 
all three are in the plane in which are the parallels .1B, CD; 


therefore 2) is at right angles to ('7), 
and therefore (CD is at right angles to FD. 
But CJ) was shewn to be at right angles to BD; 


thorefore CD is at right angles to the two straight lines 
BD, BD, at the point of their intersection 2), 


and is therefore at right angles to the plane passing 
through BYP, BD, [XI. 4. 


that is, to the plane to which .1/ is at right angles. 
Wherefore, UV teco atratght lines &e. Q.BLD. 
PROPOSITION 9, THEOREM, 
Treo straight lines which are cach of them parallel to 


the same straight line, and not in the same plane with tt, 
are parallel lo one anuther, 


Let AB and CD be each of them parallel to ZF, and 
not in the aame plano with it; 
4B shall be parallel to CD. A... Hq . 3B 


In EF take any point G; in 


\ 

the plane passing through FF : 

and 4 23, draw from (7 the straight pas. fies —F 
lino Gi/ at right angles to EF; 7 





and in the plane passing thro —— ? 
EF and UD. draw from BD 
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straight line GA at right angles to FF. [I. 11. 

Then, because ZF’ is at right angles to G// and 
7K, { Construction. 
EF is at right angles to the planc J/GA’ passing through 
them. [Xl. 4. 
And EF is paralicl to AB; [J ypothesia, 


therefore 47 is at right angles to the plane IGA’. [X1. 8. 

a a same reason C'D is at right angles to the plane 

Therefore AB and CD are both at right angles to the 

plane //G'K. 

Therefore AB is parallel to CD. [X1. 6. 
Wherefore, (/ teen straight lines &e. QED. 


PROPOSITION 10. THEOREM. 


[f taco atraight Lincs meeting one another be parallel to 
tice othera that incet one another, and are notin the same 
plane with the frat Gro, the first tico and the other tao 
shall contain equal angles. 


Let the two straight lines 4B, BC, which meet ono an- 
other, be parallel to the two straight lines 24, BF, which 
meet one anether, and are not in the same plane with 
AB, BC: the angle 4 BC shall be cqual to the anglo DEF. 


Take BA, BUL ED, EF all equal to 


ono another, and join AD, BE, CF, p 

AG, DEF. ae 
Then, because AZ is equal and ne Mitt 

parallel to DE, , 

therefore A is equal and parallel to 

BE. [f. 33. 


For the same reason, CF is equal 
and parallel to BE. 


Therefure AD and CF are cach of eeceeasD) 
them equal and peralicl to BE. 


Therefore AD is parallel to CF, {[XI. 9. 
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and AD is also equal to 


CF. {Axiom 1. 
Therefore AC is equal and 
parallel to DF. [1. 33. 


And because AB, BC 
are equal to DK, L/L, each 
to cach, 
and the base 4(’ is equal to 
the base 17", 
therefore the angle ABC is 
equal to the angle EF. [1. 8. 

Wherefore, (f drco straight linca &. Q.B.D. 





PROPOSITION 11, PROLPLEM, 


To drawia straight line perpendicular to agircen plane, 
Jrom a gicen point without tt, 


Let .f be the given point without the plane B77: it is 
required to draw from the point .f a straight line perpen- 
dicular to the plane //. 


Draw any straight line 
BC in the plano Bi, and 
from the point of draw 44D) F. 
perpendicular to BCL [P12 


ae 
Then if 4D be also perpen- 7 Pj t 
dicular to the plane 24, \ | 
the thing required is done. \ 
But, if not, from the point 
P draw, in the plane BA, COWIE eae eas 
the straight line DEF at 
right angles to BC, [f.11. 
and from the point 4 draw .4F perpendicular to DE, (1.12. 
AF shall be perpendicular to the plane BAY, 

Through £ draw G// parallel to BC. [f. 31. 


Then, becauso HC is at right angles to ED and D.A, (Constr, 


BC is at right angles to the plane passing through ED 
and /).4. . ' siti (XE. 4. 


And Gif is parallel to BC; [Construction 


A 
A 


f : 
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thereforo G/7 is at right angles to the plano passing 


through 2D and JA ; [XL 8. 
therefore GH makes right angles with every straight lino 
mecting it in that plane. [XL Deninition 3. 


But .4F meets it, and is in the plane passing through 4D 
and 2.4 ; 

therefore G// is at right angles to 31 F, 

and therefore .4 # is at right angles to G/T, 

But 4 /'is also at right anglea to DE; [Constrnetion, 
therefore AF is at right: angles to ench of the straight 
lines G@/Z and DF at the point of their intersection ; 
therefore Af Fis perpendicular to the plane passing through 
Gifand DE, that is to the plane J7/, [XU. 4. 

Wherefore, from the airen point A, without the plana 
BUM, the atraight Une AF has been drain perpendicular 
tu the plane, Q.ELP, 


PROPOSITION 12. PRORLEM. 


To erect a atraightline at rightangles Gra gtren plane, 
Jromaigicen point tn the plane, 


Let -f be tho given fon in the given plane: it is re- 
quired to erecta straight line from the point A, at right 
angles to the plane. 

From any point J} without the 
plane, draw he perpendicular to 





the plane ; (Xt. 11. D , 

and from the point .4 draw AD 

parallel to BC, (1. 31. 

AD shall bo the straight line re- 

quired. eee 1 
For, because AD and BC aro / A 4 


J 
‘ 


two parallel straight lines, [Consry. 
and that one of them ZC’ is at 
right angles to the given plane, [¢ ‘onstruc!ivm, 
the other .1 Dis also at right angles to the given plane, (X 1.5. 
Wherefore a straight line has bren erected at right an- 
gtes to a gicen plane, from a gieen point intl QE. 
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PROPOSITION 13. THEOREM. 


From the same point in a gicen plane, there cannot he 
tern straight lines at right angles to the plane, on the same 
aide af it; and there can be but one perpendicular to a 
plane from a point without the plane. 


For, if it be possible, let the two straight lines 43, AC 
be at right angles to a given plane, from tho same point A 
in the plane, and on the same side of it. 


Let a plane pass through B Cc 
B.A, AC; \ / 
the common section of this \  f 
with the yiven plane is a sf 
straight line ; {X1. 3. - 


lot this straight line be 21.44. 
Then the three straight lines AB, AC, AL are 

all in one plane. 

And because C4 is at right angles to the plane, [//ypothesis. 

it makes right angles with every straight line meeting it 

in the plane. [XI. Definition 3. 

But DAF meets C4, and is in that plane ; 

thorefore the angle (.1£ is a right angle. 

For the samo reason the angle BAE is a right angie. 

Therefore the angle (L122 is equal to the angle BA& ; (42.11, 

and they are in one plane ; 


which is impossible. [Axiom 9, 


Also, from a point without the plane, there can be but 
one perpendicular to the plane. 


For if there could be two, they would be parallel to one 
another, [XL. 6. 


which is absurd. 
Wherefore, from the same poin! &e.  9.5.D. 
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PROPOSITION 14. THEOREM. 


Planes ts which the came atraight line is perpendicular 
are parallel to one another. 


Let the straight line 42 be perpendicular to each of 
the planes CY and ZF: these planes shall be parallel to 
one another. 

For, if not, they will meet one ve K H 
nnother when produced ; a 5 y . 
let them moet, then their com- Coy \ \ 
mon section will be a straight fo 
line ; | a a 
let GH be this straight line; in . ee 
it take any point A, and join ae 
AK, BK. | . 4 

Then, because 4 2 is perpen- ! ; 
dicular to the plane EF, [//up. . 
it is perpendicular to the straight | 
line BA which is in that ip 
plane ; (XI. Detinition 8. 
therefore the angle ABA isa right angie. 

For the same reason the angle BAA ian right angle. 

Therefore the two angles ABA, BAA of the triangle 

ABA are equal to two right angles, 

which is impossible. (1. 17. 

Therefore the planes CD and EF, though produced, do 

not meet one another ; 

that is, they are parallel. (XI. Definition 8. 
Wherefore, planes &c.  Q.¥.b. 


# 
BP re ae ee ee" 


PROPOSITION 15. THEOREM. 


Lf two straight lines which meet one another, be parallel 
to two other atraight lines which mect one another, but 
are not in the same plane with the first to, the plane pass- 
4 through these is parallel to the plane passing through 


236 EUCLIDS ELEMENTS. 


Let AB, BC, two straight lines which meet ono another, 
be parallel to two other straight lines DE, LF, which meet 
one another, but are not in the same plane with 4B, BC: 
the plano passing through 4B, BC, shall be parallel to the 
plane passing through A, EF. 


From tho point 2 draw BG 


rpendicular to the plane pass- eee 
ing through DE, EF, [Xf 11. a 
and let it mect that plane at G; BR f ~ 


through G@ draw G// parallel to “~e 
ED,andG K parallelto LF. [E.31, 
Then, becauso BG is per- AX, 


pendicular to the plano passing aa ae | Sales 
through Dk, EF, (Construction. 


it makes right angles with every straight line meeting it 
in that plane ; (XT. Definition 3. 


ae tho straight lines @/7 and GA meet it, and are in that 
plane ; 


ee each of the angles BG// and BGA is a right 
angio. 


Now because 7?.{ is parallel to FD, { Tupothesis. 
and (¢// is parallel to £7), [Cunatruction, 
therefore 2.1 is parallel to G77; [XI. 9. 
therefore tho angles 48G and BC/ are together equal 
to two right angles. (1. 20, 


And tho angle BG 7 has been shewn to be a right angle; 
therefore the anglo -f BG is a right angle. 
For tho samo reason the angle CBG is a right angle. 

Then, because the straight line GB stands at right 
anglos to the two straight lines 2.4, BC, at their puint of 
intersection J}, 
therefore GB is perpendicular to the plane passing through 
BA, BC. [XL 4. 


Aud GB is aleo perpendicular to the plane passing through 
DE, EF. (Construction. 
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But planes to which the same straight line is perpendicular 
are parallel to one another ; [X1. 14. 


therefore the plane passing through 4B, BC is parallel to 
the plane passing through De, £7" 


Wherefore, if tuv straight lines &c.  QEN 


PROPOSITION 16. THEOREM. 


[f teo parallel planes be cut bu another plane, their 
common sections with it are paralld, 

Let the parallel planes 42, CD be cut by the plane 
EFHG, and let their common sections with it be AF, 
GH: EF shall be parallel to G10, 

For if not, EF and G//, being produced, will mect 
cither towards F, //, or towards 2, G. Let them be pro- 
duced and meet towards #, // ut tho point A, 


Then, since EFA is in the 


plane A, every point in BPA K 

Is in that plane ; {X1.1, ye \ 
therefure A’ is in the plane fh Be 
AB. i eee eee A 
For the same reason A’ is in ; a ! ; 


the plane CV). CO ! 
Therefore the planes 4B, CD, A ON, 
being produced, mect one an- co Go. 
other. ; 
But they do not meet, since they are parallel by hypothesis. 
Therefore EF and GH, being produced, do not meet to- 
wards F, /I. 

In the same manner it may be shewn that they do not 
mect towards £, (f. 


Bat straight lines which are in the same plane, and which 
ping prosucest ever so far both ways do not meet aro 


therefore EF is parallel to GH. 
Wherefore, (f feo paralld planes 6c. Q%.D. 
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PROPOSITION 17, THEOREM. 


If two atraight lines be cut by parallel planes, they 
shall be cut in the same ratin, 


Let tho straight lines 42 and CD be cut by tho pa- 
rallel planes G//, AL, JIN, at the points 4, E, B, and 
C, F, D: AF shall be to £B as CF is to PD. 

Join AC, BD, AD; let 
AD meet the ee AL cmtcae oH 
at the point XW; and join OMe oN ‘ 

eu + G: di Ho L 
Then, because the two i \ 
parallel planes AL, AVN are . 4 
cut by the plane ABN, a 
the common sections ALY, oe ee \ 
Bare parallel; [X1. 18. kK tee \ 


ay 


and because the two pa- 
rallel planes G1, AL are moa 
ent by the plane JLY FC, Wee, Se 
the common sections AC, REP TSS See 
X Fare panilel. | [ XH. 16. 

And, because EX is paralicl to BD, a side of the 
triangle .1 BD, 
therefore .1£ is to FA as AX isto ND. (VI. 2. 
Again, because X #' is parallel to AC, a side of the triangle 
ADC, 


therefore AX isto XD as CF is ta FD. [VI. 2. 
And it was shewn that AN isto VDas AE isto EB; 
therefore dA isto FB as CF isto FD. {V. 11. 


Wherefore, lieu straight lines &. QED. 


PROPOSITION 18. THEOREM. 


Uf a straight line be at right angles tu a plane, every 
plane which pasecs through it shall be at right angles to 
that plane. 


Let the straight linc AB be at right angles to the 
plane CA : every plane which pasece through 48 shall be 
at right angles to the plane C : — 
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Let any plane DE 


ax through 4B, and D...G@ A Ld 
ct CE be the common | 
section of the planes | [ | 
DE, CK ; [XI. 3. oe ass --+--4X 
take any point F’ in ae | ~ 
CE, from which draw | | \ 
FG, in the plane DE, CoS a es 
at right angles to 
CE. [f. 11. 

Then, becauso AB is at right angles to the plane 

rs [ /ypothesis. 
therefore it makes right angles with every straight line 
meeting it in that plane ; (NI, Definition 3. 


but CB meets it, and is in that plane ; 

therefore the angle 4 BF is a right angle. 

But the angle GFZ is also a right angle ; [ (onstruction, 
therefore #'G is parallel to AZ. [}. 2X, 
And AZ is at right angles to the plane CA"; (/ypothesia. 
therefore /’°G is also at right angles to tho samo plane. [X 1.8. 


But one plane is at right angles to another plane, when 
the straight linea drawn in one of the planes at right 
angles to their common sectiun, are also at right angles to 
the other plano ; [X1. Definition 4. 
and it has been shewn that any straight line 4° drawn in 
the plane VE, at right angles to CZ. the common section 
of the plancs, is at right angles to the other plane CK ; 
therefore the plano JF is at right angles to tho plane CA. 


In the same manner it may be shewn that any other 
plane which passes through AB is at right angles to the 
plane CA. 

Wherefore, (fa straight line &c. QK.p. 


PROPOSITION 19. THEOREM. 


Uf two planes which cut one another be each af them 
perpendicular to a third plane, their common section shall 
b- perpendicular to the same plane, 


240 EUCLID'S ELEMENTS. 


Let the two planes 3.4, BC bo each of them perpen- 
dicular to a third plane, and let 23) be the common section 
of the plancs BA, BC; BD shall be perpendicular to the 
third plane. 

For, if not, from the point D, 
draw in the plane /3A, the straight 





line JE at right angles to 412, fa 

the common section of the plane r 

BA with the third plane; (1.11. / 

and from the point /), draw in tho / 

plane 4C, the straight line DF at 

right angles to CZ), the common 

acetion of the plune LC’ with the por 

third plane. - (I. 11. ‘Ke a —— 34 
Then, because the ab BA is 

perpendicular tu the third plane, [Hupothesis, 

and JE is drawn in the plane Buf at right angles to 4) 

their common section ; [ (onstruction, 


therefore DF is perpendicular to the third plane. [X 1. Def. 4. 
In the same manner it may be shewn that 27" is per- 

pendicular to tho third plane. 

Therefore from the point 2) two straight lines are at 

right ry ts to the third plane, on the same side of it; 

Which is impossible. [X1. 13. 

Therefore from the point 2), there cannot be any straight 

line at right angles to the third Hens except BY the com- 

mon section of the planes 23.1, BC; 

therefore AD is perpendicular to the third plane. 
Wherefore, (f tieo planes &c. Q.8.D. 


PROPOSITION 20. THEOREM. 


Ifa slid angle be contained by three plane angles, ar 
teewo Of then are together greater than ee aoe 
Let the solid angle at 4 be contained by the three 
plane angles BAC. CAD, DAB: any two of them shall be 
together greater than the third. 


if the angles BAC, CAD, DAB be all it is 
evident that any eo cethen ars giestes ea Oe 
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If they aro not all equal, let 
BAC be that angle which is not 
less than either of the other two, and iN 
is greater than onc of them, BAD. 


At the point A, in the straight line 
BA, make, in the plane which passes rs ne 
through B A, AC, the angle BAKE ee » 
equal tothe angle BAD; (1.23. FE 
tnuke .4# equal to 1D; [1. 3. 
through £ draw BAU culties 1B, AC at the points JB, C; 
and join DB, DC 

Then, because 1) is equal to A £, UY onsteaction: 
and 4 2 is common to the two triangles BAD, BAKE 


the two sides 8.4, 4D) are equal to tho two sides BA, AE, 
each to each; 


and the anal BAD is equal to the angle BAK; — [Constr, 





therefore the base 7) is equal to the base BL. {t. 4. 
And because #2), PU are together greater than 
Y (1. 20, 
3 


_ one of them 27) has been shewn equal to BF a part 
Be, 


therefore the other DC is greater than the remaining 

part £C. 
Aud because .4 7) is equal to AL, { Conatruction. 

and AC is common to the two triangles DAC, E.1C, 
but the base JC is greater than the base EC; 

pvp the angle D.C’ is greater than the nee 

pad ¢ {, 25 
And, by construction, the angle BAD ia equal to tho 
angle BAE ; 
therefore the angles BAD, DAC are together greater 
than tho angles HAF, LAC, that is, than the angle ZAC. 


But the angle B.4C is not less than cithor of the angles 


therefore the anglo BAC together with cither of the othor 
angles is greater than the third. 


Wherofore, {/ a solid angle &c. QED. 
18 
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PROPOSITION 21, THEOREM. 


Every slid angle is contained by plane angles, which 
are lyether lesa than four right angles. 


First let the solid angle at A be contained by three 
plane angles BAC. CAD, DAB: these three shall be 
togethor less than four right angles. 

In the straight lines 43, AC, AD 
take any points B, CD, and join BC, 
CD, DB. 

Then, because the solid angle at 
B is contained by the three plane 
angles C2, ABD, DRC, any two 
of them are together greater than tho 
third, [Xf 20. 
thorefore the angles CB, ABD aro 
together greater than the angle JBC. 
For the aume reason, the angles BC, ACD are together 
greater than the angle YC‘, 
and the angles CO, A028 are together greater than the 
angle 21)¢. 

Therefore the six angles C34, ABD, BCA, ACD, CDA, 
ADB are together greater than the three angles DBC, 
DUB, BDC; 

but the three angles DBC, DCB, BDC are together equal 
to two right angles. {l. 32, 
Therefore the six angles CBA, ABD, BCA, ACD, CDA, 
ADS are together greater than two right angles. 

And, because the three angles of cach of the triangles 
ABC, ACD, ADB are together equal to two right 
angloa, {1. 32. 
therefore the nine angles of these triangles, namely, tho 
angles CHA, BAC, ACB, ACD, CDA, CAD, ADB, 
DBA, DAB are equal to six right angles; 
and of theso, the six nh CBA, ACB, ACD, CDA, 
ADB, DBA are greater than two right angles, 
Seren at See PAG SAB A 
Which contain a at 4, are au 
four right angles. 
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Next, let the solid angle at 4A be contained by any 
number of plane angles Bat, CAD, DAR, RAF, FAB, 
these shall be together leas than four right angles. 

Let the planes in which the an- 
gles are, be cut by a plane, and let 
the common scctions of it with those 
planes be BC CUD, DE, EF, FB. 

Then, because the solid angle at 
# is contained by the three plano 
angles CBA, ABR. FBC, any two 
of them are together greater than 
the third, {X 1. 20. 
therefore the angles CB, ABF 
vir together greater than the angle 

"BC. 





For the same reason, at cach of the points C, D, FE, F, the 
two plane angles which are at the bases of the triangles 
having the common vertex A, are together greater than 
tho third angle at the same point, which is one of the 
angles of the polygon BCDEF. 

Therefore all the angles at the bascs of the triangles aro 
together greater than all the angles of the polygon. 

Now all the angles of the triangles are together equal 
to twice as many right angles as there are triangles, that 
is, as there are sides in the polygon BCDEF' ; {f. 32. 
and all the angles of the polygon, togethor with four right 
angles, are also equal to twice as many right angles as 
there are sides in the polygon; (1. 32, Curcllary 1, 
therefore all the angles of the triangles are equal to all tho 
angles of the polygon, together with four right angles. [4z. 1. 

But it has been shewn that ajl the angles at the bascs 
of the triangles are together greater than all tho angles of 
the polygon ; j 
thereforo the remaining angles of the triangles, namely, 
those at the vertex, which contain the sulid angle at A, are 
together less than four right angles. 


Wherefore, every solid angle &c. QED. 


16-2 


BOOK XIU. 
LEMMA. 


If from the greater of tier unequal magnitudes there 
he taken more than its half. and from the remainder 
more than its half, and eo on, there shall at length re- 
maina magnitude leas than the smaller of the propused 
pres nilietes, 


Let AK and C be two unequal magnitudes, of which 
4/8 ia tthe preater: if from 42 there be taken more than 
its hulf, and from the remainder more than its half, and so 
on, there shall at length remain a magnitude less than C. 

For C may be multiplied sv as at length D 
to become greater than 24 Zi. 


Let it be eo multiplied, and let DE its | 


multiplo be greater than AH, and let DE Ki F 


be divided into DF, FG, GE, cach equal 
to 

From {8 take B//, greater than ita C 
half, and from the remainder d // take HA’ Eset 


| 

 aapeegel than its half, and so on, until there | | 

as many divisions in 4fBaain DE; and; 
let tho divisions in 42 be 4A, KH, HB, ts | i 
and the divisions in DE be DF, FUG, GE. 

Thon, because DE is than AB: 
and that EG taken from DE is not greater than its half; 
bat BH taken from AZ is greater than its half; 
a the remainder DG is greater than the remainder 


~ 


wrens 


Hi 


‘ 
4 
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Again, because DG is greater than 4 //; 
and that GF’ is not greater than the half of DG, but HA 
is greater than the half of 4/1, 
yaaa the remainder JF’ is greater than the remainder 
AA. 
But DF is equal to C; 
therefore Cis greater than 4A ; 
that is, AA is less than CC. Qn. 


And if only the halves be taken away, the same thing may 
in the same way be demonstrated. 


PROPOSITION 1.0 THEOREM. 


Similar polygons tnacrihed in circles are toone another 
as the squares on their diameters. 


Let ABCDE, FGHKL be two circles, and in them 
the similar polygons ABCDE, FGHAL; and let BM, 
GN be the diameters of the circles: the polygon ABCDE 
shall be to the polygon FGHAL us the square on DAM is 
to the square on (7.7. 


A 


‘ - 


‘ ~ 
” ” 
a” ” 
" 7 a 


A 
: ee % 
Ty eas ; Be poe ty 1B ' a 
i . " f J i a é 
‘ , se , i, c. x 
\. | : ‘ JN 
es : 


. / 
Wok 
Join AM. BE, EN, GL. 

Then, becausc the polygons are similar, 

therefore the angle 3.4 ia equal to the angle GF'/, 

and BA isto AE asGF isto FL. [VIi. Dcfnition 1. 
Therefore the triangle BAF is equiangular to the triangle 
GFL, [Vi. 6. 
therefore the angle AEB is equal to the angle FLG. 


Bat the angle AEB is equal to 2 angle AM, and the 
angle F'LG is equal to the angie F.VG ; {Ttl. 21. 


therefore the angle AASB is equal to the angle FNG. 
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And the angle BAM is equal to the angle GFN, for 
each of them is a right angle. (101. 31. 


Therefore the remaining angles in the triangles .4 4/7, 
FN@ are oqual, and the triangles are equiangular to one 
another ; 
thorefore 73.4 is to BAL as GF ix to GN, (VI. 4 
and, alternately, BA isto GFas BMistoGN; = [V. 16. 
therefore the duplicate ratio of BA to GF is the same as 
the duplicate ratio of BAL to GN. (V. Definition 10, V. 22 
But the polygon ARBCDE is to the polygon FOHAL 
in the duplicate ratio of ut to GF; (VI. 20. 
and the square on /2.M is to the square on GN in the du- 
plicate ratio of AM to GN, [VI 20. 
therefore the polygon ABCD E is to the polygon FGHAL 
as the square on 72.1 is to the square on GN, {V. 11. 
Wherefore, similar palugons &ce. Q¥.D. 


PROPOSITION 2.) THEOREM, 


Circles are to one another as the squarca on their 
diameters. 


lot ABCD, EFGIT be two circles, and BD, Fil their 
diameters: the circle .(BCD shall be to the circle 2FGH 
as tho square on JD is to the square on FH. 


For, if not, the wy on BD must be to the on 
FH as the circle ABCD is to some space either less 
than the circle EFGH, or greater than it. 


First, if possible, let it be aa the circle ABCD is toa 
space S less than the circle EFGH. 


BOOK XII. 2, 247 


In the circle EFG// inscribe the square EFGH. — [1V. 6. 
This square shall be greater than half of the circle EFG U7. 


LA. 
a =A as a 
Ma a ae Re pene 
/ \ i * 
fines lp ae . Pag 
. ‘ \y . ff ‘ 
f bY 4M Mec aacel 
“ ral and 
C 


For the sqnare EFG// is half of the square which can 
be formed by drawing straight lines to touch the circle at 
the points £, 4, G, H; 
and the square thus formed is greater than the circle; 
etl the square EFG// is groater than half of the 
circle. 


Risect the arcs EF, FG, GH, WE at the points K, 
*s ’ i 
and join FA, AF, FL. LG, GM, MI, HN, NE. Then 
cach of the triangles FAK, FLG, GMI, INE shall 
be greater than half of the segment of the circle in which 
it stands, 
For tho triangle FA F is half of the parallelogram 
which can be formed by drawing a straight line to touch the 
circle at A and parallel straight lines through #& and F, 


and the parallelogram thus formed is greater than tho 
ek EA’; therefore the triangle LA Fis greater than 
half of the scgment. 
And similarly for the other triangles, 
Therefore the sum of all these triangles is together greater 
than half of the sum of the segments of the circle in which 
they stand. 

Again, bisect EX, KF, &c. and form triangles as before ; 
then the sum of these triangles is greater than half of the 
sum of the segments of the circle in which they stand. 
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If this process be continued, and the triangles be sup- 
posed to be taken away, there will at length remain seg- 
nents of circles which are together Jess than the excess of 
the circle KFGH ubove the space S, by the preceding 
Lemma. 

Let then the segments FA, AF, FL, LG,GM, M1. 


WIN, NE be those which remain, and which are together 
leas than the excess of the circle above S; 


therefore the rest of the circle, namely the polygon 
EKXFLGMILN, is greater than the space S. 

Inthe circle 4 BCD describe the polygon .4A XBOCP DR 
similar to the polygon AA ELG MILN. 

Then the polygon AV BOCP DL is to the polygon 
ER FLG MILN as the square on J) is to the square on 
Fill, [Xb 1. 
that is, as the circle 1 BCD is to the space 8. [/yp, V. 11. 
But the polygon AX BOC? is less than the circle 
ABCD in which it ia inscribed, 
therefore the polygon FAK LGMITN is less than the 
space SS ; [V. 14. 
but it is also greater, as has been shewn ; 
which is impossible. 

Therefore the square on BD ix not to the square on 
FH as the ewele ABCD is to any space Icss A the 
circle FFGIL 

In the same way it may be shewn that the square on 
Fi is not to the square on 27) as the circle EF'G 4 is to 
any space less than the circle ABCD. 


Nor is the square on BD to tho square on F// as 
py ae ABCDY is to any space greater than the circle 
CPG H. 


For, if possible, Iet it be as the circle .4BCD is to a space 
T greater than the circle BAYH. ” 
Then, inversely, the square on F/T is to the square on BD 
as the space 7'is to the circle ABCD. 

Rut as the space 7’ is to the circle ABCD so is the circle 
EFGH w some space, which must be less than the circlo 
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ABCD, because, by hypothesis, the spaco 7 is greater 
than the circle EFGH. Pe [V. 14. 






A... 
7 a a 4 Borer 
a ae 
f oe 
B-- ee |) #4 I 





Therefore the square on F/Z is to the square on BY) an 
the circle EF'GH is to sume space less than the circle 
ABCD, 

which has been shewn to be impossible. 

Therefore the square on 2/7 is not to the square on F// 
” the circle ABCY is to any space greater than the circle 
PPG H. 


And it has been shewn that the sqnare on BD in not 
to the square on F// aa the circle ABCLY is to any space 
less than the circle EF G/T. 

Therefore the square on B/) ia to the square on F// as the 
circle ABCD is to the circle FFG HH. 

Wherefore, circles &e.  Q.B.b. 


NOTES ON EUCLID’S ELEMENTS. 


Tue article Eueleides in Dr Smith's Dictionary of Greek and 
Roman Biography wan written by Profeasor De Morgan ; it 
contains an account of the worka of Euclid. and of the various 
editions of them which have been published. To that article we 
refer the atudent who desires full information on thease subyecta. 
Perhaps the only work of importance relating to Euclid which 
has been published sinve the date of that article 1s.a work on the 
Poriamnsa of Euclid by Chasles; Paris, 1860. 

Euchid appears to have lived in the time of the first Ptolemy, 
H.C, 323° 283, and to have been the founder of the Alexandrian 
mathematical achool. The work on Geometry known as The 
Elements of Euclid consista of thirteen books: two other books 
have sometimes been added, of which it ia supposed that Hypeicles 
wae the author, Resides the Elements, Euclid was the author of 
other worka, some of which have been preserved and some lost. 

We will now mention the three editions which are the most 
valuable for those who wish to read the Elements of Euclid in the 
original Greek. 

(1) The Oxford edition In folio, published in 1703 by David 
Gregory, under tic tithe: Eccdel3ou rd ewlduera, ** Anan edition 
of the whole of Euclid's works, this stands alone, there being no 
other in Grock." Je Morgan, 

(3) Buchidia Elementorum Libri sex priores ..edidit Joannce 
(rulselavas Camerer, This odition was published at Berlin in two 
volumes octavo, the first volume in 1824 and the second in 1825. 
It contains the first mx books of the Elements in Greek with a 
Latin Translation, and very ood notes which furm a mathema- 
tical commentary on the suliject. 

(3) Buclidis Elementa cx optimise libris in usm tironum 
Creve edita ah Ernesto Ferdinando August. This edition was 
published at Berlin in two volumes octavo, the first volume in 
1826 and the second in 1829. It contains the thirteen books of 
the Elements in Greck, with a collection of various readings. 
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A third volume, which was to havo contained the remaining 
works of Euclid, never appeared. ‘To the scholar who wante 
one edition of the Elements we should decidedly recommend this, 
as bringing together all that has been done for the text of 
Euclid's yreatest work.” De Morgan. 

An edition of the whole of Euclid’s works in the original has 
long Leen promised by Teubner the well-known German publisher, 
as one of his series of compact editions of Greek and Latin 
authors; but we believe there is no hope of its early appearance. 

Robert Simson's edition of the Elements of Euclid, which 
we have in substance adopted in the present work, differs oon- 
siderably from the original, The English reader may ascertain 
the contents of the oriyinal by consulting the work entitled The 
Llementa of Euclid with dissertations, by James Williamaon, 
This work consists of two volumes quarto, the timt volume wan 
published at Oaford im 178t, and the second at Loudon in 1788, 
Williamson gives a close translation of the thirteen booke of the 
Elements into English, and he indicates by the use of Italics the 
words which are not in the original but which are required by 
our language. 

Among the numerous works which contain notes on the 
Elements of Kuclid we will mention four by which we have beon 
aided in drawing up the aclection given in this volume, 

An Examination of the first siz, Books of Euclid'a Elemente by 
William Austin...Oxford, 1751. 

Buclid's Elements of Plane Geometry with copious notes,,.by 
John Walker. London, 1825. 

The first siz buoka of the Elements of Euclid with a Commen- 
tary...by Dionysius Lardner, fourth edition. Landon, 1834. 

Short supplementary remarks on the first nx Hooks of Fuchs 
Elements, by Professor De Morgan, in the Companion to the 
Almanac for 1849. 

We may also notice the following works: 

Geometry, Plane, Solid, and Spherical,...London 1830; this 
furms part of the Library of Useful Knowledge. 

Théoremes et Probldmes de Géométrie hleméntaire par Bugéne 
Catalan... Trowunéme édition. Paris, 1868. 

For the History of Geometry the student is referred to 
Montocla’s Histoire dea Mathématujurs, and to Chasles's A pergs 
Aistorique sur Corzine et le devéloppement des Méthodes en Gto- 
méiric... 
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THE FIRST BOOK. 


Definitions, The first seven definitions have given rise to con- 
siderable discussion, on which however we do not propose to enter. 
Such a discuasion would consist mainly of two subjecta, both of 
which are unsuitable to an elementary work, namely, an exami- 
nation of the origin and nature of some of our elementary ideas, 
and a comparison of the original text of Euclid with the substitu- 
tions for it proposed by Simson and other editors. For the former 
subject the atudent may hereafter consult Whewell’s /tstory of 
Neientifie Ideas and Mill's Logie, and for the latter the notes in 
Camerer's edition of the Elements of Buelid. 

We will only observe that the ideas which correspond to the 
words point, line, and surface, do not admit of such definitions aa 
willreatly supply the ideas to a person who is destitute of them. 
The so-called definitions may be regarded as cautions or restric- 
tions, Thus a point ia not to be supposed to have any atze, but 
only position; a line is not to be supposed to have any breadth or 
thickncss, but only length; a surface is not to be supposed to have 
any thickness, but only length and breadth. 

The eighth definition seems intended to include the cases in 
which an angle is formed by the mecting of two curred lines, or 
of a straight line and a curved line; this definition however is of 
no importance, as theonly angles ever considered are auch aa are 
formed by atra’ cht lines. The definition of a plane rectilineal 
angle is important; the beginner must carefully obacrve that no 
change is made in an angle by prolonging the lines which form 
it, away from the angular point. 

Some writers object to such definitions as those of an equi- 
lateral triangle, or of a square, in which the existence of tho 
object defined is assumed when it ought to be demonstrated. They 
would preeent them in such a fori as the following: if there be 
a triangle having three equal sides, let it be called an equilateral 
triangle. 

Moreover, some of the definitions are iutroduced prematurely. 
Thas, for example, take the definitions of a right-angled triangle 
and an obtuse-angled triangle ; it ia not shewn until I. 15, that 
® triangle cannot have both a right angle and an obtuse angle, 
and so cannot be at the same time right-angled and obtuse- 
angled. And before Axiom 11 has been given, it is conceivable 
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that the same angle may be greater than one right angle, and 
less than another riyht angle, that is, obtuse and acute at tho 
same time. 

Tho definition of a square assumes more than is necessary. 
For if a four-sided figure have all its sides equal and one angle » 
right angle, it may be shewn that all its angles are right angles; 
or if a four-sided figure have all its angles eyual, it may be shewn 
that they are all right angles. 

Postulates. The postulates state what processes we assume 
that we can effect, namely, that we can draw a straight line 
letween two given points, that we can produce a straight line to 
any length, and that we can describe a circle froma given centro 
with a given distance as radius. It is sumetimes stated that the 
postulates amount to requiring the use of a ruler and compasses, 
It must however be observed that the ruler ia not supposed to 
be a graduated ruler, ao that we cannot use it to measure off 
assigned lengths. And we do not require the compasses fur any 
other process than describing a circle from a yiven point with ao 
yiven distance as radius; in other words, the compawes may bo 
supposed to cloge of thetnselves, as soon as one of their pointe is 
removed frum the paper. 

Arwms The axiome are called in the original (amon 
Notions, It is supposed by some writers that Euclid intended 
his postulates to include all demands which are peculiarly geo- 
wetrical, and his common notions to include only such notions 
as are applicable to all kinds of magnitude as well as to space 
magnitudes, Accordingly, theese writers remove the last three 
axioms from their place and put them among the postulates ; 
and this transposition is supported by sume manuscripts aud 
some versions of the Liements. 

The fourth axiom is sometimes referred to in editions of 
Euclid when in reality more is required than this axiom ex- 
presses, Euclid says, that if A and 2 be unequal, and C'and D 
equal, the sum of A and C' ia unezual tu the sum of Hi and WD, 
What Euclid often requires is something more, namely, that if 
4 bo greater than #, and C' and JD) be equal, the sum of 4 and 
C isgreater than the sum of Band D. Such an axiom as this in 
required, for example, in I. 17. A similar romark applies to the 
filth axiom. . 

Im the eighth axiom the words ‘‘that is, which exactly ll 
the same space,” have been introduced without the authority of 
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the original Greek. They are objectionable, because lines and 
angles are magnitudes to which the axiom may be applied, but 
they cannot be said to fill epace. 

On the method of superposition we may refer to papers by 
Professor Kelland in the Transactions of the Royal Suciety of 
Edinburgh, Vols. Xx1. and xXxuL 

The eleventh axiom in not required before J. 14, and the 
twelfth axiom is not required before I. ag; we shall not consider 
theso axioms until we arrive at the propositions in which they are 
Frospectively required for the first time. 


The firet book is chiefly devoted to the properties of triangles 
and paralleloygrams. 

We may observe that Euclid himself does not distinguish 
Letween problems and theorems except by using at the end of 
the investigation phrases which corruspond to Q.z.F. and Q.E.D. 
respectively. 

I. a, This problem admits of eight casce in its figure. For 
it will be found that the given pint may be joined with either 
end of the given straight line, then the equilateral triangle may 
be described on cither side of the straight line which is drawn, 
and the side of the equilateral triangle which is produced may be 
produced through either extremity. These various casea may be 
left for the exercise of the student, as they present no difficulty. 

There will not however alwaya be eight different straight lines 
obtained which eolve the problem. For example, if the point A 
falis on BC’ produced, some of the solutions obtained coincide; 
this depends on the fact which follows from I. 32, that the angles 
of all equilateral trianyles are equal. 

I. s. “Join FC." Custom seems to allow this singular ex- 
pression as an abbreviation for “draw the straight line FC,” of 
for “join F to C by the atraight line FC." 

In comparing the triangles AFC', CUB, the words “and the 
bese BC’ is common to the two triangles BFC, CUB” are usually 
inserted, with the authority of the original. As however these 
words are of no usc, and tend to perplex a beginner, we have 
followed the example of some editors and omitted them. 

A corollary to & proposition is an inference which may be 
deduc@i immediately from that proposition. Many of the oorel- 
laries in the Aiemente are not ia the original text, but intro- 
Guoed by the editors, 
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Tt has been suggested to demonstrate I. s by superposition, 
Conceive the isosceles triangle A BC' to be taken up, and then re- 
placed so that AB falls on the old position of AC, and AC falls 
on the old position of 42. Thus, in the manner of I. 4, we cau 
shew that the angle A RU is equal to the angle ACR. 

L 6 is the converse of part of I. §. One proposition is said to 
be the converse of another when the conclusion of cach in the 
hypothesis of the other. Thus in I. § the hypothesis in tho 
equality of the sides, and one conclusion is the equality of the 
angles; in I. 6 the hypothenis in the equality of the angles 
and the conclusion is the equality of the sides, When there is 
more than one hypothesis or more than one conclusion to @ pro- 
position, we can form more than one converse proposition. For 
example, as another converse of I. s we have the following: Sf 
the angles formed by the base of a triangle and the sides pro- 
duced be equal, the sides of the triangle are equal; thie pro- 
pouition is true and will serve as an exercise for the student. 

The converse of a true proposition is not necessarily truc; 
the student however will see, as he proceeds, that Euclid showe 
that the converses of many geometrical proponitionsa are true. 

1.6 ia an example of the indirect mode of demonstration, in 
which a result is established by shewing that some absuniity 
follows from supposing the required result to be untrue, Hence 
this mode of demonstration is called the reductio ad abeurdum. 
Indirect demonstrations are often leas esteemed than direct do- 
Monatrations; they are said to shew that a theorem ra true rather 
than to shew why it is true. Euclid uses the reductio ad abeur- 
dum chiefly when he in demonstrating the converse of some 
furmer theorem; see I. 14, 19, 25, 40. 

Some remarks on indirect demunatration by Professor Syl- 
vester, Professor De Morgan, and Dr Adamson will be found in 
the volumes of the Philosophical Magazine for 1892 amd 1865 3. 


1.6 is not required by Euclid before he reaches II. 4; #0 that 
1.6 might be removed from ita present place and demonstrated 
hereafter in other ways if we please. For example, 1.6 might be 
placed after I. 14 and demonstrated thus. Let the angle 4 HC be 
equal to the angle AC'B: then the side 4B aball be equal to the 
side AC. For if not, one of them must be greater than the other ; 
suppose 4B greater than AC. Then the angle ACS is greater 
than the angle ABC, by 1.18. But this ie i cic 
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the angle ACR is equal to the angle AAC, by hypothesis. Or 
I. 6 might be placed after J. 26 and demonstrated thus, Diseet the 
angle BAC’ hy a straight line mecting the bane at 1, Then the 
triangles 441) and ACD aro ejual in all respecta, by I. 26. 

I. 7 is only required in order to lead to J. 8. The two might 
be superseded by another demonstration of 1. 8, which has been 
recommended by many writers. 

Let AMC, DEF be two triangles, having the sides AB, AC 
equal to the sides JK, UF, cach to each, and the base BC’ 
equal to the base EV’: the angle BAC shall be equal to the angle 
EDP. 
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For, let the triangle DEF be applied to the triangle 4 AC, 
wo that tho bases mav coincide, the equal sides bo conterminous, 
and the vertices fall on opposite sides of the base. Let GAC 
represent the trianglo DFP thus applied, so that @ corresponds 
to DP. Join AG. Since, by hypothesis, HA is equal to BG, the 
angle HAts is equal to the angle BGA, by I. s. In the same 
manner the angle (1G is equal to the angle CO4. Therefore 
the whole angle BAC ia equal to the whole angle LUC, that is, 
to the anglu ADF. 

There are two other cases; for the straight line 4G may pase 
through # or C, or it may fall outside BC’: these cases: may be 
troated in the same manner as that which we have considered. 

T. 8 It may be observed that the two triangles in I. 8 aro 
equal in all respects; Euclid however doves not assert more than 
the equality of the angles opposite to the bases, and when he 
requires more than this result he obtains it t-y using I. 4. 

I. 9. Here the equilateral triangle DEF is to be described 
on the side remote from 4, because if it were described on the 
same side, ite vertex, F, might coincide with 4, and then the 
construction would fail. 
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I. at. The corollary was added by Simeon. It is Hable to 
Serious objection. For we do not know how the perpendicular 
BE is to be drawn, If we are to use 1. tt we muat praduce 4 &, 
and then we must assume that there is only one way af pro- 
ducing AH, for otherwise we shall not know that there is 
only one perpendicular; and thus we assume what we have to 
demonstrate. 

Simaon'’s cornilary might come after T. 13 and be demon. 
strated thus. Tf possible Iet the two straight lines ABC, ADD 
have the segment 4 2 common to beth. From the point J draw 
any straight line FAL Then the anghs AA and FAC are equal 
te two riche angles, bv TP. 63, and the angles AWA aud AML) are 
also equal to two mubt angles, by E93. Therefore the an- 
glee ARK and Bit are equal to the anghe ARE and £UD, 
Therefore the angle AJC’ is equal to the anglo ABD; which is 
abeard, 

But if the question whether twoatraight Jines can have a com. 
aon acyment ia to be considered at all in the Elements, it might 
vecur atan earlier place than Simaon haa assigned to it. For 
example, in the figure to [. s, if two straight lines could have a 
common segment 44, and then scparate at #2, we abould obtain 
two different anglea formed on the other side of BC by thease 
produced parts, and cach of them would Le equal to the aryle 
BCG. The opinion has been maintained that even in Tt, it ta 
tacitly assumed that the straight lines AC and BC cannot have a 
common segment at C where they meet; sce Camerer'a Luclid, 
payes 30 and 36. 

Simson never formally refers to hia corollary until XT 1, 
The corollary abould be omitted, and the tenth axiom should 
be extonded so as te amount to the following ; if (wo straight 
lines coincide in two points they must coincide both beyond and 
between these points. 

I. 12. Here the atraight line is asid to be of ualimited length, 
in order that we may cnsure that it shall meet the ciecle. 

Euclid distinguisbes between the terms af right anglea and 
perpendicular, He uses the term af right anyicas when the straight 
line is drawn from a point tm another, as in [. 13; and he uses 
the term perpendicular when the straight line ie drawn from a 
point without another, as in J. 12. This distinction however 
is often disregarded by modern writers. 

IL. 1q. Here Euclid first requires his eleventh alee Yor 
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in the demonstration we have the angles 4 BC and A BE equal to 
two right angles, and also the angles ABC and ABD equal to 
two right angles; and then the former two right angles are equal 
to the latter two right angles by the aid of the eleventh 
axiom. Many modern editions of Euclid however refer only to 
the first axiom, as if that alone were sufficient; a similar remark 
applies to the demonstrations of I. 15, and I. 24. In these cascs 
we have omitted the reference purposely, in order to avoid per- 
ploxing a beginner; but when his attention is thus drawn to the 
circumstance he will see that the first and eleventh axioms are 
both used. 

We may observe that errors, in the references with respect to 
the eleventh axiom, occur in other places in many modern edi- 
tions of Euclid. Thus for example in III. 1, at the step ‘there- 
fore the angle FDB is equal tu the angle GB,” a reference is 
given to the first axiom instead of to the eleventh. 

There seema no objection on Euclid's principles to the fol- 
lowing cemonstration of his eleventh axiom. 

Let 4B be at right angles to DAC at the point A, and EF 
at right angles to //BG at the point #: then shall the angles BAC’ 
and FEG be equal. 


B x F 
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Take any length AC, and make AD, EH, BG all equal to AC. 
Now apply H&G to DAC, oo that H may be on D, and HG on 
DC, and B and F on the same side of DC; then @ will coincide 
with C, and S with 4. Also AF shall coincide with 48; for if 
not, suppose, if possible, that it takes a different position as AX’. 
Then the angle DAK is equal to the angle HEF, and the angie 
CAK to the angle GEF; but the angles HEP and GEF are equal, 
by hypothesis; therefore the angles DAA and CAX are equal. 
But the anglee DAB and CAB are alao equal, by hypothesis; 
and the angle CAB is greater than the angle CAX ; there- 
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fore the angle DAB ia greater than the angle CAK. Much 
more then is the angle DAX greater than the angle CAK. But 
the angle DAK was shewn to be equal to the angle CAX; 
which is absurd. Therefore &F must coincide with AAR; and 
therefore the angle FEG coincides with the angle BAC, and is 
equal to it. 

1. 18, I. 19. In order to assist the student in remembering 
which of these two propositions is dennonstrated directly and which 
indirectly, it may be observed that the order is similar to that 
in I. 5 and J. 6. 

I. 20. ‘‘ Proclus, in his commentary, relatcs, that the Epi- 
cureans derided Prop. 20, as being manifest even to asses, and 
needing no demonstration ; and his answer is, that though the 
truth of it be manifest to our senses, yet it is acience which 
must give the reason why two sides of a triangle are greater 
than the third: but the right answer to this objection against 
this and the 21st, and some other plain propositions, is, that the 
number of axioms ought not to be increased without neoes- 
sity, as it must be if these propositions be not demonutrated,” 
Sumson, 

I. at. Here it must be carefully observed that the two 
straight lines are to be drawn from the ends of the side of the 
triangle. If this condition be omitted the two straight lines will 
not necessarily be less than two mdes of the triangle. 

I. 22. “Some authors blame Euclid because he docs not 
demonstrate that the two circles made use of in the construction 
v€ thia problem mast cut one another: but this is very plain from 
the determination he has given, namely, that any two of the 
straight lines DP, FG, 7H, must be greater than the third. 
For who is so dull, though only beginning to learn the Elements, 
as not to perceive that the circle described from the centre F, at 
the distance PJ), must mect FH betwixt FP and Hf, because F/) 
ia leas than FH; and that for the like reason, the circle do- 
scribed from the centre (@, at the distance GiH/...must meet 
DG betwixt D and G; and that these circles must meet one 
another, because /D and GH are together greater than Pi f” 


The condition that B and C are greater than A, ensures that 
the circle described from the centre @ shall not fall entirely 
within the circle described from the centre /; the condition thas 
4 and 3 are greater than C, ensures that the circle deseribed 
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from the centre FP shall not fall entirely within the circle de- 
scribed from the centre (7; the condition that A and C’ are 
greater than 23, ensures that one of these circles shall not fall 
entirely without the other. Hence the circles must meet. It is 
cary to ave thin as Simson rayne, but there is something arbi- 
trary in Euclid's aclection of what ia to be demonstrated and what 
in to be aren, and Simson’s lanyguaze sugyests that he was really 
conscious of this. 


1. 24. In the construction, the condition that DF is to be 
the side which ia not greater than the other, was amlded by 
Simson; unless thie condition be added there will be thirre cases 
to consider, for # may fall on LG, or alove EG, or below bar, Vt 
may be objected that even if Simon's condition be calded, it 
ought to be shewn that £ will fall below EG. Simson accordingly 
anys“. Jit ia very caay to perceive, that Je being equal to DF, 
the point G@ iw in the circumference of a circle deseniied from the 
centro 1 at the distance DF, and must be in that part of it 
which is above the straight line AF, because DG falls above DF, 
the angle ANG being greater than the angle EDF." Or we inay 
shew it in the followiny manner. Let A denote the point of 
jnterecction of DF and £G. Then, the angle U//G ia greater 
than tho angle Détr, by Lb. 16; the angle 247 is not loss than 
the angle DGE, by 1. 1g; therefore the angle 1/47 ie greater 
than the angle 4/. Therefore D/f is leas than Du, by L. 20. 
Therefore D// is lesa than DF. 

If Simson’s condition be omitted, we shall bave two other 
cases to conaider besides thatin Euclid. If # falluon Ez, it is 
obvious that ZF is less than Fu. Uf F falls abore Ets, the sum 
of DF and EF is leas than the sum of JA; and £U, by 1.31; and 
therefore £F is less than JU. 


I. 36. It will appear afer I. 33 that two triangles which 
have two angles of the one equal tu two angles of the other, each 
to each, have alsv their third angles equal. Hence we are able 
to include the two cases of I. 26 in one enunciation thus; {/f tivo 
triangles have all the angilca of the one respectively equal to all the 
angles of the other, each to each, and Aare also a mde of the one, 
opposite to any angle, equal to the side opposite to the equal angle 
in the other, the triengics shall be equal in ail respects. 


The Gret twonty-six propositions comstitate a distinet section 
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of the first Rouk of the Alements. The principal resulta are 
those contained in Propositions 4, 8, and 26; in each of theee 
Propositions it ia shewn that two triangles which agrew in three 
respecta agree entirely. There are two other cases which will 
naturally occur to a student to consider besides those in Euclid; 
namely, (1) when two triangles have the three angles of the one 
respectively equal to the three angles of the other, (2) when two 
triangles have two sides of the one equal to two aides of the other, 
cach to each, and an angle opposite to one aide of ono triangle 
equal to the anyle opposite tu the oqual side of the other triangle. 
In tho first of theac two cases the atudent will easily seu, after 
reading I. 29, that the two trianyles are not necessarily equal. 
In the aceond case aleo the triangles are not necessarily equal, 
as may be shewn by an example; in the fixure of 1. 11, suppose 
the atraight line FJ} drawn; then in the two triangles FRE, 
FRD, the side FH and the angle FAC are common, and the side 
FE is equal to the side F/), but the triangles are not equal in 
all reapecta, In certain casea, however, the triangles will be 
equal in all respects, as will be scen from a proposition which 
we ahall now demonstrate. 

If two triangles have bro sides of the one equal to to sides of 
the other, each to cach, and the angles opposite to a pair of equal 
sides equal; then if the angles opposite to the other pair of equal 
sides be both acute, or both obtuse, or if one of them be a right 
angle, the tira triangles are equal ta all respecte. 

Let ARC and DEF be D 
two triangles; let Ai? be A ‘ 
equal to DB, and &C’ equal 
to EF, and the angle A 
equal to the angle /). 

First, suppose the angles 
Cand F acute angles. 

If the angle # be equal to the angle &, the triangles A AC, 
DEP are equal in all renpecta, by I. 4. If the angle /} be not 
equal to the angle EZ, one of them must be greater than the 
other; suppose the angle 8 greater than the angle £, and make 
the angle 4 BG equal to the angle Z. Then the triangles 4 BG, 
DEF are equal in all respects, by I. 26; therefore BG ie equal 
to EF, and the anglo BGA is equal to the angle EFD. Pat the 
angie EFD is acute, by hypothesis; therefore the angle BOA is 
acute. Therefore the angle BGC is obtuse, by 1.13. But it has 
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been shewn that BG is equal to 
EF; and EF is equal to AC, 
by hypothesis; therefore BG is 
equal to BC. Therefore the an- 
gle BGC is equal to the angle 
BCG, by I. §; and the angle 
BCG is acute, by hypothesis; 
therefore theangle BUC is acute. 
But AGC was shewn to be ob- 
tuse: which is absurd. Therefore the angles ABC, DEF are 


not unequal; that is, they are equal. Therefore the triangles 
A BU, DEF are equal in all reapecta, by I. 4. 





Next, suppose the angles at Cand F obtuse angles. 
The demonstration is similar to the above. 


Lastly, supporc ono of the angles a right angle, namely, the 
angle C. If the angle B be not equal to the angle #, make the 
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angle ARG equal to the angle BE. Then it may be shewn, as 
before, that Auf is equal to HC, and therefore the angle BGC is 
oqual to the angle AC'G, that is, equal to a right angle. There- 
fore two angles of the triangle HGC are equal to two right 
angles ; which is impossible, by I. 17. Therefore the angles 4 BC 
and DAF are not unequal; that is, they are equal. Therefore 
the triangles 4 AC’, DEF are equal in all respecta, by I. 4. 

If the angles 4 and D are both right angles, or both obtuse, 
the angles (’ and F must be both acute, by I. 17. If AB is lees 
than AC, and DS lesa than EP, tho angles at C' and F must be 
both acute, by 1. 18 aud I. 1p. 


The propositions from I. 27 to I. 34 inclusive may be said 
to constitute the second section of the first Book of the Slements. 
They relate to the theory of parallel straight lines. In I. 29 Euclid 
uees for the first time his twelfth axiom. The theory of parallel 
straight Hines bas always been considered the great difficulty 
of elementary geometry, and many attempts have been made 
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to overcome this difficulty in a better way than Euclid has done. 
We shall not give an account of these attempts. The student who 
wishes to examine them may consult Camorer’s Suclid, Ger- 
gonne’s Annales de Mathématiques, Volumes xv and xvi, the 
work by Colonel Perronet Thompson entitled Geometry without 
Axioms, the article Parallels in ths Knglish C'yclopedia, a me- 
moir by Professor Baden Powell in the second volume of the 
Memoirs of the Ashmolean Society, an article by M. Bouniakufsky 
in the Bulletin de [Académie Impériale, Volume v, St Péters- 
bourg, 1863, articles in the volumes of the Philosophical 
Magazine for 1856 and 1857, and a dissertation entitled Sur 
un point de l'histoire de la Wéométrie chez lea Grecs...... par 
A.J. H. Vincent. Paris, 1857. 

Speaking generally it may be said that the methods which 
differ substantially from Euclid's involve, in the first place an 
axiom aa difficult as his, and then an intricate serics of proposi- 
tions; while in Euclid’s method after the axiom is once adinitted 
the remaining process is simple and clear. 

One modification of Euclid’s axiom has been proposed, which 
appears to diminish the difficulty of the subject. Thia consints 
in assuming instead of Euclid's axiom the following; two inter. 
secting straight lines cannot be both parallel toa third straight line, 
The propositions in the Elements are then demonstrated as in 
Euclid up to I. 28, inclusive. Then, in I. 29, we proceed with 
Euclid up to the words, ‘therefore the angles BUH, G11 D are 
leas than two right angles.” We then infer that BGM and Gi/D 
must meet: because if a straight line be drawn through ( so aa to 
make the interior angles toyether equal to two right angles thia 
straight line will be parallel to C/), by I. 28; and, by our axiom, 
there cannot be two parallels to ('D, both passing through (/. 

This form of making the necessary sssumption has been 
recommended by various eminent mathematicians, among whom 
may be mentioned Playfair and De Morgan. By postponing 
the consideration of the axiom until it is wanterl, that ia, until 
after I. 28, and then presenting it in the form bere given, the 
theory of parallel siraight lines appears to be treated in the easicet 
manner that has hitherto been proposed. 

I. 390. Here we may in the same way shew that if 4B and 
EF are each of them parallel to ('/), they are parallel to each 
other. It has been said that the case considered in the text is 
ao obvious as to need no demonstration; for if 4B and CD can 
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never meet EF, which lies between them, they cannot meet one 
another. 

I. 32. The corollaries to I. 32 were added by Simaon. In 
the avcond corollary it ought to be stated what is meant by an 
exterior angle of a rectilineal figure. At each angular point let 
one of the aides meeting at that point be produced; then the 
exterior angle at that point is the angle contained between thi. 
produced part and the side which is not produced. ither of 
the sides inay be produced, for the two angles which can thus be 
obtained are equal, by I. 15. 

The rectilineal figures to which Eu- D 
clid confines himself are those in which = g¢-7 > 
tho angles all face inwards; we may 
here however notice another class of ae 
figures. In the accompanying diagram 
the angle AFC’ faces outwards, and it is 
an angle leas than two right anyles; this 
angle however ia not one of the interior A 
anglea of the fizure AF DCF. We may consiler the corre- 
sponding interior angle to be the exces of four right angles 
nbove the angle 4 FC; euch an angle, greater than two right 
angles, is called a reentrant anil. 

The first of the corollaries to I. 32 19 true for a figure which 
has a re-cntrant angle or reentrant angles; but the scrond 
ts not, 

I. 32. If two triangles have two angles of the one equal to 
two angles of the other each to each they shall alao have their 
third ang!ee equal. This is a very important result, which is 
ofton required in the Elements, The student ahould notice how 
thia result ia established on Euclid’s principles, By Axioms tt 
and 2 one pair of right anyles ia equal to any other pair of right 
angles. Then, by I. 32, the three angles of one triangle are 
together equal to the three angles of any other triangle. Then, 
by Axiom 2, the sum of the two angles of one triangle is equal to 
the sum of the two equal angles of the other ; and then, by Axiom 3 
the third angles are equal. 

After I. 32 we can draw a straight line at right angles to 
a given straight line from its extremity, without producing the 
given straight line. 

Let 4B be the given straight line. It is required to draw 
from A a straight line at right angles to 4B. 
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On AA describe the equilateral triangle 
ABC. Produce BC to 2), #0 that C'J) may be 
equal to CB. Juin AJ). Then A /) shall be at 
right anglea to AB. For, the angle C'A /) is 
equal to the angle CJA, and the angle ¢'4 8 
is equal to the angle CHA, by I. 5s. Thero- 
fore the angle HAD is equal to the two 
angles ABUL, BDA, by Axiom 2. Therefore 
the angle BAD is a right angle, by I. 32. 





The propositions from I. 35 to 1. 48 inclusive may be aaid 
to constitute the third section of the firat Book of the Alcmenta, 
They relate to equality of arca in figures which are not necos- 
sarily identical in form. 

1. 38. Here Simson has altered the demonstration given by 
Euclid, because, as he says, there would be three cases to con- 
sider in following Euclid's method. Simson however uses the 
third Axiom in a peculiar manner, when he first takes a trianyle 
from a trapezinm, aud then another triangle from the adame 
trapezium, and infers that the remainders are equal. If the 
demonstration is to be conducted strictly afler Euclid's manner, 
three cases muat be made, by dividing the latter part of the 
demonstration into two. In the left-hand figure we may suppose 
the point of intersection of BE and LC to be denoted by &. 
Then, the triangle AE is equal to the triangle C'h; take 
away the triangle DUE from each; then the figuro ALG) is 
equal to the figure LUC'F; add the triangie GAC to each; then 
the parallelogram ABCD is equal to the parallelogram EUCE, 
Iu the right-hand figure we have the triangle ALU equal to the 
triangle J)FPU; add the figure RE /1(' to cach; then the parallel- 
ogram AUC'D is equal to the parallelogram £BCF, 

The equality of the parallelograms in 1. 35 is an equality of 
area, and not an identity of figure. Legendre propose! to uso 
the word eqguiralent to express the equality of arca, and t restrict 
the word ¢;ual to the case in which magnitudes admit of auper- 
position and coincidence. This distinction, however, haa not 
been generally adopted, probably because there are fow cases in 
which any ambiguity can arise; in such cases we may say es 
pecially, eyual in area, to prevent misconception. 

Cresswell, in his Treatise of Geometry, has given a demon- 
stration of I. 35 which shews that the parallelograms may be 
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divided into pairs of pieces admitting of superposition and coin- 
cidence; sve ulso his Preface, page x. 

I. 38. An important case of I. 38 ia that in which the tri- 
angics are on equal bases and have a common vertex. 

I. 40. We may demonstrate I. 40 without adopting the in- 
direct method. Jvin BD, UD. The triangles DBC and DEF 
are equal, by I. 38; the triangles ABC and DEF are equal, by 
hypothesis; therefore the triangles BC and ABC are equal, by 
tho first Axiom. Therefore 41) is parallel to BC, by I. 39. 
Philosophical Magazine, October 1850. 

I. 4q. In J. 44, Euclid does not shew that AH and Fi; 
will meet. ‘I cannot help being of opinion that the construc- 
tion would have been more in Euclid’s manner if he had mada, 
GH equal to RA and then joining //A had proved that A was 
parallel to GA by the thirty-third proposition.” Widdiamson. 

I. 47. Tradition ascribed the discovery of I. 47 to Pytha- 
goras. Many demonstrations have been given of this cele- 
brated proposition; the following is one of the most interesting. 

Let ABCD, ABFU be any 
two squares, placed so that o 
their bases may join and form 
one atraight line. Take G/f f 
and KA each equal to AB, and 7 
join HC, CK, AF, Fil. é iis, \° 

Then it may be shewn that : 
the triangle WiC is equal in) FE---——-F; j 
all reapects to the triangle FAA, Se a | 
and the triangle ADC to the J 
triangle POH. Therefore the | ee y 
two squares are together equivae = QQ? 7 aaa = 
lent to the figure VCAFH. It 
may then be shewn, with the aid of I. 32, that the figure CA PU 
is aequare, And the side ('// in the hypotenuse of a right-angied 
triangle of which the sides CB, Af are equal to the sides of the 
two given squares. This demonstration requires no proposition 
of Euclid after I. 32, and it shews how two given ayuares may 
be cut into pieces which will fit together so as to form a third 
equare. Quarterly Journal of Mathematics, Vol. 1. 

A large number of demonstrations of this proposition are enl- 
lected in a disertation by Joh. Jos. Ign. Hoffmann, entitled Der 
Pythagorieche Lehreatz...,Zweyte.,. Ausgabe, Mainz, 1321. 
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THE SECOND BOOK. 


Tar second book is devoted to the investigation of relations 
between the rectangles contained by straight linea divided into 
segments in various ways. 

When a straight line is divided into two parta, each part is 
called a segment by Euclid. It is found convenient to extend the 
meaning of the word segment, and to lay down the following defi- 
nition, When a point ia taken in aw straight line, or in the 
straight line produced, the distances of the point from the enda of 
the straight line are called segmenta of the atraight line. When 
"it is necessary to distinguish them, such segments are called im, 
ternal or external, according as the point is in the straight line, 
or in the straight line produced. 

The student cannot fail to notice that therv is an analogy 
between the first ten propositions of this book and somo element- 

facta in Arithmetic and Algebra. 

Let ABCD represent a rectangle which is 4 inches long and 
3 inches broad. Then, by draw- 
ing straight lines parallel to oa Se eet LN 
the sides, the figure may be mM “a 
divided into 12 squares, each 
square being described on a 
side which repreacnts an inch 
in length. A square described 
on a side measuring an inch is 
called, for shortness, a aynare 
inch. Thus if a rectangle is 
4 inches long and 3 inches 
broad it may be divided into 12 aquare inches; this is expressed 
by saying, that its area in equal to 13 syuare inches, or, more 
bricfly, that it contains 12 square inches. And a similar result 
in easily se2n to hold in all similar cases. Noppoee, for example, 
that a rectangle is 12 feet long and 7 feet broad; then ita 
area is equal to 12 times 7 square feet, that is to 34 square feet ; 
this may be expressed briefly in common language thus; if s 
rectangle measures 12 feet by 7 it contains 84 square feet. It 
must be carefully observed that the sides of the rectangle are 
supposed to be measured by the same unit of length. Thas if s 
rectangle is a yard in length, and a foot and a half in breadth, we 
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must express each of these dimensions in terms of the same unit; 
we may say that the rectangle measures 36 inches by 18 inches, 
and contains 36 times 18 square inches, that is, 648 equare inches. 

Thus universally, if one side of a rectangle contain a unit of 
length an exact number of times, and if an adjacent side of the 
rectangle also contain the same unit of length an exact number of 
times, the product of these numbers will be the number of square 
unite contained in the rectangle. 

Next suppose we have a square, and let its side be § inches in 
length. Then, by our rule, the area of the square is § times 
8 square inches, that is 2§ square inches. Now the number 
35 is called in Arithmetic the square of the number s. And 
universally, if a straight line contain a unit of length an exact 
number of times, the area of the square described on the straight 
line is denoted by the syuare of the number which denotes the 
length of the straizht line. 

Thus we ace that there is in general a connexion between the 
product of two numbers and the rectangle contained by two 
straight lines, and in particular a connexion between the square of 
a number and the aquare on a atraight line; and in consequence 
of thia connexion the first ten propositions in Euclid’s Second 
Book correspond to propositions in Arithmetic and Algebra, 

The student will perceive that we speak of the square de- 
ecribed on aatraight line, when we refer to the geomctrical figure, 
and of the square of a number when we refer to Arithmetic. The 
editors of Euclid generally use the worle ‘square described 
won” in J. g7 and 1. 48, and afterwards speak of the aquare of 
astraight line, Euclid himself retains throughout the same form 
of expreasion, and we have imitated him. 

Some editors of Euclid have added Arithmetical or Alge- 
braica) demonatrationa of the propositions in the sccond book, 
founded on the connexion we have explained. We have thought 
it unnecessary to do this, because the student who is acquainted 
with the clomenta of Arithmetic and Algebra will find no diffi- 
culty in supplying such deinonstrations himself, so far as they 
are usually given. We say s fur as they are usually given, 
bocause those demoustrations usually imply that the sides af 
tectangles can always be expressed eract/y in terms of some unit 
of length; whereas the student will find hereafter that this is not 
the case, owing to the existence of what are technically called 
tacommensuredle magnitudes, We do not enter on this subject, 
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as it would lead us too far fromn Euclid’s Elements of Geometry, 
with which we are here occupied. 

The first ten propositions in the second book of Euclid may 
be arranged and enunciated in various ways; we will briefly 
indicate this, but we do not consider it of any importance to dis- 
tract the attention of a becinner with these diversities, 

TT. 2 and If. 3 are particular cases of HI. 1. 

If. 4 is very important; the following particular caso of it 
should be noticed ; the aguare deacribed on a atraight line made up 
of tea ej uel straight lines ta ejual to four times the sjuare described 
on one of the tivo equal strarght lous, 

LL. gs and TL. 6 may be included in one enunciation thus; the 
rectangle under the sum and ditlerence of Geo atratght lines ia equal 
to the difference af the aquares dearrilad un those aranAt Lines; 
or thus, the recrtangle contacned hy Gee atratyht linen together with 
the square described on half their diffirence, is equal to (he aquare 
described on half ther acan, 

If. so may be enunciated thus; the equare described on a 
straight line which isthe deference of tre other atrausht linca va leas 
than the aum of the aypuares described on those atraight linea by 
twice the rectangle contained by those afrasght lines, Then froin this 
and II. 4, and the second Axiom, we infer that the square dracribed 
on the aum of fico straight linea, and the aguare described on 
their difference, are together double of the sum of the mpuurea 
deacribed on the straight linea; and this enunciation includes both 
If. g and IS. 10, so that the demonstrations yiven of these pro- 
positions by Euclid might be superseded. 

If. 8 coincides with the second form of enunciation which wo 
have given to IL. § and 1.6, bearing in mind the particular case 
of IT. 4 which we have notice |. 

It. or, When the student ia acquainted with the elomenta of 
Alzebra he should notice that Tl. 0: gives a geonictrical oun- 
struction for the sulution of a particular quadrat-c equation. 

If. 22, IL 13. These are interesting in conuerion with 1. 47; 
an], as the student may see hereafter, they are of great import 
ance in Trigonometry; they are however not rejuired in any of 
the parte of Euclid’s Elements which are usually read. The 
converse of I. 47 is proved in I. 48; and we can easily shew that 
convetves of If. 12 and II. 13 are true. 

Take the following, which is the converse of If. 12; if the 
squere described on one vide of a iriangle ba greater than the sum 
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of the squares deacriled on the other two sides, the angle opposite 
to the first side is obtuse. 
For the angle cannot be a right angle, since the square de- 


scribed e first side would then be equal to the sum of the 
aquarer ' bed on the other two sides, by I. 47; and the angle 
can jacute,.since the square described on the first side 


would then be less than the sum of the squares described on the 
other two sides, by II. 13; therefore the angle must be obtuse. 

Similarly we may demonstrate the following, which is the con- 
verso of HI. 13; of the syuare deacriled on one side of a triangle 
be less than the sum of the aquares described on the other two sides, 
the angle opponte to the first side ts ucute. 

11.1% Euclid enunciates IT. 13 thus; in acule-angled tri- 
angles, &c.; and he gives only the first case in the demonstration. 
But, as Simson observen, the proposition holds fur any triangle; 
and accordingly Simson supplies the second and third cases. It 
has, however, been often noticed that the same demonstration is 
applicable to the first and second cases; and it would be a great 
improvement as to brevity and clearness to take these two cases 
together. Then the whole demonstration will be as follows. 

Let ARC be any triangle, and the angle at B one of its 
acute angles; and, if AC’ be not perpendicular to BC, let fall on 
RC, produced if necessary, the perpendicular 4D from the 
opposite angle’ the square on AC" opposite to the angle B, shall 
be lens than the squares on ('3, BA, by twice the rectangle 


CB, BD. 
~ A 
\ we 
by Foy 


First, suppose AC’ not perpendicular to BC. 

The squares on CB, BD are equal to twice the rectangle 
CB, BD, together with the square on ('D. (Ul. 7. 
‘To each of these equals add the square on DA. 

the squares on"@B, BD, DA are equal to twiee the 
Fectangle CB, BD, together with the squares oa CD, DA, 
But the equare on 42 is equal to the squares on BD, DA, 
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and the square on AC is equal to the squares on CD, DA, 
because the angle BDA is a right angle. {T. 47. 
Therefore the squares on CB, BA are equal to the “ne on AC, 
together with twice the rectangle CHB, BD; 
that is, the square on AC’ alone is less ‘than the squire on 
CB, BA, by twice the rectangle CB, 2D. : bas 
Next, suppose AC’ perpendicular to BC, A 
Then BC' is the straight line intercepted be- 
tween the perpendicular and the acute angle 
at B. 
And the square on A&B is equal to the aquarea 
on AC, CB, [l. 47. 
Therefore the square on A(” is leas than the 
sjuares on AB, BU, by twice the square on BC, 
If. 14. This is not required in any of the parta of Euclid’s 
Elements which are usually read; it ia included in VI. 22. 





THE THIRD BOOK. 


Tue third book of the Elements is devoted to propertics of 
circles, 

Different opinions have been held as to what is, or should be, 
included in the third definition of the third book. One opinion 
is that the definition only means that the circles do not cut in 
the neighbourhood of the point of contact, and that it must be 
shewn that they du not cut eleewhere. Another opinion is that 
the definition means that the circles do not cut at all; and this 
seems the correct opinion, The definition may therefore be pre- 
sented more distinctly thus. Two circles are said to touch inter. 
nally when their circumferences have one or more common 
poiste, and when every point in one circle is within the ether 
cirele, except the common point or pointe. Two circles are sald 
to touch externally when their circumferences have one or more 
common points, and when every point in each circle in without 
the otber circle, except the common point or points, It ix then 
shewn in the third ee ee eer of two elrcles 
which touch can have only one commen poin 

A straight line which touches « cig ls often callad & tam 
gent to the ciscle, or briefly, a tangent. 

Is is very convenient to have a word to denote a portion of 
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the boundary of a circle, and accordingly we use the word are. 
Euclid himself uses circumference both for the whole boundary 
aud for a portion of it. 

IIE, :. In the construction, DC is said to be produced to 
E; this assumes that D is within the circle, which Euclid demon- 
s.rates in IN]. 2. 

IIT. 3. This consists of two parts, each of which is the con- 
verne of the other; and the whole proposition ia the converse of 
the corollary in FLI. 1. 

IUD. § and TEL. 6 should have been taken together. They 
amount to this, if the ecircamfereneca uf teco circles meet at a point 
they cannot hare the same centre, so that circles which have the 
name centre and one point in their circumferences common, must 
coincide altogether. It would seem as if Euclid had inade three 
cases, one in which the circles cut, one in which they touch 
internally, and one in which they touch externally, and had then 
omitted the Inst case as evident. 

VIL 3, TEE 8. Peis observed by Professor De Morgan that 
in TIE, 7 it ia assumed that the angle FEB ia preater than the 
angle FEC, the hypothesia being ouly that the angle VFB is 
gteator than the angle MFC"; and that in TIE 8 it is assumed 
that A falls within the triangle AM, and £ without the triangle 
DMP. He intimates that there assumptions may be established 
by means of the following two propositions which may be given 
in order aftur 1. at. 

The perpendicular is the shortest straight line which can be 
drawn from a giren point to a given straight line; and of others 
that which ia nearer to the perpendicular is less than the more 
remote, and the conrerae: and mot mure than Cro equal siraiyht 
dines can be drawn from the given point to the given straight line, 
one on cach side of the perpendicular. 

Beery straight line drawn from the vertex of a triangle to the 
base is leat than the yreater of the two sides, or than either of them 
Uf tacy be equal. 

The following proposition is analogous to ILI. 7 and TIT. 8. 

If any poiat be taken on the ctreamference of a circle, of all 
the straight lince which can be drawn from it to the circumference, 
the greatest te that tn which the centre is ; and of any others, that 
which is nearer to the straight line which passes through the centre 
te always yreater than one more remote; aad from the same point 
there can be drawn to the circumference twe straight lines, end 
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I 
only two, which are equal to one another, one on cack side of the 
greatest line. 

The first two parta of this proposition are contained in 
ITT. 1g; all three parte might be demonstrated in the manner of 
IIT. 7, and they should be demonstrated, for the third part is 
really required, as we shall see in the note on ILI. 10. 

III. 9. The point 2 might be supposed to fall within the 
angle ADC. It cannot then be shewn that DC’ is greater 
than 28, and D& greater than DA, but only that cither LC 
or DA is less than DZ; this however is sufficient for establish- 
ing the proposition. 

Euclid has given two demonstrations of III. 9, of which 
Simeon has chosen the second. Euclid’s other dononatration is 
as follows. Join D with the middle point of the straight line 
AR; then it may be ahewn that this atraight line is at right 
angles to AB; and therefore the centre of the circle must lie in 
this straight line, by INT. 1, Corollary. In the same manner it 
may be shewn that the centre of the circle must liv in the 
straight line which joina /) with the middle point of the straight 
line BC. The centre of the circle must therefore be at J, 
because two straight lines cannot have more than one common 
point. 

IL. 10. Euclid has given two demonstrations of IIT. 10, of 
which Simson has chosen the second, Euclid's first demonstra 
tion resembles his first dewonatration of 11]. 9. He shew that 
the centre of each circle is on the straight line which juine A 
with the middle point of the straight line BU, and also on the 
straight line which joins X with the middle point of the straight 
line BH; therefore A muat be the centre of each circle. 

The demunetration which Simaon bas chosen requires some 
additions to make it complete. For the point A might be sup- 
posed to fall without the circle DEF, or on ite circumference, or 
within it; and of these three suppositions Euclid only considers 
the last. If the point A’ be supposed to fall without the circle 
DEF we obtain a contradiction of LIT. 8; which is abeurd. If 
the point X be supposed to fall on the circumference of the circle 
DEF we ovtain a contradiction of the proposition which we 
have enunciated at the end of the note on III. 7 and IIL 8; 
which ie abeurd. 

What ie demonstrated in ITI. 10 is that the cirenmferences of 
vero circles cannct have more than fwo common poets: ee ie 
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nothing in the demonstration which assumes that the circles cut one 
another, but the enunciation refera to this case only because 
{t is shewn in III. 13 that if two circles touch one another, 
their circumferences cannot have more than one comunon 
point. 

IU. 1, I. 12. The enunciations as given by Simson and 
others speak of the point of contact; it is however not shewn 
until III. 13 that there is only one point of contact. It should 
be observed that the demonstration in III. 11 will hold even if 
Dand H be supposed to coincide, and that the demonstration 
in ITI. 12 will hold even if C’ and D be supposed to cvincide. 
We may combine ITT. 11 and HI. 12 in one enunciation thus. 

Lf two circles touch one another their circumferences cannot 
have & common point out of the direction of the straight line which 
joins the centres. 

IIL. 13 may be deduced from TIT. 7. For GH is the least 
line that can be drawn from 7 to the circumference of the circle 
whose centre is F, by Hf. 7. Therefore GH iw less than GA, 
that ia, less than 1); which is abeurd. Similarly III. 12 may 
be deduced from TIT. &. 

TIL. 13.) Simson observes, “ As it is uch easier to imagine 
that two circles inay touch one another within in more points 
than one, upon the same side, than upon opposite sides, tho 
fiyure of that case ought not to have been omitted; but the 
cunstruction in the Gireck text would not have suited with this 
figure ao well, Locause tho centres of the circles munt have been 
placed near to the circumferences; on which account another 
construction and demonstration is given, which is the aame with 
the second part of that which Campanus has translated from the 
Arabic, where, without any reason, the demonstration is divided 
into two parta.” 

It would not be obvious from this note which figure Simson 
himeelf supplied, fecause it ia unocrtain what be means by the 
*‘euine side” and ‘opposite sides." It is the left-hand figure 
in the firet part of the demonstration. Euclid, huwever, serma 
to be quite ovrrect in omitting this Ggure, because he has shewn 
in TEE. 12 that if two circles touch internally there cannot be a 
point of contact out of the direction of the straight line which 
jelous the centres, Thus, in order tv ahew that there is only ene 
point of contact, it is sufficient to pet the ssesad sapposed point 
ef contact un the direction of the straight line which joins the 
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centres, Accordingly in his own demonstration Euclid con- 
fines himself to the right-band figure; and he shews that this 
case cannot exist, bocause the atraight line BY would be a 
diameter of both circles, and would therefore be bisected at two 
Cifferent pointe; which is absurd. 

Euclid might have used a similar method for the second part 
of the proposition; for aw there cannot be a point of contact out 
of the straizht line joining the centres, it ia ubrioualy impossible 
that there can be a second point of contact when the cireles 
touch externally. 1¢ is easy to see this; but Euclid preferred a 
method in which there is move formal reasoning. 

We may observe that Euclid's mode of dealing with the 
contact of circles has often been censured by commentators, but 
apparently not always with pood reason. For example, Walker 
gives another demonstration of II. 153; and says that Euclid's 
is worth nothing, and that S mason faile; for it ia net proved that 
two circles which touch cannot have any are common to both 
circumferences. But it is shewn in THD. 10 that this is impos- 
sible; Walker appeara to have suppoxed that TTL. 10 in limited to 
the cass of circles which rut. See the note on TTL. to. 

THT. 17. tis obvious from the construction in TEL. 17 that 
fwo straight lines can be drawn from a given external point to 
touch a given circle; and these two atraight lines are cqual in 
length and equally inclined to the straight line which joins the 
given external point with the centre of the piven circle. 

After reiding TIT. 31 the student will see that the problem 
in TTL. 17 may be solved in another way, as follows: describe 
circle on AE aa diameter; then the points of intere-ction of this 
circle with the given circle will be the pointe of contact of the 
two straight lines which can be drawn from A to tsuch the given 
c.rcle. 

Il. 18. It does not appear that HIT. 18 adde anything 
to what we have already obtained in IIL. 16. Four in UL. 16 is 
is shewn, that there is only one straight linc which touches a» 
riven circle at a given point, and that the angle betwocn this 
straight line and the radius drawn to the puint of contact le » 
right angle. 

IIL. 20. There are two assumptions in the demonstration of 
ITI. 20, Suppese that 4 ia double of B and C’ double of D; 
then in the fret part it is assumed that the sun of A and (’ is 
double of the sum of B and J), and io the evcond part it is ae 
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sumed that the difference of A and C is double of the difference 
of Band D. The former assumption is a particular case of V. 1, 
and the latter in a particular case of V. 5s. 

An important extension may be given to III. 20 by intro- 
ducing angles greater than two right angles. For, in the first 
figure, suppose we draw the straight lines BF and CF. Then, 
the angle HEA is double of the angle BFA, and the angle CEA 
is double of the angle CFA ; therefore the sum of the angles 
REA and CEA ia double of the angle BFU. The sum of the 
angles BEA and C'EA is greater than two right angles ; we will 
call the num, the re-entrant angle BEC. Thus the re-entrant 
angle HEC is double of the angle BFC. (See note on I. 32). 
If this extension be used some of the demonatrations in the third 
hook may be abbreviated. Thus III. 21 may be demonstrated 
without making two cases; IIT. 22 will follow immediately from 
the fact that the sum of the anyles at the centre ia equal to four 
right angles; and TIT. 31 will follow immediately from IIT. 20. 

Iil.a:. In IIL. 21 Euclid himself has given only the first 
caso; the second case has been added by Simson and others. 
In either of the figures of 11]. 21 if a point be taken on the same 
aide of HJ) nw A, the angle contained by the straight lines which 
join this point to the extremities of AL is greater or less than the 
angle HAJ), according as the point is within or without the angle 
BAD, this follows from I. 31, 

We shall have occasion to refer to 1V. 5 in some of the 
remaining notes to the third Book; and the student is accord- 
ingly recommended to read that proposition at the present 
stage. 

The fallowing proposition is very important. Jf any number 
of triangles be constructed on the same base and on the same side 
of it, with equal rertical angles, the vertices will all lic on the evr 
cunference of a segment of « cercle. 

For take any one of these triangles, and describe a circle 
round it, by IV. 5; then the vertex of any other of the triangles 
must be on the circumference of the segment containing the 
assumed vertex, since, by the former part of this note, the vertex 
cannot be without the circle or within the circle. 

HIk. 22. The converse of III. 23 is true and very im- 
portant; namely, ¢f two oppente angles of a quadrilateral be 
together equal te two right angles, a circle may be circumecribed 
about the quadrilateral. For, ket ABCD denote the quadrile 
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teral. Describe a circle round the triangle ARC, by IV. . 
Take any pint &, on the circumference of the segment cut off 
by AC, and on the same side of AC’ aa J) is. Then, the angles 
at Band £ are together equal to two right angles, by HII. 22; 
and the angles at # and DL are together equal to two right 
angles, by hypothesis. Therefore the angle at 4 ie equal to the 
angle at 2. Therefore, by the preceding note D is on the cir- 
cuuference of the same segment aa 4. 

IIT. 32. The converse of I1]. 32 is true and important; 
namely, tf a straight line meet a circle, and from the point of 
mecting a straight line be drawn cutting the circle, and the angle 
betuven the two straight lines be equal ta the angle in the alternate 
segment of the circle, the straight linc which meeta the circle shall 
touch the cirde, 

This may be demonstrated indirectly. For, if possible, aup- 
poso that the straight line which mecta the circle does net touch 
it. Draw through the point of meeting a atraight line to touch 
the circle. Then, by III. 32 and the hypothesia, it will follow 
that two different straight lines pass through the same point, and 
make the same angle, on the same aide, with a third straight 
line which also passes through that point; but this ia immpow- 
sible. 

IIT. 38s, IT]. 36. The following proposition constitutes a 
large part of the demonstrations of IIL. 35 and FI. 36. /fany 
point be taken in the hase, or the base produced, of an wwacelra 
triangle, the rectangle contained by the segments of the base is 
equal to the difference of the equare on the straight line joining 
this point to the vertex and the spuare on the side of the triangle, 

This proposition is in fact demonstrated by Euclid, without 
using any property of the circle; if it were enunciated and) do- 
monstrated before 11]. 35 and JIT. 36 the demonstrations of 
thease two propositions might be shortened and simplified. 

The following converse of III. 35 and the Corollary of IIT. 36 
may be noticed. If two straight ince AB, CD intersect af O, and 
the rectangle AO, OB be equal to the rectangle CO, OD, the circum, 
Serence of a circle will pass through the four paints A, B, C, D. 

For a circle may be described round the triangle ABC, by 
TV. 5; and then it may be shewn indirectly, by the aid of 
IIL. 35 or the Corollary of HII. 36 that the cirenmfervace of this 
circle will also pass through J. 
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THE FOURTH BOOK, 


Tus fourth Book of the Elements consists entirely of problems, 
The first five propositions relate to triangles of any kind ; the 
remaining propositiona re‘ate to polygona which have all their 
sides equal and all their angles equal. A polygon which has all its 
sides equal and all ite angles equal is called a regudar polygon. 

IV. 4. By a process similar to that in TV. 4 we can deacribe 
acircle which shall touch one pide of a triangle and the other 
two sides produced, Suppose, for example, that we wish to 
deacribe a circle which shall touch the side #C, and the aides 
AB and AC produced: bisect the angle between AJ produced 
and #(', and binect the angle between AC produced and SC; 
then the point at which the bisecting straight lines meet wiil be the 
centre of the required circlu, ‘The demonstration will be similar 
to that in IV. 4. 

A circle which touches ono side of a triangle and the other 
two aides produced, is called an escribed circle of the triangle. 

We can also describe a triangle equiangular to a given tri- 

angle, and such that one of its sides and the other two sides 
produced shall touch a piven circle. For, in the figure of IV, 3 
suppose 4A produced to mect the circle again ; and at the point 
of intersection draw a straight line touching the circlo; this straight 
line with parts of VH and NC, will form a triangle, which will 
bw equiangular to the triangle AIL, and therefore equiangular to 
the triangle ADF; and one of the sides of this triangle, and the 
other two aidea produced, will touch the given circle. 
' FV. 8. Simson introduced into the demonstration of IV. 5 
the part which shews that DF and £F will meet. It has also 
been proposed to shew this in the following way: join DA; then 
the angles EDF and DEF are together leas than the angies 
ADF and ABP, that is, they are together less than two right 
angles; and therefore )F and EF will meet, by Axiom 12. 
This assumes that 4 DE and ASD are acute angles ; it may how. 
ever be easily sahewn that J/£ is parallel to BC, so that the 
triangle A DE ia equiangular to the triangle 4 BC’; and we must 
therefore select the two sides 438 and AC such that 4BC and 
ACB may be acute angles. 

IV. 10. The vertical angle of the triangle in IV. 10 is 
easily seen to be the fifth part of two right angles; and as it 
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may be bisected, we can thus divido a right angle geometrically 
into five equal parts. 

It follows from what is given in the fourth Book of the 
Eleinenta that the circunference of a circle can be divided into 
3, 6, 82, 24, .... equal parts; and also into 4, 8, 16, 33,.... 
equal parts ; and also into §, 10, 20, 40, .... equal parte; and 
also into 15, 30, fo, 120,........ equal parts. Hence alse 
regular polygons having as many sides as any of these numbers 
may be inscribed in a circle, or described about a circle, This 
however does not enable us to describe a regular polygen of any 
assigned number of sides ; for example, we do not know how to 
describe geometrically a regular polygon of 7 nislen, 

It was first demonstrated by Ciauas in thot, in hia Disque 
sitiones Arithmeticn, that it is possible to desenbe geometrically 
a regular polygon of 2" +1 sides, provided 2" +1 be a prime num- 
ber; the demonatration is not of an elementary character. As 
an example, it followa that a regular polygon of 17 sides can be 
described geometrically ; this example is discussed in Catalan's 
Théorémes et Problémes de Géamttrie Elémentaire. 

For an approximate construction of a regular heptagon seo 
the PAilosophical Magazine for February and for April, 1864. 


THE FIFTH BOOK. 


Tus fifth Book of the Elements ia on Proportion. Much 
has been written reapecting Euclid's treatment of this subject; 
besides the Commentaries on the Elements to which wo have 
already referred, the student may consult the articles Ratio and 
Proportion in the Enagliah Cycloprdia, and the tract on the 
Connerion of Number and Magnitude by Professor De Morgan. 

The fifth Book relates not merely to length and space, but to 
any kind of magnitude of which we can form multiples. 

V. Def. t. The word part ia used in two senses in Geometry. 
Sometimes the word denotes any magnitude which ia lens than 
another of the same kind, as in the axiom, the whole w greater 
than its part. In this sense the word has Leen used up to the 
present point, bat in the fifth Bouk Euclid confines the word to 
A more restricted sense, This restricted sense agrees with that 
which is given in Arithmetic and Algebra to the term aliqueé 
part, or to the term sabmultiple, 
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V. Def. 3. Bimseon considers that the definitions 3 and 8 are 
“not Euclid’s, but added by some unskilful editor.” Other com- 
mentators also have rejected these definitions as useless. The 
Jast word of the third definition should be quantuplicity, not 
quantity; so that the definition indicates that ratio refers to the 
number of times which one magnitude contains another. See Do 
Morgan's Differential and Integral Calculus, page 18. 

V. Def. 4. This definition amounts to saying that the quan- 
tities must be of the same kind. 

V. Def. s. The fifth definition is the foundation of Euclid's 
doctrine of proportion. The student will find in works on Alge- 
bra a comparison of Euclid's definition of proportion with the 
simpler definitions which are employed in Arithmetic and Algebra. 
Euclid’s definition is applicable to incommensurable quantitioa, as 
well as to commensurable quantities. 

We should recommend the student to read the first propo- 
sition of the sixth Book immediately after the fifth definition of 
the filth Hook ; he will there see how Euclid applies his defi- 
nition, and will thus obtain a better notion of ite meaning and im- 
portance. 

Compound Ratio. The definition of compound ratio was 
supplied by Simson, The Greck text docs not give any defini- 
tion of compound ratio here, but gives one as the fifth definition 
of the aixth Book, which Sisson rejects as abeurd and useless, 

V. Defe. 18, 19, 20. The definitions 18, 19, 20 are not pre- 
sented by Simson precisely as they stand in the original. The 
Jast sentence in definition 18 was supplied by Simson. Euclid 
does not connect definitions 19 and 20 with definition 18. In 
19 he defines ordinate proportion, and in 20 he defines perturbate 
proportion, Nothing would be lost if Euclid's definition 18 were 
entirely omitted, and the termex aquali neveremployed. Euclid 
employs such aterm in the enunciations of V. 20, 21, 22, 23; 
but it seems quite useless, and is accordingly neglected by Simson 
and others in their translations. 

The axioms given after the definitions of the fifth Book are 
not in Euclid; they were supplied by Simson. 


The propositions of the fifth Book might be divided into four 
sections, Propositions 1 to 6 relate to the properties of equi- 
multiples. Propositions 7 to 10 and 13 and 1t4 connect the 
notiun of the ratio of magnitudes with the ordinary notions of 
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greater, equal, and less. Propositions 11, 12, 15 and 16 may be 
considered as introduced to shew that, tf four quantitics of the 
same kind be proportionals they will also be proportionals when 
taken alternately. The remaining propositions shew that mag- 
nitudes are proportional by composition, by division, and ex quo. 

In this division of the fifth Book propositions 13 and 14 are 
supposed to be placed immediately after proposition 10; and 
they might be taken in this order without any change in Euclid's 
demonstrations. 

The propositions headed 4A, , C, D, E were supplied by 
Simson. 

V. 1, 2,3,8,6. These are sitople propositions of Arithmetic, 
though they are here expressed in terms which make them ap. 
pear less familiar than they really are. For example, V. 1 
‘‘etates no moro than that (en acrea and (en roods make (en times 
as much as one acre and one rood.” De Morgan. 

In V. § Simson has substituted another construction for that 
given by Euclid, because Euclid's construction assumes that we 
can divide a given straight line into any assigned number of 
equal parts, and thie problem is not solved until VI. 9. 

V. 68 This demonstration ia Sinson's. We will give here 
Euclid's demonstration. 

Let AE be to EB an CF in to FD: AB shall A 
be to BE as UD into DF. 

For, if not, AB will be to AZ aa ('/) in ta some Cc 
magnitude leas than J)F, or greater than JF. FE 

First, suppose that AH ie to BE as CY) in to 
DG, which is less than DFP. 

Then, because AF isto BE ae CD ia to DG, 
therefore AZ isto EHR an CU intoGD. = [V. 19. 

But AS ia to ZB an CP ing to FD, ( Hypothreia B D 
therefore ('G is to GD as C'P is to FD). [V. 48. 

But ('G is greater than CF; { Hypothesia. 
therefore GD is greater than FD. [V. 24 
But GD ie lees than FD; which is isupomible. 

In the same manner it may be shewn that AB is not to AE 
as CD is to a magnitude greater than /)/. 
Therefore 48 is to BE as CD ia to DF. 

The objection urged by Simson against Euclid's demonatra- 
tion is that “it depends upon this hypothesis, that to any three 
magnitudes, two of which, at least, are of the same kind, there 
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may be a fourth proportional: .... . . Euclid does not d.-mon- 
strate it, nor docs he shew how to find the fourth proportional, 
before the 12th Proposition of the 6th Book. .... 

The following demonstration is given by Austin in his Ezamé- 
nation of the frat siz books of Euclid’s Elements. 

Let AE be to #B as CF is to FD: AB shall 
be to BE as CD in to DF. A 

For, because AZ is to EB as CF is to FD, 
therefore, alternately, AF is to CF as ER in 
to FD. [V. 16. 

And as one of the antecedenta is to its con- 
avquent so is the sun of the antecedents to the 

sum of the conaequents ; {V. 12. 
therefore as AE is to FD so are AE and ER 
together to CF and FD) together, 

that is, AB isto UD as ER ia to FD, 

Thereforo, alternately, AH is to EB as CD ia to FD, [V. 16. 

V.as. The first step in the demonstration of this proposition 
is “take AG equal to £ and CH equal to #’”; and here a refer. 
ence is sometimes given to I. 3. But the magnitudes in the 
proposition are not necessarily straight linea, so that this refer- 
ence to I. 3 should not be given; it must however be assumed 
that we can perform on the magnitudes considered, an operation 
similar to that which is performed on straight lines in I. 3. Since 
the fifth Book of the Elements treats of magnitudes generally, 
and not merely of lengths, areas, an:l angles, there is no reference 
made in it ta any proposition of the first four Books. 

Simeon adds four propositions relating to compound ratio, 
which he distinguishes by the letters F, (7, H, A; it seeme how- 
ever unnecessary to reproduce them as they are now rarely read 
and never required. 


© 


THE SIXTH BOOK. 


Tur sixth Book of the Elements consists of the applicstion of 
the theory of proportion to establish propertice of geometrical 
figures. 

VI. Def. 1. For an important remark bearing on the first 
deGinition, see the note on VI. s. 


VI. Def. a. The second definition ie useless, for Euclid 
makes no mention of reciprocal figures. 
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VI. Def. 4. The fourth definition is strictly only applicable 
to a triangle, because no other figure has a point which can be 
exclusively called its tertex. The altitude of a parallelogram is 
the perpendicular drawn to the base from any point in the op- 
posite side. 

VI. 2. The enunciation of this important proposition is open 
to objection, for the manner in which the sides may bo cut ia not 
sufficiently limited. Suppose, for example, that 4 2) is double of 
DB, and CE double of £4 ; the sides are then cut proportionally, 
for each side is divided into two parta, ene of which is double of 
the other; but DA is not parallel to BC. lt should therefore 
be stated in the enunciation that the segments terminated at the 
verter of the triangle are ta be homologous terma in the ratios, that 
ts, are to he the antecedents or the conacquenta of the ratios. 

It will be observed that thery are three figures corresponding 
to three cases which may exist; for the straight line drawa pa- 
rallel to one aide may cut the other sides, or snay cut the other 
sides when they are produced through the extremition of the base, 
or may cut the other sides when they are produced through: the 
vertex. In all these cases the triangles which are shewn to be 
equal have their vertices at the extremitica of the base of the 
given triangle, and have for their common base the atraight line 
which is, either by hypothesis or by demonstration, parallel te 
the base of the triangle. The triangle with which these two 
trianvles are compared has the same base as they have, and has 
ita vertex coinciding with the vertex of the given triangle, 

VI. A. This proposition was supplied by Simson. 

VI. 4. We have preferred to adopt the term ‘triangles 
which are equiangular to one another,” matead of  equiangular 
triangles,” when the words are used in the scuse they bear in 
this proposition. Euclid himeelf does nut use the term rquian- 
gslar triangle in the sense in which the modern editors usc it in 
the Corullary to I. 5, 00 that be is not prevented from using the 
term in the sense it bears in the enunciation of VI. 4 and else- 
where; but modern editors, having already employed the term in 
one sense ought to keep to that sense. In the demonstrations, 
where Euclid uses such language as ‘'the triangle 4 AC is equi- 
angular to the triangle DEP,” the modern editors eanetimes 
adopt it, and sometimes change it to ‘‘the triangles ASC’ and 
DEF are equiangular.” 

in VL ¢ the manner in which the two triangles are to be 
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placed is very imperfectly described ; their bases are to be in the 
aamo straight line and contiguous, their vertices are to be on the 
name side of the base, and each of the two angles which have a 
common vertex is to be equal to the remote angle of the other 
triangle. 

By superposition we might deduce VI. 4 immediately from 
VI. 2. 

VI. gs. The hypothesis in VI. § involves more than is di- 
rectly asserted ; the enunciation should be, ‘‘if the sides of two 
triangles, taken tn order, about each of their angles..... ;” 
that is, some restriction equivalent to the words taken in order 
should be introduced, It is quite possible that there should be 
two triangles ABC, DEF, auch that AB is to BC as DE is to 
EF, and BC to CA as DF is to ED, and therefore, by V. 23, 
ABto At'as DP into EF; in this case the sides of the triangles 
about each of their angles are proportionals, but not in the same 
order, and the triangles are not necessarily cquiangular to one 
another, For a numerical illustration we may suppose the sides 
of one triangle to be 3, 4 and « feet respectively, and those of 
another to be 12, 15 and 20 feet respectively. Walker. 

Each of the two propositions VI. 4 and VI. § is the converse 
of the other. They shew that if two triangles have either of the 
two properties involved in the definition of similar figures they 
will have the other also. This is a special property of triangles. 
In other figuros either of the properties may exist alone. For 
example, any rectangle and a square have their angles equal, but 
not their sides proportional; while a square and any rhombus 
have their sides proportional, but not their angles equal. 

VI. 7. In VE. 7 the enunciation is imperfect ; it should be, 
“if two triangles havo one angle of the one equal to one angle of 
the other, and the sides about two other angles proportionals, a0 
that the sides subtending the equal angles are homologous; then if 
oach ..... " The imperfection is of the same nature as that 
which is pointed out in the note on VI. 5. Walker. 

The proposition might be conveniently broken up and the 
emential part of it presented thus: if two triangles have two sides 
of the one proportional to two sides of the other, and the angles 
opposite to one pair of homologous sides equal, the angles which are 
opposite to the other pair of homologous sides shall either be equal, 
or be together equal to teo right angles. 

For, the angles included by the proportional sides must be 
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either equal or unequal. If they are equal, then since the tri- 
angles have two angles of the one equal to two angles of the 
other, each to each, they are equiangular to one another, We 
have therefore only to consider the case in which the angles in- 
cluded by the proportional sides are unequal. 

Let the triangles 42C, DE? have the angle at A equal to 
the angle at DP, and 4A to Bt'as DE is to EF, but the angle 
ABC not equal to the angle DEF: the angles ACB and LDF 
shall be together equal to two right angles, 
For, one of the angles ABC, 

DEP must be greater than 
the other; suppose A BC' the 





greater ; and make the angle dD 
A BG equal to the angle DEF. ’ a \ 
Then it may be shewn, as in a ‘ ag 


VI. 7, that BG is equal to 13 
RC, and the angle HOA cqual to the angle FFD. 
Therefore the angles ACH and DFE are together equal to the 
angles BGC and AGH, that is, to two right angles. 

Then the results enunciated in VIL > will readily follow. For 
if the anyles AC'B and DFE are both greater than a right angle, 
or both Jess than a right angle, or if one of them be a right 
angle, they must be equal. 

VI. 8. In the demonstration of VI. 8, as given by Simson, 
it is inferred that two triangles which are similar to a third 
triangle are similar to each other; this is a particular case of 
VI. 21, which the student should consult, in order to see tha 
validity of the inference. 

Vi.g. The word part is here used in the restricted sense of 
the first definition of the fifth Book, VI. 9 is = particular ease 
of VI. 10. 

VI. 10. The most important case of this proposition is that 
in which a straight line is to be divided either internally or ex- 
ternally into two parta which shall be in a given rate. 

The case in which the straight line is to be divided iaternaily 
in given in the text; suppose, for cxample, that the given ratio is 
that of AE to EC; then AB is divided at ( in the given ratio. 

Suppose, however, that Af is to be divided externally in a 
given ratio; that is, suppose that 48 is to be prodoced so that 
the whole straight line made up of 4B and the part produced 
may be to the part produced in » given ratio. Let the given ratio 
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be that of AC to CE. Join BA; through C draw a straight line 
ptrallel to 2B; then this straight line will meet A#, produced 
through B, at the required point. 

Vi.at. This is a particular case of VI. 12. 

VI. 14.) The following ia a full exhibition of the ateps which 
lead to the result that 7B and #(r are in one straight line. 

The angle DBF is equal to the angle GHE; [ Hypothesis, 
add to each the angle FRE; 
therefore the angles DBF, FRE are together equal to the angles 


GRE, FBE. [Axiom 2. 
But the angles DBP, FBE are together equal to two right 
angles; {l. 13. 
therefore the angles CBE, FBE are together equal to two right 
angles; {Axiom 1, 
therefor: FA andl AG are in one straight tine. {T. 14. 


Vivss. This may be inferred from VJ. 14, since a triangle 
is half of a pardlelogram with the same base and altitude. 

It is not difficult to exatablish a third proposition conversely 
connected with the two involved in VI. 14, and a third propo- 
aition similarly converwely connected with the two involved in 
VI. 1g. Theae propositions are the following. 

Equal parallelograma which have their sides reciprocally pro- 
portional, have their angles equal, each to each, 

Equal triangles which have the sides about a pair of angles 
reciprocally proportional, have those angles equal or together equal 
to two right angles. 

We will take the latter proposition. 

Let ABC, ADE be equal triangles; and let CA be to AD 
os AB is to AB: either the angle BAC shall be equal to the 
engle DAE, ur the angles BAC' and DAE shall be together equal 
to two right angles. 

[The atudent’ can construct the figure for himself. ] 

Place the triangles so that CA and 4D may be in one straight 
line; then if AA and 4B are in one straight line the angle mae 
is equal to the angle D4 £. {q.: 

If BA and AB are not in one straight line, produce B4 shecuge 
4 to F, wo that AP may be equal to 44; join DP and EF. 

Then because CA is to AD as AE ie to AB, { Hypothesis, 
and AF is equal to A&, Construction, 
therefore CA ie to AD an AFP is to 4B. {V.9, V. 18. 
Therefore the triangle DA F is equal to the triangle BAC. [VL 15. 
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But the triangle DAE is equal to the triangle BAC’. [ Hypothesis, 
Therefore the triangle DA & is cqual to the triangle J)4 F, [ Ax. 1, 
Therefore EF is parallel to 42). {f. 39. 
o alas now that the angle JAF is greater than the angle 
A FP. 

Then the angle CAE is equal to the angle ALF, [f. 29. 
and therefore the angle UA Z ia equal to the angle AFF, {I. 5. 
and therefore the angle ('4 & is equal to the angly BAG. (I. ag 
Therefore the angles BAC and DAE are together equal w two 
right angles. 

Similarly the proposition may be demonstrated if the angle 
DAE ia less than the angle DAF. 

VI. 16, Thie is a particular casa of VIL 1g. 

VI.27.) This is a particular case of VIEL 16, 

Vi. 22.) There is a step in the second part of VI. 23 which 
requires examination. After it has been abewn that the figure 
SR ia equal to the similar and asisvilarly situated figure Vids, it 
ia added “therefore ’R is equal to (//." In the Greek text 
reference is here made t a lemma which follows the proposition, 
The word lemma is occasionally used in mathematics to denvte 
an auxiliary proposition. From the unusual cicumatance of a 
reference to sumething following, Simeon probably concluded 
that the Jomma cuuld not be Euclid‘a, and accordingly he takes 
no nutice of it. 

The fullowing is the substance of the lemma. 

If PR be not equal to H/, one of them muat be greater than 


the other; suppose PX greater than &//. 
Then, because SR and .Vi/ are similar figures, PR ia to PS 


on GH ia wo GN. [VE. LDepnitoon 1. 
But PR is greater than GH, { Lypothesia, 
therefore PS is greater than G.V. [V. 14. 
Therefure the triangle RPS is greater than the triangle 
HGN. [I. 4, Axiom 4. 
But, because SR and Vi/ are similar figures, the triangle RPS is 
equal to the triangle HGN; [VL 20, 
which is isp asible. 

Therefore PR in equal to CH. 


VI. 23. In the figure of VI. 23 suppose BD and GF drawn. 
Then the triangle BCD is to the triangle GCE as the paralielo- 
gram AC is to the parallelogram (7. Hence the result may be 
extended to triangles, and we have the following theorem, 
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triangles which have one angle of the one equal to one angle of the 
other, have to one another the ratio which is compounded of the 
ratios of their sides. 

Then VI. 19 is an immediate consequence of this theorem. 
For let ABC and DEF be similar triangles, so that 4B is to BC 
as DE into EF; and therefore, alternately, AB is to DE as BU 
isto AF, Then, by the theorem, the triangle 4 AC’ has to the 
triangle DEF the ratio which is compounded of the ratios of 4 
to DF and of HC’ to AF, that is, the ratio which is compounded 
of the ration of HC to FF aud of BC to EF. And, from the 
definitions of duplicate ratio and of compound ratio, it follows 
that the ratio compounded of the ratios of BC to &F and of BU 
to AF im the duplicate ratio of HU’ to FF. 

Vi. as. Tt will be easy for the student to exhibit in detail 
the process of shewing that SC’ and CF are in one straight line, 
and also LF and £4; the process is exactly the name as that in 
I. 48, by which it is shewn that A// and //.M are in one straight 
line, and also FU and GL. 

Tt ascomm that VI. 23 is out of place, sinoe it separates pro- 
poritions a0 closcly connected as VI. 2gand VI. 26. We may 
enunciate VI. 25 in familiar language thus: fo make a figure 
which shall have the form of one fgure and the size of another. 

VI. 26. This proposition is the converse of VI. 24; it 
might be extended to the case of two similar and similarly 
situated parallclograms which have a pair of angles vertically 
opposite, 

We have omitted in the sixth Book Propositions 27, 28, 29, 
and the firat solution which Euclid gives of Proposition 30, as they 
appear now to be never required, and have been condemned as 
useless by various modern commentators; see Austin, Walker, 
and Lardner. Some idoa of the nature of these propositions may 
be obtained from the following statement of the problein pro- 
posed by Euclid in VI. 29. 48 is a given straight line; it has 
to be produced through B to a point 0, and a parallelogram 
described on AQ) subject to the folluwing conditions ; ped gerd 
lelogram is to be equal to a given rectilineal figure, and 
parallelogram on the base BO which can be cut off 
straight line through 8 is to be similar to a gives male 
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throngh D to a point F, such that DF is equal to DK: and 
Join CF. Then the triangle (DF wil) satisfy all the conditions 
in Euclid’s enunciation, as well as the triangle CDS: but cP 
and CH# are not in one straight line, It should be stated that 
the bases must lie on corresponding sides of both the parallels ; 
the bases CF and HU do not lie on corresponding sides of the 
parallels AB and J/C, and oo the triangle CF would not 
fulfil all the conditions, and would therefore be excluded. 

VI. 33. In VI. 33 Enclid implicitly gives up the restriction, 
which be seema to have adupted hitherto, that no angle is to he 
considered yreater than two right angles. For in the demon- 
stration the angle AGL may be any multiple whatever of the 
angle BGC, and so may be greater than any number of right 
angles. 

VL BC, D. These propositions were introduced by 
Simeon. The important proposition VI. J) occurs in the MeydAg 
wtwraics of Ptolemy. 


THE ELEVENTH BOOK. 


Is addition to the first six Books of the Elements it is urual 
to read part of the eleventh Book. For an account of the 
contents of the other Rooks of the Flementa tho student in 
referred to the article Sucleides in Dr Smith's Dictnary of 
Greek and Roman Biography, and to the article Jrrational Quan. 
titties in the English ( "yclopred ia. We may state briefly that 
Books VII, VIIT, 1X treat on Arithmetic, Book X on Irra- 
tional Quantities, and Books XI, XII on Solid Geometry. 

XU. Def. 10. This definition is omitted by Simeon, and 
justly, because, an he shews, it ie not true that solid fhgures 
contained by the same number of similar and equal plane figures 
are oqual to one another. For, conceive two pyramids, which 
have their bases similar and equal, but have different altitudes. 
Sappose one of these bance applied exactly on the other; then if 
the vertices be put on opposite sides of the base a certain aolid is 
formed, and if the vertices be put on the same side of the base 
another solid is formed. The two solids thos formed are con- 
tained by the same number of similar and equal plane Sigares, 
but they are not equal. 

It will be observed that in this example one of the solids has 


& reentrant solid angle; eee page 264. ital as 
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two conver solid figures are equal if they are contained by equal 
plane figures similarly arranged; see Catalan'’s Théorémes et 
Problémea de Géométrie Elémentaire. Thia result was first demon- 
strated by Cauchy, who turned his attention to the point at the 
request of Legendre and Malus; see the Journal de I'kcole 
Polytechnique, Cahier 16. 

XI. Def. 26. The word tetrahedron is now often used to 
denote a solid bounded by any four triangular faces, that is, a 
pyramid on a triangular base; and when the tetrahedron is to 
be such as Euclid defines, it in called a regular tetrahedron. 

Two other definitions may conveniently be added. 

A atraight line is said to be parallel to a plane when they do 
not meet if produced. 

The angle made by two straight lines which do not meet is 
the angle contained by two straight lines parallel to them, drawn 
through any point. 

Xf. a1. In XT. 21 the first case only is given in the ori- 
ginal. In the second case a certain condition must be intro- 
duced, or the proposition will not be true; the polygon BCDEP 
must have no reentrant angle. See note on I. 32. 

The propositions in Euclid on Solid Geometry which are 
now not read, contain some very important results respecting the 
volumes of solids. We will state there resulta, as they are 
often of use; the demonstrations of them are pow usually 
givon as examples of the /ateyral Calculus. 

We have already explained in the notes to the second Book 
how tho area of a figure ia measured by the number of square 
inches or square feet which it contains. In a similar manner the 
volume of a solid is measured by the number of cubic inches or 
cubic feet which it contains; a cubic tnch is a cube in which each 
of the faces is a square inch, and a cubic foot is similarly 
defined. 

The volume of a priam is found by multiplying the number 
of square inches in its base by the number of inches in ite 
altitude; the volume is thus expressed in cubio inches. Or we 
May multiply the sumber of equare fect in the base by the 
number of feet in the altitade; the volume is thus expressed in 
cubic feet. By the base of a prism is meant either of the two 
equal, similar, and parallel Aqures of X1. Definition 13; and the 
altitude of the prism is the perpendicular distance between these 
two planes. 
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The rule for the volume of a prism involves the fact that 
prisms on equal bases and between the same paralicia are equal im 
volume. 

A parallelepiped is a particular case of a prism. The volume 
of a pyramid is ono third of the volume of a prism on the aaime 
base and having the same altitude. 

For an account of what are called the fre regular solida the 
student is referred to the chapter on /’ulyhedrons in the Treatise 
on Spherical Trigonometry. 


THE TWELFTH BOOK, 


Two propositions are given from the twelfth Buok, as they 
Are very important, and are required in the University Examina, 
tions. The Lemma is the first proposition of the tenth Rook, 
and is required in the demonstration of the secund propuaition of 


the twelfth EBook. 
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APPENDIX. 


Tura Appendix consists of a collection of important pro- 
positions which will be found useful, both as affording 
geometrical exercises, and as exhibiting results which are 
often required in mathematical investigations. The student 
will havo no difficulty in drawing for himself the requisite 
figures in the casos where they are not given. 


1. The sum of the squareson the sides of a triangle 
te equal to ticice the aquare on half the base, together with 
treice the square on the straight line which joina the certo 
to the middle point af the base. 


Let ABC bea triangle; and let D be the middle poiut 
of the base AZ. Draw C% perpendicular to tho base 





kL 3B 


mecting it at £; then Z may be cither in AB or in AB 
roduced. 


P 
First, let EZ coincide with D; then the proposition 
fullows immediately from I. 47. 


Next, let E not coincide with 1, then of the two 
angics ADC and BDC, one must be obtuse and one acute. 
Suppose the angle AVC obtuse. Then, by II. 12, the 
square on AC’ is equal to the squares on Al), DC, tage- 
ther with twice the rectangle 4), DE; and, by IL. 13, the 
square on BC’ together with twice the rectangle BD), DE is 
equal to the squares on BD, DC. Therefore, by Axiom 2, 
the squares on .4C, BC, together with twice the rectangle 
BD, DE arc equal to the squares on AD, D8, and twice 
the ae on DC, together with twice the rectangle 
AD, DE. But A Dis eqnal to DB. Therefore the squares 
on AC, BC are equal to twice the squares on AD, DC. 
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9. If tro chords intersect within a circle, the angle 


wrhich they include ta measured by half the sum of the in- 
tercepted ares. 


Let the chords AB and CD of a circle intersect at E; 
join AD. 


Tho angle AFC is equal to the 
angles “ADE, and DAE, by 
1. 32; that is, to the angles 
standing on the arca AC! and 
BD. Thus the angle ALC is 
oqual to an angle at the cir- 
cumference of the circle stand- 
ing on tho sum of the ares Jf 
and #2); and is therefore equal 
to an angle at the centre of the 
circle standing on half the sun of these ares. 


Similarly the angle C22 is moasured by half the sum 
of the ares CB and A). 





3.0 Uf tice chorde produced intersect without a cirele, 
the angle which they include ia measured by half the 
difgerence of the intercepted arcs. 

Let the chords .42 and ('D of-a circle, produced, in- 
tersect at #; join AD. 

The angle 4J(" is She to the angles FAP and AED, 
by [. 32. ‘Thus the ang e “ALEC is equal to the differenco 
of the angles 4 DC and BAD: that ia, toan angle at tho 
circumference of the circle standing on an arc which is the 


: wee 
ae ~ 





difference of AC and BD; and is therefore equal to an 


angie at tho centre of the circle standing on half the differ- 
ence of these arcs, 
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_ 4 To draw a straight line which shall touch veo 
given circles, 


Let A be tho centre of the greater circle. a 
|! vreate , and 2 the 
centre of the less circle. With centre 4, and radius equal 
to the difference of the radii of the given circles, describe 
a circle; from #2 draw a straight line touching the circle 
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so described at C. Join AC and produce it to meet tho 
circumference at ). Draw the radius JF parallel to AD 
and on the same side of 48; and join VE. Then VE shall 
tuuch both circles. 


See I. 33, I. 29, and IIT. 16 Corullury. 

Rince two straight lines ean be drawn from 77 to touch 
the described circle, two solutions cun be obtained; and the 
two straight lincs which are thus drawn to tonch the two 
given circles can be shewn to mect 4/3, produced throngh 
B, at the same puint. The construction is applicable when 
each of tho given circles is withvut the other, and alsu 
when they intorsect. 

When each of the given circles is withont the othor wo 
can obtain two other solutions For, describe a circle with 
A ana centre and radius cqual to the sum of tho radii of 
the given circles; and contsnuc as before. except that HE 
and AD will now be on opposite sides of AL. The two 
straight lines which are thus drawn to touch the two given 
circies can be shown to intersect AZ at the same point. 
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5. To describe a circle which shall pass through three 
given points not in the same straight line. 


This is solved in Euclid IV. 5. 


6. To describe a circle which shall pass through two 
given points on the same side of a given straight line, and 
tuuch that straight line. 

Let A and B be the given points; join AB and pro. 
duce it to meet tho given straight line at C. Make a 
ayuare equal to the rectangle CA, CB (II. 14), and on tho 





ne straight line take CE equal to a side of this square. 
escribe a circle through A, B, £ (5); this will be the 
circle required (111. 37). 

Since E can be taken on cither side of C, there are two 
solutions. 


The construction fails if 428 is lhe to the given 
straight line. In this case bisect .42 at D, and draw DC 
at right anglos to .1/?, meeting the given straight line at C. 
Then describe a circle ihevugh A,B,C. 

7. To describe a circle which shall pase through a 
given point and tcuch tico giren straight lines, 

Let 4 be the given point; produce the given straight 
lines to moct at /?, and join Mi B. Through B draw a 
straight line, bisccting that angie included by the given 
atraight lincs within which 4 lies; and in this bisecting 
straight linc take any point C. From C draw a perpendicular 
on one of the given t linca, meeting it at D; with 
centre C, and radius ('D, describe a circle, AB, 
produced ifn »at B. Join (8; and through A draw 
a straight lino el to CE, meeting BC, produced if 
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noco ,at F. The circle described from the centro F, 
with radius F'A, will touch the given straight lines. 

For, draw a perpendicular from F’ on the straight line 
BD, moeting it at G. Then CE isto FA on BC ia to BE, 
and CD isto FG as BC is to BF (VI. 4, V. 16) Thero- 
fore CE is ty FA as CY) is to FG iV. 11}. Therefore 
CE is to CD as FA iato FG iV.16. Bat CE is equal 
to CD; therefore F'A is equal to FG CV. A: 

If A is en the straight line BC’ we detormine F as 
before; then join ED, and draw a straight line through 4 

lel to ED meeting BY produced if necessary at G ; 

rom G draw a straight line at right angles to HG, and tho 

int of intersection of this straight line with BC, produced 
neccesary, is the required centre. 

As the cirele described from the centre C, with the 
radius CD, will mect AB at two points, there are two 
solutions. 

If A is on one of the given straight lincs, draw from 
A a straight line at right angles to this given straight 
line; the puint of intersection of this atraight line with 
either of the twu straight lines which bisoct the angles 
made by the given straight lincs may bo taken fur the 
centre of the required circle. 

If the two given ight lines are . instead of 
drawing « t tine BC to bisect piper between 
them, we must draw it parallel to them, and cquidistant 
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8. To describe a circle which shall touch three 
given atraight lines, not more than taco Of which are 
parallel. 


Proceed as in Euclid TV. 4. If the given straight lines 
form a triangle, four circles can be described, namely, one 
asin Euclid, and three others cach touching one side of 
the trinngle and the other two sides produced. If two 
of the given straight lines are parallel, two circles can be 
described, namely, one on cach side of the third given 
straight line. 


9 To describe a cirele arhich shall tourh a giren 
circle, and tuuch a@ given atraight line ata giren point 


Let of be the given point in the given straight line, 
and ("be the centre of the given circle. Through € draw 
a straight lime perpendicular to the given straight line, 
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and meeting the circumference of the circle at B and D, 
of which /) is the more remote from the given straight 
line. Join A, movting the circumference of the circle at 
& From 4 draw a straight line at right es to the 
eek straight line, meeting CF produced at F. Then F'shall 

the centre of the required circle, and F.4 its radius. 

For the angle 4 ZF is equal to the angle CED (I. 15); 
and the le EAF ia equal to the angle CDE (I. 29); 
therefore the angle AES is cqual to the angle EAS’; 
therefore AF is oqual to EF (1. 6}. 
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In 4 similar manner another solution may he obtained 
by juining AB Uf the given straight line falls without the 
Piven circle, the cirele olitisinedd by the firnt scvalin touches 
the piven circle externally, and the circle obtained by the 
second sclution touches the given circle juternally. ED the 
given straight line cute the given ciele, both the circlos 
obtained touch the given circle externally, 


WwW. To describe acirels which shall puss through two 
giren poanta andl touch ao gicen corele, 


Let foand Bobe the given pointe Take any point c 
on the circumference of the raven cirele, and describe a 
circle through 8, 78. 1 thos deseribod circle touches 
the given circle, it in tho required cirele.  Butoaf not, let D 
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be the other of intersection of the two circles, Let 
AB and CY) be produced to mect at #; frum # draw a 
straight line touching the given circle at #. Then a circlo 
deacribed through A, #/, #° shall be the required circle. 
See 11J. 35 and III. 37. 

There are two solutions, because two straight lines can 
be drawn from £ tw touch the given circle. 

If the straight line which bisecta A// at right angles 
passes through the centre of the given circle, the cun- 
atraction fails, for AB and ('D) are parallel. In this case 
F' must be determined by drawing s straight line parallel 
to 4B so as to touch the given circle. 
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11. To describe a circle which shall touch two given 
straight lines and a given circle, 


Draw two straight lincs parallel to the given straight 
lines, at a distance from them cqual to the radius of the 
given circle, and on the sides of them remote from tho 
contre of the given circle. Describe a circle touching the 
straight lincs thus drawn, and passing through the centre 
of tho given circle (7). A circle having the same centre as 
the circle thus described, and a radius cqual to the excess 
of its radius over that of the given circle, will be the ro- 
quired circle. 


Two solutions will be obtained, because there are two 
solutions of the problem in 7; the circles thus obtained 
touch tho given circle externally. 


We may obtain two circles which touch the given circle 
intornally, by drawing the straight lines parallel to the given 
straight lines on the sides of them adjacent tu the centre 
of the given circle. 


12, To describe a circle which shall pass through a 
vie potnt and tuuch a gicen straight line and @ yiren 
circle. 


Wo will suppose the given point and the given straight 
line without the circle; other cases of the problem muy be 
treated in a similar uanuer. 


Let .4 be tho given point, and 2 the centre of the 
given circle. From # draw a perpendicular to the given 
straight line, mecting it at ¢ and meeting the circum- 
ference of the given circle at D and EF, so that 7) ia he- 
twoen Band (. Juin £4 and determine a point Fin £4, 
produced if necessary, such that the rectangle EA, BF’ 
may bo equal to the rectangle EC, ED; this can be done 
b deacritdue a circle thr A, C, D, whieh will meet 

“4 at the required point (LI. 36, Corollary). Describe a 
circle to pass through .4 and F and touch the given straight 
line (6); this shall bo the required circle, 
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For, let the circle thus deacribed touch the given 
straight linc at G; join LG niveting the given circle at 27, 
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and join 277. Then the trianglhea #//D and ECG are 
dimilar; and therefure the rectangle AC, B/) in equal to 
the rectangle FG, FAL 31, Vi64, Vite: Thus the 
rectangle FA, BF ie oqual w the rectangle F//, EG; and 
therefore Af ta oon the circumference of the descri 

circle (IHL. 36, Corcllary) Tako A’ the centre of tho 
described circle; join AG, AH/, and BT, Then it may 
be shewn that the anglea AG and E/7#8 aro oqual 
1. 29, 1 6) Therefore A//2 is a straight line; and 
therefore the deacribod circle touches the given circle, 


Two aclations will be obtained, because there arc two 
solutions of the problem in 6; the circles thus doscribed 
touch the given circle externally. 


By see instead of FA we can obtain two soin- 
tions in w the circles deacribed touch the given circle 
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13. To deacribe a circle which shall touch a given 
straight line and tio given circles. 


Let A he the centre of the larger circle and 2B the 
centre of the smaller circle. Draw a straight line parallel 
to the given straight linc, at a distance from it equal to the 
rading of the smaller circle, and on the side of it remote 
from 4. Describe a circle with A as centre, and radius 
equal to the difference of the radii of the given circles, 
Describo a circle which shall pass through 73, touch exter- 
nally the circle just described, and also touch the straight 
line which has been drawn parallel to the given straight 
line (12). Then a circle having the samo centre as the 
second described circle, and a radius equal to the excess 
of its radius over the radius of the smaller given circle, 
will be the required circle. 


Two solutions will be obtained, because there are two 
solutions of the problem in 12; the circles thus described 
touch the given circles externally. 


Wo may obtain in a similar manner circles which touch 
tho given circles internally, and also circles which touch 
oo of the given circles internally and the other exter- 
nally. 


14. Let A be the centre of a circle, and B the centre 
of a larger circle; let a etraight line be drawn touching 
the former circle at C and the latter circle at D, and 
meeting AB | desatiee through A at T. From T draw 
any straight line meeting the emaller circle at K and L, 
and the larger circle at M and N ; 80 that the fice letters 
T, K, L, M, N are tn thie order. Then the straight lines 
AK, KC, CL, LA shall be r icely parallel to the 
straight linee BM, MD, DN, NB; the rectangle 
TK, TN shall be equal to the rectangle TL, TM, and 
equal to the recta TC, TD. 


Join 4C, BD. Then the triangics 7AC and 72D are 


APPENDIX. 303 


equiangular ; and therefore 7.1 is to TB as AC is to BD 
(VI. 4, V. 16), that is, as 4A is to BAL. 





Therefore the triangles TAA and 772A aro similar 
(VI. 7); therefore the angle 7-1A" is equal to the anglo 
TBM ; and thercfore 1A is parallel to BM. Similarly 
AL is parallel to BN. And because AA’ is parallel to 
BM and AC parallel to BD, the angle CAA’ is cqual 
to the angle DAM ; and therefore the angle CLA’ is equal 
to the angle DNAM - IIT. 20;; and thereforo CZ is parallel 
to DN. Similarly CA’ is parallel to DJ. 


Now 7M isto TD as TDP isto TN (IIE. 37, VI. 16); 
and 7M isto TD as TH ia to TC (V1. 4:; therefore TA 
ia to 7C' as TD is to TN; and therefore the rectangle 
TK, TN is equal to the rectangle 7C, TD. Similarly the 
rectangle 71, TM is cqual to the rectangle TCU, 7'D. 


If each of the given circles is without the other wo 
may suppose the straight lino which touches both circles 
to meet AB at 7' between A and ZB, and the above results 
will all hold, pore we interchange the Ictters X and ZL; 
so that the five letters arc now to be in the following 
order, ZL, K, 7, Mf, N. 


The point 7’ is called a centre of similitude of tho two 
circles. = 
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15. To describe a circle which shall pass through a 
giren point and touch leo gicen circles, 


let A be the centre of the smaller circle and 2 the 
centre of the larger circle ; and Ict £ be the given point. 


“— 


. oe 
y \ in 
ee Bo. . TCR a mal 
\ \ \ BS Ts ae 

= . fs a 
1 peer ee ss. 
"PSS is De Le ~ 
/ 


Draw a straight line touching the former circle at C and 
the latter at a t line AB, 
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For suppose that the circle is described so as to touch 
the smaller given circle; let G be the point of contact; wo 
have then to shew that the described cirelo will also 
touch the larger given circle. Join 7G, and produce it 
to meet the larger given circle at //. ‘Then the rectangle 
TG, TH is equal to the rectangle TC, 7) (14 ; therefore 
the rectangle 7G, 7/71 ia equal to the rectangle 72, TF; 
and therefore the described circle passes through J7/. 


Let O be the centre of this circle, so that OG. is a 
straight line; we have to shew that O//2 is a straight 
line. 


Let 7G intersect the amaller cirele again at A’, then 
ARK is parallel to BH 14; therefore the angle A 7 is 
equal to the angle B/G ; and the angie LAG is egual to tho 
angle AGA, which is equal to the angle OG //, which is 
equal to the angle OMG. Therefore the angles HG and 
OHG together are equal to AAT and AAG together; 
Tae is, to two right angles. Therefore O//H isa straight 
Ine, 


Two solutions will be obtained, because there are two 
solutions of the problem in 10. Also, if each of the given 
circles is without the other, two other solutions can be 
obtained by taking for 7’ the point between 4 and B 
where a straight line touching the two given circles meets 
AB. The various solutions correspond to the circum. 
stance that the contact of circles may be cxternal or 
internal. 

16. To describe a circle which shall touch three giren 
circles. 

Let A be the centre of that circle which is not greater 
than either of the other circles; let 2 and C' be the centres 
of the other circles. With centre 3, and radius equal to 
the excess of the radius of the circle with centre 4 over 
the radius of the circle with centre 4, describe a circle. 
Also with centre Cand radius equal to the excess of the 
radius of the circle with centre C' over tho radius of the 
circle with centre A, describe a circle. Describe a circle 
to touch externally these two described circles and to pass 
through A (15). a circle having the same centre as 
tho last described circle, and having a radius equal to 

20 


306 APPENDIX. 


tho excess of its radius over the radius of the circle with 
centre A, will touch externally the three given circles. 


In a similar way we may describe a circle touching 
internally the three given circles, or touching one of them 
oxcrille and the two others internally, or touching one of 
them internally and the two others externally. 


17. In a given indefinite atraight line it ta required 
to find a point auch that the sum of ita distances from 
tivo giren pointa on the same side of the straight line 
shall be the least possible. 





Let A and B be the two given points. From A draw 
a perpendicular to the given straight linc mecting it at C; 
and produce AC to JD so that (CD may be equal to AC. 
Join YB mocting tho given straight line at £. Then £ 
shall be the roquired point. 


For, let F be any other point in the given straight line. 
Then, because AC ual to DC, and EC is common to 
tho two triangles ACE, DCE; and that the right angle 
poor eas to the right angle DCE; therefore AE is 
equal to DE. Similarly, AF is equal to DF. And the 
sum of DF and FB is ter than BD (I. 20): therefore 
the sum of 4F and FH is than BD; that is, the 
sum of AF and F# is greater than the sum of DE and 
£8; therefore the sum of AF and FZ is greater than 
the sum of 4E and LB. 
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18. The perimeter of an tensceles triangle is lesa than 
that of any other triangle of equal area standing on the 
same base. 

Let .4BC be an_ isosceles 
triangle; .4QC’ any other tri- 
angle equal in area and stand- 
ing on the same base 4C. 

Join BQ; then BQ is paral- 
lel to AC (1. 39). 

And it will follow from 17 
that the sum of AQ and GC’ 
is greater than the sum of of 2 
and BC. 





19. Ifa polygon be not equilateral a polugon may he 
found of the same number of sides, and equal in area, but 
Aacing a less perimeter. 





For, let CD, DE_ be two adjacent unequal sides of 
the polygon. Join CZ. Through D draw a straight lino 
lel to CE. Bisect CE at ZL; from L draw a straight 
ine at right ry ca to CE meeting the ight line drawn 
th D at A. Then by removing from given poly. 
gon the triangle CDE and applying the triangle C'XEZ, 
we obtain a polygon having same number of sides 
as the given polygon, and equal to it in arca, but having 
a less perimeter (15). 
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20. A and B are two giren points on the same side of 
a given straight line, and AB produced tmeets the giren 
straight line at C; of all pointe in the giren straight line 
on each side af CU, it ie required to determine that at 
which AB subtends the greatest angle. 


Describe a circle to pass through A and 3, and to 
touch the given straight line on that side of C which is to 
bo considered (6). Tet D be the point of contact; D 
shall be the required: * | 





For, take any other point ZF in the given straight line, 
on the sumo side of Cas D is; draw £.4, EB; then one 
ye of theso straight lines will cut the circumfcrence 


te a that BE cuts the circumference at F’; join AF. 
Thon the © AF S is equal to the anglo 4 DB (ITT. 21); 
and the © AF'S is greater than the angle 4 £2 (1. 16); 
therefore tho angle .4 LZ is greater than the angle AEB. 


21. A and B are two given points within a cirele ; 
and AB te drawn and uced ways 80 as to ditide 
the whole circumference into two arcs; it is required to 
determine the point in each of these arce at which AB 
sublende the greatest angle. 
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Describe a circle to pass through 4 and B and to touch 
the circumference considered (10): the point of contact 
will be tho required point. The demonstration is similar 
to that in the preceding proposition. 


22. A and B are treo given pointe without a giren 
circle; it is required lo determine the pointe on the cir- 
cumference of the yicen cirele at which AB sublends the 
greatest and least angles. 


Suppose that neither 423 nor 42 produced cuta tho 
given circle. 


Describe two circles to pass through A and J}, and to 
touch the given circle (10 : tho point of contact of the 
circle which touches the given circle externally will be the 
point where the angle is greatest, and the point of contact 
of the circle which touches the given circle internally will 
be the point where the angle is least. Tho demonstration 
is similar to that in 20. 


If AB cuts the given circle, both the circles obtained 
by 10 touch the given circle internally ; in this caso tho 
angle subtended by 44 at a point of contact is less than 
the angle subtended at any other point of the circumference 
of the given circle which 1s on the same side of AZ. Here 
the angle is greatest at the points where 4/7 cuta tho 
circle, and is there cqual to two right angles. 


If AB produced cuts the given circle, both the circles 
obtained by 10 touch the dae circle cvternally ; in’ this 
caso the angle subtendod by 1 at a point of contact is 

ater than the angle subtended at any other point of 
the circumference of the given circle which is on the 
same side of AB. Here the anglo is least at the puints 


where 4B produced cuts the circle, and is there zero. 
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23. If there be four magnitudes such that the first is 
to the second aa the third is to the fourth; then shall the 
Jiret together with the second be to the excess of the first 
above the second as the third together with the fourth ts to 
the excess af the third abore the fourth. 


For, the first together with the second is to the second 
nas the third together with the fourth is to the fourth (V. 1S). 
Therefore, alternately, the first together with the second is 
to the third together with the fourth as the second is to 
the fourth (V. 16). 

Similarly, by V. 17 and V. 16, the excess of the first 

above the second is to the excess of the third above the 
fourth as the second is to the fourth. 
Therefore, by V. 11, the first together with the second is 
to the excess of the first above the second as the third 
together with the fourth is to the excess of the third above 
the fourth. 


24. The straight lines draven at right angles to the 
sides of a triangle from the points of bisection of the sides 
meet at the same point. 


Let .4BC be a triangle; bisect BC at D, and bisoct CA 


at £; from J) draw a straight line at right angles to BC, 
and frum £ draw a straight line at right angles to C4; 





Se ee ee ee ee ee an omew 
re straight line which bisects AH at right angles 
also passea through G. From the Siamles DG and 
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CDG we can shew that BG is equal to CG; and from tho 
triangles CEG and AEG we can shew that CG is equal to 
AG; therefore BG is equal to 1G. Then if we draw a 
straight linc from G@ to the middle point of 42 we 
can shew that this straight line is at right anyles to 12: 
that is, the line which bisects A/} at mght angles pusses 
through G. 


25. The atraight lines drawn from the anglea of a 
triangle to the puints of bisection of the opposite sides 
meet at the same point, 


Let ABC he a triangle; bisect BC at DP, bisect C.1 at 
£&, and bisect AB at #; join LE and CF’ moeting at G; 





join AG and GD: then AG and GD shall lic in a atraight 
ine. 

The triangle BEA is equal to the triangle BEC, and 
the triangle GEA is equal to the triangle GEC (I. 3s;; 
therefore, by the third Axiom, the triangle BGA is equal 
tw the triangle BGC. 

Similarly, the triangle CGA is equal to the triangle CGB. 


Therefore the triangle BGA is equal to the triangle CGA. 
And the triangle BG D is equal to the triangle CG D (1.36); 
therefore the triangles BGA and BG DP together are equal 
to the triangles CGA and CGD together. Therefore the 
triangles BGA and BGD together are eqnal to half the 
triangle ABC. ‘Therefore G must fall on the straight line 
AD; that is, AG and GD lie in a straight line. 
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26. The straight lines which bisect the angles of a 
triangle meet at the sume point. 


Let ABC be a triangle; bisect the angles at B and C 





by straight lines meeting at @; join AG: then AG shall 
bisect the angle at 21. 

From G draw GD perpendicular to BC, GE perpen- 
dicular to C.4, and GF perpendicular to of 2. 

From the triangles BG F’ and BD we can shew that 
GF is equal to GD); and from the triangles CGE and 
CGD we can shew that GE is equal to GY); therefore GP 
is equal to GAL ‘Then from the triangles AFG and ARG 
i shew that the angle F.4(r is equal to the angle 

pal CF, 

The theorem may also be demonstrated thus. Produce 
AG to mvet BC at A Then AB is to BH as AG is to 
GH, and AC ia to CH nas AG is to GH (VI. 3); there 
fore 428 isto BH as AC isto CHV. 11:; therefore AB 
is to 4C' as BH ia to CH (V. 16); therefore the straight 
line 4H bisects the angle at 4 (VI. 3). 


27. Let two sides of a triangle be prodaced through 
the base; then the straight lines which bisect the tro 
erterior angles thus forined, and the straight line which 
bisects the vertical angle of the triangle, meet at the same 
point, ° 

This may be shewn like 26: if we adopt the second 
method we shall have to use VL. 4. 


APPENDIX, 813 


23. The perpendiculara drawn from the angles of a 
triangle on the opposite sides meet at the same point. 


Let 4BC be a triangle; and first suppose that it is not 
obtuse angled. From 2 draw BE perpendicular to Ct; 
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from C draw CF perpendicular to AB; let these perpen. 
diculars meet at G; Join AG, and produce it to mect BC 
at J): then 217 shall be perpendicular to BC. 


For a cirele will go round ARGF (Note on TEL 22); there. 
fore the angle FulG is equal to the angle FFG (TD. 21). 
Anda circle will go round BCEFULLE 31, Note on TL 2n 
therefore the angle FA is equal to the angle FCT. 
Therefore the angle BAY is cqual to the angle BUF. And 
the angle at Bis common to the two triangles 4847 and 
BUF. Therefore the third angle BDA is equal to the 
third angle BFC (| Note on 1. 32: But the angle BFC ina 
a right angle, by construction; therefore the angle BDA is 
a right angle. 


In the same way the theorem may be demonstrated 
when the triangle is obtuse angled. Or this case may be 
deduced from what has been already shewn. For suppose 
the angle at A obtuse, and Iet the perpendicular frum 2 
on the opposite side meet that side produced at £, and let 
the perpendicular from C on the annie side moct that 
side produced at F’; and let BE and CF be produced to 
mect at G. Then in the triangle BCG the perpendiculars 
BP and CE meet at A; therefore by the former case the 
straight line G.A producod will be perpendicular to UC. 
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29. If from any point in the circumference of the 
circle deacribed round a triangle perz;endticulars be drawn 
to the sides of the triangle, the three points of intersection 
are in the same atraight line. 


Let ABC he ao triangle, ? any point on the circum- 
ference of the circumyeribing circle; from P draw PD, 


on ee 
wo 


™, 





PE, PF perpendiculars to the sides BC, CA, AB respec- 
tively : D, E, F shall be in the same straight line. 


{We will supe that 7 is on the arc cut off by 4B, on 
tho opposito side from C, and that £ is on CA produced 
through .4 ; the demonstration will only have to be slightly 
modified for any other figure. } 


A circle will go round PEA F (Note on II. 22); thero- 
foro the anglo PFE is equal to the angle PAZ (LIL. 21). 
But the angles PAE and PAC are together equal to two 
right angles (I. 13); and the angles PAC and PAC are 
together equal to two right angles (III. 22) Therefore 
the angle PAE is cqual to the angle BC; therefore the 
anglo PFE is equal to the angle 27BC. 


in, a circle will go round PF DB (Note on III. 21); 
therefore the anglea PFD and /? B/D are together equal 
to two right “<- (111. 22). But the angle PBD 
been shewn cqual to the angle PFE. Therefore the angles 
PFD ond PFE are equal to two right 
Therefore EF and FD aro in the same straight li 


APPENDIX. 315 


30. ARC is a triangle, and O ts the point of inter- 
section of the perpendiculars from A, B,C on the opposite 
sides of the triangle: the cirele which passes through the 
middle points af OA, OB, OC wild pass through the feet 
of the perpendiculars and through the middle points of 
the sides of the triangle. 

Let LD, FE, F be the middle points of 0.1, OR, AC 
respectively ; let G@ be the foot of the perpendicular from 
A on BC, and // the middle point of BC. 





Then OBG is a right-angled trianglo and EF is the 
middle point of the hypotenuse O72; therefore EG is equal 
to EO; therefore the angle EGO is equal to the angle 
EOG. Similarly, the angle FCO is cqual to the angle 
FOG. Therefore the angle FGE is cqual to the angle 
FOE. But the angles FOE and BAC’ are together equal 
to two right angles; therefore the angles FUE and JLAC 
are tuge equal to two right angles. And the angle BAC 
is oe to the angle EDF, becanse ED), DF are parallel 
to BA, AC (V1.2) ‘Therefore the angles FGE and EDF 
are together equal to two right angles. Hence @ is on the 
circumference of the circle which passes through D, Z£, & 
(Note on LIT. 22), 

Again, Fi is el to OB, and Ell parallel to OC; 

ore the e EHF isa cqual to the angle Z£GF. 
Therefore H is also on the circumference of the circle. 
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Similarly, the two points in cach of the other sides of 
the triangle ABC may be shewn to be on the circum- 
ference of the circle. 

The circle which is thus shewn to pass through these 
nine points may be called the Mine points circle: it has 
some Curious properties, of which we will now give two, 

The radius of the Nine points circle is half of the 
radius of the circle described round the original triangle. 


For the triangle DEF has its sides respectively halves 
of the sides of the triangle 4 BC, so that the triangles are 
similar. Hence the radius of the circle described round 
DEF ia half of the radius of the circle described round 
ABC. 

If 8 be the centre of the eirele described round the 
triangle ABC, the centre of the Nine points cirele is the 
middle point of SQ, 

For 7/8 is at right angles to BC and therefore parallel 
toGO. Hence the straight line which bisects //G at right 
angles must bisect SO. And /f and G are on the circum- 
ference of the Nine points circle, so that the straight line 
which bisects HG at right angles must pass through the 
centre of the Nine points circle. Sinilarly, from the other 
sides of the triangle .48C' two other straight lines can be 
vbtained, which pass through the centre of tho Nine points 
circlo and also bisect SO. Hence the centre of the Nino 
points circle must coincide with the middle point of SO. 


We may state that the Nine points circle of any triangle 
touches the inscribed circle and the escribed circles of the 
triangle: a domonstration of this theorem will be found 
in tho Nourelles Annales de Mathématiques for 1842, 
page 196. For tho history of this theorem see the volume 
of the same Journal for 1863, page 562. 


31. Lf teco straight lines bisecting two angles of a tri- 
angle and terminated at the opposite sides be equal, the 
biseeted angles shall be equal. 

Let ABC be a triangle; Ict the straight line BD bisect 
the angic at B, and be terminated at tho side AC; and 
let the straight linc ('E biaect the angle at C, and be ter- 
minated at the side 4B; and let the straight line BD he 
equal to the straight line CE: then the eat B shall be 
oqual to the angle at C. 
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For, let BP and (FE mect at O; then if the angle OBC 

be not equal to the angle OC, one of them must bo 

eater than the other; let the angle OBC be the greater. 

hen, because CB and 2B) are equal to BC and CEH, each 

to each; but the angle C'7?/) is greater than the angle 
BCE; thereforo CD) is greater than BET. 24). 

On the other side of the baso BC make the triangle 
BCF equal to the triangle CBE, so that BE may bo equal 
to VE, and (‘F equal to BE ‘1. 22); and join DF. 

Then because BF is equal to BD, the angle BFL is 
equal to the angle BDF. And the angle OC) in, by hy- 
pothesis, less than the angle OBE ; and the anglo COD in 

ual to the angle BOF: therefore the angle ODC' is 
greater than the angle OFA (I. 32:, and thereforo tho 
angle ODC is greater than the angle BFC. 

Hence, by taking away tho equal angics BDF and 
BFD, the anglo FDC is r than the angle DFU; 
and therefore CF’ is greater CD (I. 19;; therefore BE 
is greater than CD. 

But it was shewn that CD is greatcr than BE; which 

absurd. 


Therefore the angles OBC and OCB are not snequal, 
that is, they are equal; and therefore the angle ABC is 
equal to the angle ACL. 

(For the history of this theorem see Lady's and Gen- 
tleman's Diary for 1559, page 88.} 


318 APPENDIX. 


32. [fa quadrilateral figure does not admit of having 
a cirele deacribed round it, the sum of the rectangles con- 
tained by the opposite sides is greater than the rectangle 
contained by the diagonals. 


Let ABCD be a quadrilateral figure which docs not 
admit of having a circle described round it; then the rect- 
angle AR, DC, together with the rectangle BC, AD, shall 
be greater than the rectangle AC, BD. 





For. make the angle ABE equal to the angle DBC, 
and the angle BAL equal to the angle BDC; then the 
triangle ABE is similar to the triangle BDC (VI. 4; 
therefore 12 isto AL as DB is to Vt; and therefore the 
rectangle .1B, DC is oqual to the rectangle .1F, DB. 

Join EC. Then, since the angle ABE is equal to tho 
angle DBC, the angle CBE ia equal to the angle DZ.A. 
And because the triangles A BE and DBC are similar, 4B 
is to as BE is to BC; therefore the triangles ABD 
and £BC are similar (VI. 6); therefore CB is to CE as 
DB is tw DA; and therefore the rectangle CB, DA is 
equal to the rectangle CZ, DB. 

Therefore the rectangle 4B, DC, together with the 
rectangle #C, AD is equal to the rectangle AZ, BD 
togethor with the rectangle CE, BD; that ia, equal to the 
rectangle contained by 7D and the sum of AE and EC. 
Rut the sum of AZ and EC is greater than AC (1. 20); 
therefore the rectangle AB, DC, together with the rect- 
angie BC, AD is greater than the rectangle AC, BD, 


APPENDIX. 819 


33. If the rectangle contained by the diagonals of a 
quadrilateral be equal to the aum of the rectanglea con- 
tained by the opposite sides, a circle cun be described round 
the quadrilateral. 

This is the converse of VI. D; it can be demonstrated 
indirectly with the aid of 32. 


34, Jt is required to find a potnt in-a qiren straight 
line, such that the rectangle contained by ita distances from 
teco giren points in the atraight line may be equal to the 
rectangle contained hy its distances Jrum lUco other giren 
points in the straight line, 


Let A, B,C, D be four given peinta in the asmo 
straight line: it is required to find a point in the straight 


line, such that the rectangle contained by its distances 
from A and B may be equal to the rectangle contained by 
its distances from C' and DW. 


On AD deacribe any triangle AED; and on C3 do- 
scribe a similar triangle CFH, 0 that CF is parallel to 
AE, and BF w DE; join EF, and let it mect the givon 
straight line at 0. Then 0 shall bo the required point, 


For, OE is to OA an OF is to OC (VI. 4); therefore 
OE isto OF 28 OA isto OC (V. 16) Similarly OF is to 
OF as OD ia to OB. Thercfore OA is to OC as OD is to 
OB(V.11} Therefore the rectangle OA, OB is equal to 
the rectangle OC", OD. 
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The figure will vary slightly according to the situation 
of the four given points, but corresponding to an assigned 
situation there will be only ore pomt such as is required. 
For suppose there could be such a point 2, besides the 
point O which is determined by the construction given 
above ; and that the points are in the order A, C, D, B, O, P. 
Join PEF, and Iet it meet CF, produced at G; join BG. 
Then the rectangle 27.4, 2?B is, by hypothesis, equal to the 
rectanyle PC, 27D; and therefore 274 is to PC as PD is 
to PB. But 7.4 is to PC as PE is to PG (VI. 2); there- 
fore PD isto PBaus PE isto PG (V. 11); therefore BG 
is parallel to JAE. 

But, by the construction, BF’ is parallel to ED, there- 
fore BG and BF aro themselves parallel (1. 30); which is 
absurd. Therefore P is not such a point as is required. 


ON GEOMETRICAL ANALYSIS. 


35. Tho substantives anedysis and synthesis, and tho 
corresponding adjectives analytical and synthetical, are of 
frequent occurrence in mathematics. In general analysis 
means decomposition, or the separating a wholo into its 
parts, and synthesis means composition, or making a whole 
out of its parts. In Geometry however these words are 
used in a more special sense, In synthesis we begin with 
results already established, and end with some new result ; 
thus, by the aid of theorems already demonstrated, and 
problems already solved, we demonstrate somo new theo- 
rem, or solve some new problem. In analysis we begin 
with assuming the truth of some theorem or the solution of 
some problem, and wo deduce from the assumption con- 
sequences Which we can compare with results already esta- 
blished, and thus test tho validity of our assumption. 


36. Tho propositions in Euclid’s Elements are all ex- 
hibited synthetically; the student is only employed in ex- 
amining the soundness of the reasoning by which each 
successive addition is made to the collection of geometrical 
truths already obtained; and there is no hint given as to 
the manner in which the propositions were originally dis- 
covered. Some of the constructions and demonstrations 
appear rather artificial, and we are thus naturally induced 
to enquire whether any ‘rules can be discovered by which 
wo may be guided cadily anid naturally to the investigation 
of new propositions, 
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37. Geometrical analysis has sometimes been described 
in language which might lead to the expectation that 
directions could be given which would enable a student 
to proceed to the demonstration of any proposed theorem, 
or the solution of any proposed problem, with confidence of 
success; but no such directions can be given. We will 
state the exact extent of these directions, Supposo that a 
new theorem is proposed for investigation, or a new 
problem for trial. Assume the truth of the theorem or the 
solution of the problem, and deduce consequences from 
this assumption combined with results which have been 
already established. If a consequence can be deduced 
which contradicts some result already established, this 
amounts to a demonstration that our assumption is inad- 
miasible ; that is, the theorem ix not true, or the problem 
cannot be solved, If a consequence can be deduced which 
coincides with some result already established, we cannot 
say that the assumption is inadmissible; and it aay happen 
that by starting from the consequence which we deduced, 
and retracing our steps, we can succeed in giving a svn. 
thetical demonstration of the theorem, or solution of the 
problem. ‘These directions however are very vague, be. 
cause no certain rule can be prescribed by which we are to 
combine pur assumption with results already established ; 
and moreover no test cxists by which we can ascertain 
whether a valid consequence which we have drawn from 
an assumption will enable us to establish the assumption 
itself. That a ten may be false and vet furnish 
consequences which are truce, can be seen from a simple 
example. Suppose a theorem were proposed for investi- 
gation in the following words; one angle ofa triangle isto 
another aa the side apposite ta the frat angle ta to the vide 
opposite to the other. Uf this be assumed to be trne we 
can immediately deduce Euclid’s result in 1.19; but from 
Euclid'’s result in I. 19 we cannot retrace our steps and 
establish the proposed theorem, and in fact the proposed 
theorem is false. 


Thus the only definite statement in the dircctions 
respecting Geometrical analysis is, that if a consequence 
can be deduced from an assumed proposition which con- 
tradicts a result already established, t assumed propo- 
sition must be fale. 3 
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38. Wo may mention, in particular, that a consequence 
would contradict results already established, if we could 
shew that it would lead to the solution of a problem 
already given up as impossible. There are three famous 
problems which are now admitted to be beyond the power 
of Geometry ; namely, to find a straight line equal in length 
to the circumference of a given circle, to trisect any given 
angle, and to find two mean a aaa botween two 
given straight lines. The grounds on which the geometrical 
solution of these problems is admitted to be impossible 
cannot be explained without a knowledge of the higher 

arts of mathematics ; the student of the Elements may 

owever be content with the fact that innumerable attempts 
have been made to obtain solutions, and that these attempts 
have been made in vain. 


The first of these problems is usually referred to as 
the Quadrature uf the Circle. For the history of it the 
student should consult the article in the Auglish Cyelo- 
pedia under that head, and also a series of papers in the 
Atheneum for 1863 and subsequent years, entitled a 
Budget f Paradoxes, by Professor De Morgan. 

For i alge silutions of the problem we may 
refer to Davies's edition of IHutton'’s Course of Mathe- 
matics, Vol 1 page 400, the Lady's and Gentleman's 
Diary for 1855, page 86, and the Philosophical Magazine 
for April, 1862. 

The third of the three problems is often referred to as 
the Duplication of the Cube, Sve the note on VL 13 in 
Lardner's Euclid, and a dissertation by C,H. Biering en- 
He Historia Problematis Cubi Duplicandi...Haunix, 

S44, 
tye We will now give some cxamples of Geometrical ana- 
is. 

39. From two giren pointe it is required to draw to 
the sama point in a giren straight line, two straight lines 
equally inclined to the gicen straight line. 


Let A and 8 be the given poi d CD 
straight line. saa ir mei 
Suppose AE and EB to be tho two straight lines 
equally inclined to CD. Draw BF a7 ag cea! to CD, 
and produce AE and BF to meet at Then the angle 
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BED is equal to the angle AEC, hy hypothesis ; and tho 
angle 4£U is equal to the angle DAG (i. 15). Henew the 


triangles BEF and GHF are equal in all respects 1. 26 ; 
therefore A'G is equal to 4°73. 
This result shows how we may synthetically solve the 
roblem. Draw BF perpendicular to C7, and produce 
It to G, so that FGF may be equal to FA, then jom 04, 
and A? will intersect CD at the required point. 


40. To diride a giren straight line into tira parta 
euch that the difference uf the aquares ou the parte may be 
equal tua yiren square. 

Let AB he the given straight 
line, and suppose C the required 
point. 

Then the difference of tho 
squares on AC and BC is to be equal to a given square. 
Bat the difference of the squares on AC and BC’ in equal 
to the rectangle contained by their sum and difference ; 
therefore this rectangle must be cqual to the given square. 
Hence we have the following synthetical solution. On 4/3 
describe a rectangle equal to the given square (1. 45); then 
the difference of AC’ and CB will be equal to the side 
of the rectangle adjacent to AB, and is therefore known. 
And the sum of AC and ('B is known. Thus AC and CB 
are known. 

It is obvions that the given square must not exceed the 
aquare on 4, in order the problem may be pousitle. 

There are two positions of C, if it is not specified which 
ae ee CB is to be greater than the 
other; but only one position, if it is specified. 

21-2 


Av "OT 
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In like manner we may solve the problem, to produce 
a given atraight line so that the square on the whole 
straight line made up of the giren straight line and the 
part produced, may erceed the square on the part pro- 
duced by a giren square, which is not less than the square 
on the given straight line. 


The two problems may be combined in one enunciation 
thus, fo diride a giren straight line internally or eater- 
nally ao that the difference of the squares on the segments 
may be equal lo a gicen square. 


41. To find a point in the circumference of a giren 
argment af a circle, so that the atraight linea which jan 
the potnt to the ertremitios of the straight line on which 
the segment stands may be together equal to a giren 
straight line. 





Let .1CB he the circumference of the given segment, 
and suppose C’ the required point, so that the sum of AC 
and ('2 is equal to a given straight line. 

Produce AC to D so that CD may be equal to CB; 
and join DB. 


Thon AD is equal to the given straight linc. And the 
angle ACB is cqual to tho sum of the angles CDB and 
CBD (I. 32), that is, to twice the angle CDB (1.5). There- 
fore the angle 4) 2 is half of the angle in the given seg- 
ment. Hence wo have the following synthetical solution. 
Describe on AB a ent of a circle containing an angle 
equal to half the ein the given segment. With 4 as 
centre, and a radius equal to the given straight cap 
describe a circle. Join 4 with a point of intersection 
this circle and the segment which has been described ; this 
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joining straight line will cut the circumference of tho 
given segment at a point which solves the problem. 


The given straight line must exceed 18 and it must 
not exceed a certain straivht line which we will now deter- 
mine. Suppose the circumference of the given sexment 
bisected at #£: join AZ, and produce it to meet the cir- 
cumference of the deseribed segment at #2 Then 42 is 
equal to FB (II. 25), and FZ is equal to AF for the 
same reason that CB is equal to C2). Thus £4, EB, EF 
are all equal; and therefore # is the centre of the circle 
of which 1D is a segment PLE 9. Hence “fF is the 
longest straight line which can be drawn from .f to the cir- 
cumference of the described segment: so that the given 
straight line must not execed twice .1/4. 


42,0 Tu describe an (sosceles trianale haring each of 
the angles al the base double of the third angle, 


This problem is solved in TV. 10. we may suppose tho 
solution to have been discovered by such an analysis us tho 
following. 

Suppose the triangle ABD such a ; 
triangle as is required. so that cach of 


the angles ut Band LY is double of the et \ 
angle at 1. iy 
Bisect the angle at 2) by the straight = Ck \ 


line VC. Then the angle -£C is equal /- 
to the angle at 4; therefore Cf is py 55 
equal to UD. The angle C7) ia equal 
to the angle AB, by hypothesia; the angle C)B is equal 
to the angle at 4; therefore the third angle BCL is equal 
to the third angle ABD ‘1. 32: Therefore 2D is equal 
to CD ‘1. 6;; and therefore BY is equal to AC. 
Since the angle BC is cqual to the angle at A, the 
ight line BY will touch at J? the circle described 
round the triangle ACD (Note on M11. 32;. Therefore the 
ane AB, BC is equal to the square on BY) UE. 363. 
ae vre the rectangle .128, BC is equal tw the square 
on 4C. 
: coo AB is divided at C in the manner required 
in ik. 21, 


Hence the synthetical solution of the problem is evident. 
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43. To inscribe a square in a giren triangle. 

Let ABC be the 
given triangle, and 
suppose DEF'G the 
required square. 


Draw A/f perpen- 
dicular to BC, and 
AA parallel to BC; 
and let BF pene 
ed mect AA at A’ 
Then BG is to GP 
as 3 fisto AK, and BG istoG Das BA isto AM VI. 4). 
But GF is equal to GD), by hypothesis. 
Therefore Buf is to AA as BA is to AH (V.7, V. 12). 
Therefore AJL is equal to AAV. 7}. 
Hence we have the following synthetical solution. Draw 
AA parallel to BC, and equal to.4/77; and join BA. Then 
BK meets AC at one of the corners of the required square, 
and the solution can be completed. 


44. Through a qgicen point heticeen tien qicen atraight 
lines, it is required to draw a straight line, such that the 
rectangle contained by the parts between the giren point and 
the given straight lines may be equal to a gicen rectangle 

Let 2 be the given point, 
and 48 and AC the given 
straight lines ; suppose JSP N 
the required straight line, so 
that the rectangle WP, PN 
is equal to a given rectangle. 

roduce AP to Q, so that 
the rectangle 47’, PQ may 
be equal to the given rect- 
angle. Then the rectangle 
MP, PN ia equal to the 
peony ty AP, PQ. Therefore a circle will go round 
AA MQN (Note on TI]. 35) Therefore the angle PNQ is 
equal to the angle P.4M (IIT. 21). 

Hence we have the following synthetical solution. Pro- 
duce .4P to Q, so that the rectangle AP, PQ may be 
ot eee to the given rectangle; describe on PQ a t 
of a circle containing an angle equal to the angle PAM; 
join P with a point of intersection of this circle and AC ; 
the straight lino thus drawn sulves the problem, 
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45. Ina gicen circle it is required to inscribe a tri- 

angle sv that tere tldes meaty pass through two giren points, 
aud the third side be parallel to a yiren straight line, 


Ea ee ER 2 


os P 


PONS 





Let 4A and # he the piven pointa, and CY) the given 
straight line. Suppose ?A0N to be the required triangle 
inscribed in the given circle. 

Draw NE parallel to 1B; join BA, and produce it if 


? 


necessary to meet 1B at F. 


If the point A” were known the problem might be con- 
sidered solved. For £.V Af isa known angle, and therefore 
the chord EM is known in magnitude. And then, since # 
isa known point, and EA is a knuwn magnitude, the posi- 
tion of Mf becomes known. 


We have then only to shew how F’ is to be determined. 
The angle MEN is cqual to the angle 4/74 (1.29; The 
angle JJEN is equal to the angle MPN (ILL. 21. Hence 
MAF and BAP are similar triangles ‘VI. 4;. Therefore 
MA isto AF as BA ia to AP. Therefore the rectangle 
MA, AP is equal to the rectangle BA, AF VI. 16) But 
since 4 in a yiren point the rectangle 474, AZ? is known; 
and 42 is known; thus AS’ is beter int 
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46. Inagiven circle it is required to inscribe a tri- 
angle so that the sides may pass through three given 
ports. 


Let A, B, C be the three given points. Suppose PA7ZN 
to be the required triangle inscribed in the given circle, 


WT 


* ee 





Draw NE parallel to 433, and determine the point F’ 
asin the preceding problem. We shall then havo to de- 
scribe in the given circle a triangle FALV so that two of 
its sides may pass through given points, F and ©, and the 
third side be parallel to a given straight ne .12. This 
can be done by the preceding problem. 


This example and the preceding are taken from the 
work of Catalan already cited. The present problem is 
sometimes called Castition’s and sometimes Cramer's; tho 
history of the general researches to which it has given riso 
will be found in a series of papers in the Mathematician, 
Yolk iu. by the late T. 8. Davies. 


ON LOCI. 


47.© A locus consists of all the points which satiafy cer- 
tain conditions and of those puints alone. Thus, for exam- 
ple, the locus of the pvints which are at a given distance 
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from a given point is the surface of the sphere described 
from the given point as centre, with the given distance as 
radius; for all the points on this surface, and no other 
points, are at the given distance from the given point. If 
we restrict ourselves to all the points in a fixed plane which 

are at a given distance from a given point, the locus is the 

circumference of the circle described from the given point 

as centre, with the given distance as radius. In future we 

shall restrict ourselves to loci which are situated in a fixed 

plane, and which are properly called plane loci, 


Several of the propositions in Euchd furnish good exam- 
ples of loci. ‘Thus the locus of the vertices of all triangles 
Which are on the same base and on the same side of it, aud 
which have the same area, is a straight line parallel to the 
base; this is shewn in 1.37 and [. 39. 


Again, the locus of the vertices of all triangles which 
are on the same base and on the aame side of it, and which 
have the same vertical angle, is a seginent of a circle de- 
scribed on the base; for it is shewn in TLL, 20, that all the 
points thus determined satisfy the assigned conditions, and 
it is casily shewn that no other points di 


We will now give some examples. In cach example we 
ought to shew not only that all the points which we indi- 
cate as the locus do fulfil the assigned conditions, but that 
no other points do. ‘This second part however we leave to 
the student in all the examples except the Inst two; in 
these, which are more ditlicull, we have given the complete 
investigation. 


48, Reguired the locus of points which are equidia- 
tant Jrom two giten points, 


Let A and B be the two given points; join AZ; and 
draw a straight line through the unddle point of AB at 
right angles to .4/%; then it may be casily shewn that this 
straight line is the required locus. 


49. Required the locus of the rerticce of all triangles 
ona giren base AB, such that the aquare on the side ler- 
minated at A may erceed the square on the side termi- 


nated at B, by a giten square. = 


Suppose C' to denote a point on the required locus ; from 
C draw a perpendicular on the given base, meeting it, pro- 
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duced if necessary, at D. Then the square on AC is equal 
to the squares on AL and C'), and the square on BU’ is 
equal to the aquares on BY) and C/) (1. 47}; therefore the 
square on AC exceeds the square on BC by as much as the 
square on AY exceeds the square on BU). Lence Disa 
fixed point either in AZ or in {4 produced through B (40). 
And the required locus is the straight line drawn through 
dD, at right angles to ALB. 


50. Required the locus of a point auch that the atraight 
lines drawn Jrom it to touch tico gicen circles may be 
equal. 


Let A be the centre of the greater circle, 2 the centre 
of a amaller circle; and let 7? denote any point on the re- 
quired locus. Since the straight lines drawn from 7? to 
touch the given circles are cyual, the squares on these 
straight lines are equal. But the squares on 2f and 7B 
exceed these equal squares by the squares on the radii of 
the respective circles. Hence the square on 21 exceeds 
the square on 274, by a known square, namely a square 
equal to the excesa of the square on the radius of the circle 
of which .4 is the centre over the square on the radius of 
the circle of which 4 is the centre. Hence, the required 
ne is a certain straight line which is at right angles to 
af (49). 

This straight line is called the rudical aris of the two 
circles. 

If the given circles intersect, it follows from IIT. 36, 
that the straight line which is the locus coincides with the 
produced parts of the common chord of the two circlos. 


Sl. Required the locus yf the middle points of all 
the chorda of a circle which pase through a faced puint, 


Let .4 be the centre of the given circle; B the fixed 
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point; let any chord of the circle be drawn so that, pro 
duced if necessary, it may pass through 2. Let /? be the 
middle point of this chord, sv that 2 is a point un the re- 
quired locus. 

Tho straight line AP is at right angles to the chord of 
which ? is the middle point (IIL. 3); therefore ? ia on the 
circumference of a circle of which 2 is a diameter, 
Hence if B be within the given circle the locus ia the cir- 
cumference of the circle Teaeritien on .A/3 as diameter ; if 
B be without the given circle the locus ia that part of the 
circumference of the circle described on .14 as diameter, 
which is within the given circle. 


52. Odea fired point from achich any atratght line 
is drawn meeting a fired straight line at Poin OP a 
point QQ ta taken such that OQ t ty OP inca fired rativ: 
determine the locus of \Q. 

We shall shew that the locus of @ is a straight lino. 

For draw a perpendicular from 0 on the fixed straight 
line, meeting it at C’; in OC take a point D such that OD 
is to OF" in the fixed ratio; draw from 0 any atraight line 
OP meeting the fixed straight line at 2, and in O/? take a 
point @ such that O@ is w OP in tho fixed ratio; joia 


D. The triangles ODQ and OCP are similar (VI. 6); 

erefure the angle ODQ is equal to the angle O/'P, and is 
therefore a right angle. Hence Q lies in the straight line 
drawn through J at right anglics to OD, 
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63. Otte a fired point from which any straight line 
te drain meeting the circumference of a fixed circle at P; 
in OP a point Q ta taken such that OQ is to OP tn a fixed 
ratio: determine the locus of Q. 


We shall shew that the locus is the circumference of a 
circle. 
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For let C be the centre of the fixed circle; in OC take 
a point D such that OJ) is to OC in the fixed ratio, and 
draw any radius ('? of the fixed circle; draw DQ parallel 
to CP meeting OF, produced if necesanry, at @. Then the 
triangles OC'7? and OQ are similar VI. 4), and therefore 
OY@ ia to OP as OD is to OC, that is, in the fixed ratio. 
Therefore Q is a point on the locus, And JQ is to CP 
in the fixed ratio, so that YQ is of constant length. Hence 
the locus is the circumference of a circle of which D is the 
centre, 


54. There are four giren points A, B,C, D in a 
straight line; required the locua of a point at rchich AB 
and CD sublend equal angles. 


Find a point O in the straight line, such that the rect- 
angle O.4, OD may be ae to the rectangle OB, OC (34), 
and take OA such that the square on OA may be equal to 
either of theso rectangles (II. 14°: the circumference of the 
circle described from QO as centre, with radius OA, shall be 
the reguired locus, 


[We will take the case in which the points are in the 
fullowing order, O, 4, B, C, D.) 


For let P be any point on the circumference of this 
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circle. Describe a circle round P?.1D, and also a circlo 





round PBC; then OP touches cach of these circles (TIL. 37°; 
therefore the angle O2°.4 ia equal to the angle 2°14, 
and tho angle OPR ix exyual to the angle PCH UTD. 32° 
But the angle OP B is equal to the angles OPA and APR 
together, and the angle }« ‘PB is equal to the angles CPD) 
and PIA together (1. 32.) Therefore the angles OLA 
and APS together are equal to the angles C2?) and 
PPA together; and the angle OPA hus been shewn equal 
to the angle P7).A; thorefore the angle AL’B in ogjual to 
the angle CPD. 


We have thus shewn that any point on the circumforenco of 
the circle satisfies the assigned conditions; we shall now 
shew that any point which satisfies the assigned conditions 
is on the circumference of the circle. 


For take any point Q which satisfies the required con- 
ditions. Describe a circle round Q.4/7), and also a circle 
round QBC. These circles will touch the same straight 
line at @; for the angles AQ and CQ/ aro cqual, and 
the converse of III. 32 is true. Let this straight line which 
touches buth circles at Q be drawn; and Ict it meet the 

t line containing the four given points at X. Then 
the rectangle RA, RD is cqual to the rectangle RB, RC; 
for each is equal to the square on Re (IIL. 36). 

F must coincide with O (34); and fore RQ must be 
equal to OX. Thus Q must be on the circumference of the 
circle of which O is the centre, and OX the radius. 
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55. Required the locus of the rertices of all the tri- 
angles ABU which stand on a giren base AB, and hare 
the side AC to the side BC in a constant rativ. 


If the sides AC and BC are to be equal, the locus is 





tho straight line which bisccts .12 ut right angles. Wo 
will suppose that the ratio is greater than a ratio of oqual- 
ity; so that AC is to be the greater side. 


Divido AB at D so that AD is to YB in the given ratio 
(VI. 10); and produce AB to F, so that AE is to EB in 
the given ratio. Let 2 be any point in the required locus; 
join PDand PE. Then /’) bisects the angie APS, and 
PE bisects the angle between BP and 4? produced. 
Therefore the angle DPE is a right angle. ‘Therefore P is 
on the circumference of a circle descri on DE as dia- 
meter. 


We have thus shown that any point which satisfies tho 
assigned conditions is on the circumference of the circle 
described on DE as diameter; we shall now shew that any 
point on the circumference of this circle satisfies the as- 
signed conditions. 

Let Q be any see on the circumference of this circle, 
QA shall be to QB in the assigned rativ. For, take O the 
centre of the circle; and join QO. Then, by construction, 
AE isto EB as AD is to DB, and therefore, al y, 

is to 4D as EB is to DB; therefore the sum of AE 

AD ia to their difference as the sum of EB and DB is 
their difference (23); that is, twice AO is to twice DO as 
twice DO is to twice BO; therefore AO i 


as 
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to BO; that is, AO is to OQ as QO isto OR. Therefore 
the triangles 40Q and QOB aro similar triangles (VI. 6); 
and therefore AQ is to QB as GO is to BO. This shews 
that the ratio of 41Q to BQ is constant; wo have still to 
shew that this ratio is the same as the assigned ratio, 


We have already shewn that 40 isto DO as DO ia to 
BO; therefore, the difference of 40 and DO ia to DO as 
the difference of DO and BO is ta BO CV. 17>; that is, 
AD isto DO as BY is to BO: therefore A) is to BD as 
DO is to BO; that is, AD is to DB an QO in to BO. 
This shews that the ratio of GO to BO is the same as tho 
assigned ratio. 


ON MODERN GEOMETRY. 


56. We have hitherto restricted oursclyes to Euclid's 
Flements, and propositions which can be denonatrated 
by strict adherence to Euclid’s methods, In modern times 
various other methods have been introduced, and have 
led to numerous and important results. Those methods 
san be called semi-geometrical, as they are not confined 
within the limits of the ancient pure geometry; in fact 
the power of the modern methods ix obtained chiefly by 
combining arithmetic and algebra with geometry. Tho 
student who desires to cultivate this part of mathematics 
may consult Townsend's Chapters on the Modern Geo- 
metry of the Point, Line, and Cirele. 


We will give as specimens some important theorems, 
taken from what is called the theory of irnavecraa 


Any line, straight or curved, which cuts a system of 
other lines is called a tranarerzal ; in the examples which 
we shall give, the lines will be straight lines, and the sys- 
tem will consist of three straight lines forming a triangle. 


in the 
~~  @aprehended until the demonstration is 
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57. If a straight line cut the sides, or the stdea pro- 
duced, of a triangle, the product of three segments in 
order is equal to the product of the other three segments. 


Let ABC bo a triangle, and let a straight line be drawn 
cutting the side BC at J, the side (‘A at EF, and the side 
AB produced through Bat #. Then BD and DC are 
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called segments of the side BC, and CH’ and E- are called 
seqmenta of the side C.1, and also 4F and #2 are called 
segments of the side AZ. 


Through .4 draw a straight line parallel to BC, mecting 
DF produced at //. 


Then the triangles CED and FAT are equiangular to one 
another; therefore 4/7 is to CD) as AF isto EC (VE 4). 
Therefore tho rectangle .4//, EC is equal to the rectangle 
CD, AE (VI. 16). 

Again, the triangles F.4 // and FD are equiangular to 
one another ; therefore 4 /7/ isto BD as FA isto FB OVI. 4. 
Therefore the rectangle 4/7, FB is equal to the rectangle 
BD, FA (VI. 16). 

Now suppose the straight lines represented by numbers 

in the manner explained in the notes to the second Book of 
the Elements. We have then two results which we can ex- 
press arithmetically : namely, the product 4H.EC ia equal 
to the product CD. AE; and the product AH. FB is equal 
to the product BD. FA. 
Therefore, by the principles of arithmetic, the — 
AH. EC. BD. FA is equal to the product 4H. FB.CD. AE, 
and thorefore, by the principles of arithmetic, the product 
BD.CUB.AF is equal to the product DC. EA. FB. 

This is the result intended by the enunciation given 
above. Each product is made by three segments, one from 
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every side of the triangle : and the two segments which ter- 
minated at any angular point of the triangle are never in the 
same product, ‘Thus if we begin one product with the sey- 
ment BY, the other segment of the side BC, namely DC, 
occurs in the other product ; then the segment CE occurs 
in the first product, so that the two segments CD) and CE, 
which terminate at C, do not occur in the same product; 
and 80 on, 


The student should for exercise draw another figure 
for the case in which the transversal meets a// the sides 
produced, and obtain the same result. 


58. Conversely, it may be shewn by an indirect proof 
that if the product BDCH. AF be equal te the product 
DCL EA. FB, the three pointa J), 2, F lie in the samo 
straight line. 


59. Df three straight lines be drawn through the 
angular points of a trrangle to the apposite aides, and 
mert atthe aaine point, the product of three eequenta in 
order ia equal to the product of the other three aymenta. 


Let ABC be a triangle. From the angular points to 
the opposite sides let the straight lines 40D, BOL, COF 
be drawn, which moct at the point G: the product 
AF. BD.CE shall be equal to the product FR. DC. EA. 

For the triangle 427) is cut by the tranaveraal FOC, 
and therefore by the theorem in 57 the following producta 
are equal, AF. BC. DO, and FB.CD.OA. 





Again, the triangle ACD ia cut by the transveraal 
EOB, and therefure by the theorem in 57 the following 
products are equal, 4V.DB.CE and OD. BC. EA. 
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Therefore, by the principles of arithmetic, the following 
products are equal, AF. BU, DO. AO. DB.CE and 
FB.CD.OA.OD.BC.EA. Therefore the following 





products are cqual, 47. BD.CE and FB. DC. EA. 


We have supposed the point O to be within the trianglo; 
if O be without the trianglo two of the points D, Z, # will 
fall on tho sides produced. 


GO. Conversely, it may be shewn by an indirect proof 
that if the product AF’. BY. CE be equal to the product 
FB. DC. BA, the three straight lines AZ, BE, CF meet 
at the same point. 


G1. We may remark that in geometrical problems the 
following terms sometimes occur, used in the same sense as 
in arithmetic; namely ardhmetical progression, qgeometrt- 
cal progression, and harmonteal progression, A eal 
tion respecting harmonical progression, which deserves 
notico, will now be given. 


62. Let ABC be a triangle; let the angle A be bisected 
by a straight line which meets BU at D, and let the ex- 
terior angle at A be bisected by a straight line which meets 
BC, produced through Cat EB: then BD, BC, BE shall 
be in Aharmonical progression. 
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For BD isto DC as BA iato AC VIL3: and PE is 
to Eas BA isto AC (VE, A) Therefore BY) is to DC 
as BE isto HC VID. Therefore BD isto BE as DC is 
to EC'(V. 16). Thus of the three straight lines 2D BC, 
BE, the first is to the third as the excess of the second 
over the first is to the cxcess of the third over the second. 
Therefore BD, BC, BE are in harmonical progression. 


This result is sometimes expressed by saying that 22? 
is divided harmonically at DV) and C. 


22- 2 


EXERCISES IN EUCLID. 


I. 1to 15. 


1. On agiven straight line describe an isosceles tri- 
ee having cach of the sides equal to a given straight 
ine. 

2. In the figure of I. 2 if the diameter of the smaller 
circle is the radius of the larger, shew where the piven 
point and the vertex of the constructed. triangle will be 
situated. 

3. If two straight lines bisect cach other at right an- 
gies, any point in either of them is equidistant from the 
extremities of the other. 

4. If the angles 4BC and ACB at the base of an 
isoaceles trianzle be bisected by the straight lines BD, 
CD, show that DBC will be an isosceles triangle. 

& BAC isa triangle having the angle B double of tho 
angle A. If AD bieecta the angle 4 and meeta AC at D, 
shew that 2D is equal to 41) 

6. In the figure of I. 5 if FC and BG meet at /T 
shew that #//and GH are equal 

7. In the figure of I. 5 if AU’ and BG meet at 7, 
shew that .4// bisects the angle BAC. 

a. The sides AB, AD ot a quadrilateral ABCD are 
equal, and the diagonal AC bisects the angle BAD: shew 
that the sides (‘2 and CD are equal, and the diagonal 
AC bisects the e BCD. 

9. ACB, ADB are two triangles on the same side of 
AB, such that AC is equal to BD, and AP is equal to 
BC, and AD and BC intersect at O: shew that tri- 
angie AOB is isosceles, 

10. ‘The opposite angles of a rhombus are equal. 

11. A diagonal of a rhombus bisects cach of the angles 
through which it passes, 
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12. If two isosecles triangles are on the same base the 
straight line joining their vertices, or that straight line 
produced, will bisect the base at right angles. 

13. Find a point in a given straight line such that its 
distances from two given points may be equal. 

14. ‘Through two given points on opposite sides of a 
given straight line draw two straight lines which shall meet 
in that given straight line, and include an angle bisected 
by that given straight line. 

15. A given angle B.1C is bisected ; if C41 ia produced 
to G and the angle BAG bisected, the two bisecting lines 
are at right angles. 

16. If four straivht lines meet at a point so that the 
opposite angles are equal, these straight Ree uro two and 
two in the sume straight line. 


I. 16 to 2%. 


17. ABC isa triangle and the angle 4 is bisected by 
a straight line which meeta BC at 1: shew that Jf is 
greater than #2). and Cot greater than CV). 

18. In the figure of 1. 17 shew that 42C and ACB 
are together less than two right angles, by Joining A to any 
point in BC" 

19. AKCD is « quadrilateral of which AD ia tho 
longest side and BC the shortest; shew that the angle 
ABC is greater than the angle of VC, and the angle BCD 
greater than the angle 4.1). 

20. If a straight line bo drawn through 4 one of the 
angular points of a square, cutting one of the opposite siden, 
and meeting the other produced at /, shew that AF’ is 
greater than the diagonal of the square 

21. The perpendicular is the shortest straight line 
that can be drawn from a given point to a given atraight 
line; and of others, that which is nearer to the perpen- 
dicular is less than tho more remote; and two, and only 
two, equal straight linca can be drawn from the given point 
to the given straight line, one on each side of the perpen- 
dicular. 

22. The sum of the distances of any point from the 
three angles of a trianzle is greater than half the sum of 
the sides of the triangle. 
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23. Tho four sides of any quadrilateral are together 
greater than the two diagonals together. . 

24. ‘The two sides of « triangle ure together greater 
than twice the straight line drawn from the vertex to the 
middle point of the base. 

25, If one angle of a triangle is equal to the sum of 
the other two, the triangle can be divided into two isosceles 
triangles. 

26. If the angle (of a triangle is equal to the sum 
of the angles A and J3, the side 4/3 is equal to twice the 
straight line joining C to the middle point of 4 B. 

27. Construct a triangle, having given the base, one of 
the ungles at the base, aiid the suin of the sides. 

28. The perpendiculars let fall on two sides of a tri- 
angle from any point in the straight line bisecting the anglo 
between them are equal to each other. 

29. Ina given straight line finda point such that the 
perpendiculars drawn from it to two given straight lines 
shall be equi. 

30. ‘Through a given point draw a straight line such 
that tho perpendiculars on it from two given points may be 
on opposite sides of it and equal to cach other. 

$1. A straight line bisects the angle of a triangle 
ABC; from Ba perpendicular is drawn to this bisecting 
straight line, meeting it at J, and BD is produced to meet 
AC or AC produced at £: shew that BY is equal to DE. 

32. AB, AC are any two straight lines meeting at 4: 
through any point 7? draw a straight line meeting themat 2 
and /, such that .1 may be equal to AF’ 

33. Two right-angled triangles have their hypotenuses 
equal, and a sicko of one equal to a side of the other: shew 
that they are equal in all respects. 


I. 27 to 31. 


34. Any straight lino parallel to the base of an iso- 
acelos trianglo makes cqual angles with the sides. 

35, If two straight lines .4 and £8 are respectively 
parallel to two others (and D, shew that the inclination of 
A to B is cqual to that of C to D. 

36, A sala be line is drawn terminated by two parallel 
straight lines; through its middle pvint any straight line is 
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drawn and terminated by the parallel straight lines. Show 
that the second straight linc is bisected ut the middle point 
of the first. 

37. If through any point equidistant from two parallel 
straight lines, two straight lines be drawn cutting the pa- 
rallel straight lines, they will intercept equal portions of 
these parallel straight lines. 

38. If the straight line bisecting tho exterior angle of 
a triangle be parallel tu the base, shew that the triangle is 
isosceles. 

39. Find a point B in a given straight line CY), such 
that if 18 be drawn to # from a given point uf, the angle 
“BC will be equal to a given anele. 

40. Ifa straight line be drawn bisecting one of the 
angles of a triangle to meet the opposite side, the straight 
lines drawn from the point of section parallel to the other 
sides, and terminated by these sides, will be equal. 

41. The side BC of a triangle ABC is produced to a 
point D; the angle ACU) is bisceted by the straight line 
CE which meets 44 at FL A straight line is drawn 
through £ elias to ACY meeting AC at F#. and the 
straight line bisectins the exterior angle AC) at G. Show 
that AF’ is equal to £4, 

42. AZ is the hypotenuse of a right-angled triangle 
ABC: finda point Jin AA wach that 7 may be equal 
to the perpendicular fron J) on AC. 

43. ABC is an isosceles triangle: find pointa 2, Fin 
the equal sides AB, AC such that BY, VE, EC may all 
be equal. 

44. <A straight line drawn at right angles to BC 
the base of an isosceles triangle ABC cuta the side Ad at 
Dand CA produced at £: shew that ALD is an isvsccles 
triangle. 


I. 32. 


45. From the extremitica of the base of an isusceles 
triangle straight lines are drawn perpendicular to the sides; 
shew that the angles made by them with the base are cach 
equal to half the vertical angle. 

46. Onthe sides of any triangle ABC equilateral tri- 
angles BCD, CAE, ABF are described, all external: shew 
that the straight lincs 1D, BE, CF are all equal. 
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47. What is the magnitude of an angle of a regular 
octagon 7 

4x. Through two given points draw two straight lines 
forming with a straight line given in position an equilateral 
triangle. 

49. If the straight lines bisecting the angles at the 
base of an isosceles triangle be produced to meet, they will 
contain an angle equal to an exterior angle of the triangle. 

50. A is the vertex of an isosceles triangle ABC, and 
BA is produced to 7, s0 that AL is equal tu B.4; and 
DC is drawn: shew that BCD is a right angle. 

5S). ABC is a triangle, and the exterior angics at B 
and ( are bisected by the straight lines B72), CD respec- 
tively, meeting at YD: shew that the angle BDC together 
with half the angle BAC make up a right angle. 

52. Shew that any angle of a trisagle is obtuse, right, 
or acute, xecording as it is greater than, equal to, or less 
than the other two angles of the triangle taken together. 

63. Construct an isosceles triangic having the vertical 
angle four times each of the angles at the base. 

64. In the triangle ABC the side BC is bisected at F 
and ABatG; AE is produced to 4" so that #7" is equal 
to AB, and CG is produced to /7 so that GH is eau w 
CG; shew that /’2 and //2 arv in one straight line. 

55. Construct an isosceles triangle which shall have 
— of each angle at the base cqual to half the vertical 
angle. 

56. AB, AC’ are two straight lines given in position: 
it is required to find in them two points ? and @, such 
that, #?@ being joined, 47? and PY may together be equal 
w a given straight linc, and may contain au angle equal to 
a given angle. 

57. Straight lines are drawn through the extremities of 
the base of an isosceles triangle, making ang!es with it on 
the side remote from the vertex, each equal to one-third of 
one of the equal angles of the triangle and meeting the 
sides produced: shew that threo of the triangles thus 
furmed are isoeceles. 

6s. AEB, CED are two straight lines intersecting at 
E; straight linos AC, 28 are drawn forming two triangles 
ACE, BED: the angles ACE, DBE are bisected by the 
straight lines CF. AFL meeting at FP Shew tht the angle 
CFS is equal to half the eum of the angles LAC, EDS. 
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59. The straight line joining the middle point of the 
hypotenuse of a right-angled triangle to the right angle is 
equal to half the hypotenuse 

60. From the angle A ofa triangle ABC a perpen- 
dicular is drawn to the opposite side, meeting it, produced 
if necessary, at 2; from the angle 42a perpondicular is 
drawn to the opposite side, meeting it, produced if neces- 
sary, at £: shew that the straight lines which join J and 
_£ to the middle point of AB are equal. 

G1. From the angles at the base of a triangle perpen. 
diculars are drawn to the opposite sides, produced if heces- 
Bary: shew that the straight ia joining the points of inter. 
rection will be bisected by a perpendicular drawn tw it from 
the middle point of the buse. 

62. In the figure of fo 1if Cand 47 be the points of 
intersection of the circles, and AB be produced to meet 
one of the circles at A, shew that C//A’ in an equilateral 
triangle. 

63. The straight lines bisecting the angles at tho base 
of an isosceles triangle mect the sides at JY and #; shew 
that JZ is parallel to the hase. 

64. ARB, AC are two given straight lincs, and 7? is a 
given point in the former: it is required to draw through 
P astraight line to mect AC at (@, so that the angle Al’ 
inay be three times the angle AQ?’. 

65. Construct a right-ungled triangle, having given the 
hypotenuse and the sum of the sides. 

66. Construct a right-angled triangle, having given the 
hypotenuse and the difference of the sides. 

67. Construct a nght-angled triangle, having given the 
hypotenuse and the perpendicular frum the right angle 
on it. 

ts. Construct a right-angled triangle, having given the 
perimeter and an angle. 

69. Trisect a right angle. 

70. Trisect a given finite straight line. 

71. Froma given point it is required to draw to two 
parallel straight lines, two equal straight lines at right 
angles to each other. 

72. Describe a triangle of given perimeter, having ite 
shies Squat to chess of a given iriuigta 
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I. 33, 34. 


"3. Ifa quadrilateral have two of its opposite sides 
parallel, and the two others equal but not parailcl, any two 
of ita opposite angles are together equal to two right 
angles. 

er. Tf a straight linc which joins the extremitics of two 
equal straight lines, not parallel, make the angles on tho 
same side of it equal to each other, the straight line which 
joins the other extremities will be parallel to the first. 

75. No two straight lines drawn from the oxtremities 
of the base of a triangle to the opposite sides can possibly 
bisect each other. 

76. If the opposite sides of a quadrilateral aro equal it 
is a parallelogram. 

77. If the opposite angles of a quadrilateral aro equal 
it is a parallelogram. 

78, Tho diagonals of a parallelogram bisect cach other. 

79. If the diagonals of a quadrilateral bisect cach other 
it is a parallelogram. 

80. If the straight line joining two opposite angles of 
a parallelogram bisect the angles the four sides of the pa- 
rulelogram are equal. 

SL. Draw a straight line through a given point such 
that the part of it intercepted between two given parallel 
straight lines may be of given length. 

82. Straight lines bisecting two adjacent angles of a 
parallelogram intersect at right angles. 

83. Straight lines bisecting two opposite angles of a 
parallelogram are cither parallel or coincident. 

84. If tho diagonals of a parallelogram are equal al] its 
angles are equal. 

85. Find a point such that the perpendiculars Ict fall 
from it on two given straight lines shall be respectively 
equal to two given straight lines. {uw many such points 
aro there / 

86. It is required to draw a straight line which shall 
be equal to one straight line and parallel to another, and be 
terminated by two given airieht Hic’. 

87. On the sides 48, BC, and CD of a parallelogram 
ABCD three equilateral triangles are described, that on 
BC towards tho same parts as the parallelogram, and those 
vn 48, CD towards the opposite parts: shew that the 


EXERCISES IN EUCLID. 347 


distances of tho vertices of tho triangles on 4B, CD from 
that on BC are respectively equal to the two diagonals of 
the parallclogram, 

88. Ifthe angle between two adjacent sides of a paral- 
lelogram bo increased, while their Jengths do not alter, the 
diayonal through their point of intersection will diminish. 

89. of, B,C’ are three points in a straight line, auch 
that AZ is equal to BC: shew that the sum of the perpen- 

diculars from Al and C on any atraight line which does not 
pass between A and (' is double the perpendicular from B 
on the same straight line. 

90. If straight lines be drawn from the angles of any 
parallelogram perpendicular to any straight line which is 
vutside the parallelogram, the sui of those from ong pair 
of opposite angles is equal to the sum of those fro the 
vther pair of opposite angles, 

91. If a six-sided plane rectilineal figure have its op- 
wosite sides equal and parallel, the three straight lines join- 
Ing the opposite angles will meet at a point. 

92, AB, AC are two given straght lines; through a 
iven point £ between them it ix required to draw a straight 
ine GAH such that the intercepted portion G// shall be 

bisected at the point 7. 

93. Luscribe a rhombus within a given parallelogram, 
80 that one of the angular points of the shaabGn may be at 
a piven point ina side of the parallelogram. 

94. ABCY is a parallelogram, and £, F, the middle 
points of AVand BC respectively; shew that BZ and Jf 
will trisect the diagonal 21’ 


I. 35 to 45. 


95. ABCD is a quadrilateral having BC parallel to 
AD, xhew that its arca is the same 14 that of the parullelo- 
gram which can be formed by drawing through the nuddle 
point of YC’ a straight line parallel to AZ. 

96. ABCD is a quadrilateral having BC parallel to 
AD, E is the middle point of YC; show that the triangle 
AEB is half the quadrilateral. 

97. Shew that any straight line passing through the 
middle point of the dlameter of a paruiclogram and tertui- 
nated by two opposite sides, bisects the parallelogram. 
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98. Bisect a parallelogram by a straight line drawn 
through a given point within it. 
99. Construct a rhombus equal to a given parallelo- 


n. 

100. If two triangles have two sides of the one equal 
to two sides of the other, each to cach, and the sum of the 
two angles contained by these sides equal to two right an- 
gles, the triangles are equal in area. 

101. A straight line is drawn bisecting a parallelogram 
ABCD and meeting AD at EF and BC at 4’: shew that 
the triangles EBF and CED are equal. 

102. Shew that the four triangles into which a paral- 
Ielogram is divided by its diagonals are equal in area. 

103. ‘Two straight lines A and CY intersect at E, 
and the triangle AEC is equal to the triangle BED: shew 
that BC is parallel to 4D. 

104. ABCD isa parallclogram,; from any point P in 
the diagonal BP the straight lines 2724. PC’ are drawn. 
Show that the triangles ?.4 8 and PCB are equal. 

105. If a triangle is described having two of its sides 
equal to tho diagonals of any quadrilateral, and the in- 
cluded angle cqual to cither of the angles between these 
diagonals, then the area of the triangle is equal to the area 
of tho quadrilateral. 

106. The straight line which joins the middle points of 
two sides of any triangle is parallel to the base. 

107. Straight lines joining the middle points of ad- 
jacent sides of x quadrilateral form a parallelogram. 

tos. 2, Fare the middle points of the sides 4B, AC 
of a triangle, and C/), 24 intersect at 7’: shew that the 
triangle BFC is equal to the quadrilateral .t DFE. 

109, ‘The straizht line which bisects two sides of any 
triangle is half the haa: 

130. In the base AC of a triangle take any point D; 
hisect 4), DC, AB, AC at the points 2, F, G, HM reapec- 
tively: show that £Gr is equal and parallel to #°/Z. 

111. Given the middle points of the sides of a triangle, 
construct tho triangle. 

112. If the middle points of any two sides of a triangle 
be joined, the triangle so cut off is one quarter of the whole. 

113. The sides AA, AC of a given triangle ABC are 
bisected at the points £, F’; a perpendicular is drawn from 
«i tw the opposite aide, meeting it at D. Shew that the 
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angle DE is equal to the angle BAC. Shew also that 
AFDE is half the triangle ABC. 

114. Two triangles of equal area stand on the same 
base and on opposite sides: shew that the straight line 
joiuing their vertices is bisected by the base or the base 
produced. 

115. Three Helograms which are equal in all ro- 
spects are placed with their equal bases in the same straight. 
line and contiguous; the extremitics of the base of the first 
are joined with tho extremities of the side opposite to the 
base of the third, towards the same parts: shew that the 
portion of the new parallelogram cut off by the second is 
one half the area of any one of them. 

16. ABCD is a parallelogram; from 7) draw any 
straight line DFG meeting BC at Fand AB produced at 
G; draw AF and CG: shew that the triangles ABF, 
CFG are equal. 

117. ABC isa given triangle: construct a triangle of 
equal area, having for its base o given straight line 42), 
coinciding in position with 4 2. 

118. ABC is a given triangle: construct a triangle of 
equal area, haviny its vertex ata given point in BC and its 
base in the same straight line as 3173. 

119. ABCD) sw given quadrilateral: construct ano- 
ther quadrilateral of equil areca having 21/3 for one side, 
and for another a straight line drawn through a given point 
in ('D parallel to AZ. 

120. ABCD is a quadrilateral: construct a triangle 
whose base shall be in the same straight line as 4 7, vertex 
ata given point ? in CY, and area equal to that of the 
given quadrilateral. 

121. ABC is a given triangle: construct a triangle of 
equal area, having its base in the same straight line as AZ, 
and ita vertex in a given straight line parallel to A&A. 

122. Bisect a given triangle by « straight line drawn 
through a given point in a side. 

123, Bisect a given quadrilateral by a straight lino 
drawn through a given angular point. 

124. If th the point O within a parallelogram 
ABCD two straight lines are drawn parallel to the rita, 

t 


and the lel OB and UD are equal, the 
iin the diagonal 40. a aie 
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I. 46 to 48. 


125. On the sides AC, BC of a triangle ABC, squares 
ACDE, BCFIH are described: shew that the straight 
lines AF and BD are equal. 

126, Tho square on tho side subtending an acute an- 
gle of a triangle is less than the squares on tho sides 
containing the acute angle. 

127. ‘Tho square on tho side subtending an obtuse an- 
glo of a triangle is greater than the squarcs on the sides 
containing the obtuse angle. 

128. If the square on ono side of a triangle be less 
than the squares on the other two sides, the angle contained 
by meee sides is an acute angle; if greater, an obtuse 
angle. 

129. A straight line is drawn parallel to the hypotenuse 
of a right-angled triangle, and ench of the acute angles is 
joined with the points where this straight line intersects 
the sides respectively opposite to them: shew that the 
squares on the joining straight lines are together equal to 
tho square on the hypotenuse and the square on the straight 
line drawn parallel to it. 

130. If any point /? be joined to A, B,C, D, the an- 
gular points of a rectangle, the squares on 77.4 and PC aro 
together oqual to the a here on PBand PY. 

131. Ina right-angied triangle if the square on one of 
the sidos containing tho right angle be three times the 
aquare on the other, and from the right angle two straight 
linea be drawn, ono to bisect the opposite side, and the 
other perpondicular to that side, these straight lines divide 
the right angle into three equal parts. 

132. If ABC be a triangle whose angio A is a right 
anglo, and BE, CF be drawn bisecting tho opposite sides 
pha pala shew that four times the sum of the vy: baba 
on BE and CF is cqual to five times the square on BC’. 
133. On the hypotenuse BC, and the sides C1, 4B of 
a right-angled triangle 48C, squares BDEC, AF, and 
AG are described: shew that the squares on DG and EF’ 
are together equal to five times the square on BC. 
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WT. 1toli. 


134. A straight line is divided into two parts: show 
that if twice the rectangle of the parts is cud to the sum 
of the squares described on the parts, the straight lino is 
bisected. 

135. Divide a given straight line into two parts such 
ee rectangle contained by them shall be tho greatest 
possible. 

136. Construct a rectangle cqual to the differenco of 
two given squares. 

137. Divide a given straight line into two parts such 
that the sum of the squares on tho two parts may be tho 
Icast possible. 

138. Shew that the square on tho sum of two atraight 
lines together with the square on their difference is double 
the squares on the two straight lines. 

139. Divide a given straight lino into two parts such 
that the sum of their squares shall be equal to a given 

square. 

140. Divide a given straight line into two parts such 
that tho square on one of them may be double tho square 
on the other. 

141. In the figure of TH. 11 if C/7 be produced to meet 
BF at LZ, shew that CZ is at right angles to JF. 

142, In the figure of If. 11 if BE and C/f meet at 0, 
shew that AO is at right angles to C/I, 

143. Shew that in a straight line divided as in HT. 11 
the rectangle contained by the sum and difference of tho 
parts is equal to the rectangle contained by tho parts. 


If. 12 to 14, 


144. The square on the base of an isoscoles triangle is 
equal to twice the rectangle contained by cither side and 
by the straight line intercepted between the perpendicular 
rare on it from the opposite angle and the extremity of 


145. In any triangle the sum of the squares on the 
sides is equal te twice the aquare on half the base together 


with twice the square on the line drawn from the 
Ore Oaks wilds cat cr tha Ces 
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146. ARC isa triangle having the sides AB and AC 
equal; if AB is produced beyond the base to J) so that 
BD is equal to AB, shew that the square on CD is equal 
to the squaro on AB, together with twice the square 
on BC. 

147. The sum of the squares on the sides of a paral- 
lelogram is equal to the sum of the squares on the 
diagonals. 

148. The base of a triangle is given and is bisected by 
the centre of a given circle: if the vertex be at any point 
of the cireumforence, shew that the sum of the squares on 
the two sides of the triangle is invariable. 

149. In any quadrilateral the squares on the diagonals 
are together a to twice the sun of the squares on the 
straight lines joining the middle points of opposite sides. 

150. Ifacirele be described round the point of inter- 
section of the diameters of a parallelogram as a centre, 
show that the sum of the squores on the straight lines 
drawn from any point in its circumference to the four an- 
gular points of the parallelogram is constant. 

151. The squares on the sides of a quadrilateral are 
together greater than the squares on its diagonals by four 
times the square on the straight line joining the middle 
pointa of its diagonals, 

152. In A# the diameter of a circle take two points C 
and J equally distant from the centre, and from any point 
E in the circumforence draw FC, EY): shew that the 
aquares on AC and £D are together equal to the squares 
on AC and AD). 

153. In BC’ the base of a triangle take D such that 
the aquares on 48 and BD are together equal to the 
squares on .4('and CD, then the middle point of 4D will 
be equally distant from 8 and (. 

154. The square on any straight line drawn from the 
vertex of an isosccles triangle to the base is leas than the 
square on a side of the triangle by the rectangle contained 
by the segments of the base. 

155. A square BDEC' is described on the hypotenuse 
BC of a right-angled triangle .4 8C : shew that the squares 
pal a AC are together equal to the squares on EA 

186. ABC is a triangle in which C is a right angle, 
and DE is drawn from a point D in AC porpentiisaler te 
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AB: shew that tho rectanglo AB, AZ is equal to tho 
rectangle AC, AD. 

157. Ifa straight line be drawn through one of tho 
angles of an equilateral triangle to meet the opposite side 
produced, so that the rectanglo contained by the wholo 
straight lino thus produced and the part of it produced is 
equal to the square on the side of the triangle, shew that 
the square on the straight line so drawn will be double the 
square on a side of the triangle. 

158. Jn atriangle whose vertical angle is a right anglo 
a straight line is drawn from tho vertex perpendicular 
to the base: shew that the square on this perpendicular is 
ibaa to tho rectangle contained by the sezments of tho 

ase. 

159. Ina triangle whose vertical angle is a right angle 
a straight line is drawn from the vertex perpendicular to 
the hase: shew that the square on either of the sides adja- 
cent to the right angle is equal to the rectangle contained 
by tho base and the sorment of it adjacent to that side. 

160. In atriangle ABO the angles 2B and ( are acute: 
if Fand F be the points where perpendicniars from the 

Opposite angles meet the sides AC, AB, show that tho 
square on "is equal to the rectangle AB, BP, together 
with the rectangle AC, CE. 

1G), Divide a given straight line into two parts so that 
the rectangle contained by them may be equal to the square 
desenbed on a given straight line which is less than hulf 
the straight line tv be divided. 


IH. 1 to 15. 


162. Describe a circle with given centro cutting a 
given circle at the extremities of a diameter. 

163. Shew that the straight lines drawn at fe angica 
to the sides of a quadrilateral inscribed in a cirele froin 
their middle points intersect at a fixed point. 

164. If two circles cut each other, any two parallel 
straight lines drawn through the points of section tw cut 
the circles are equal. 

165. Two circles whose centres are A and B intersect 
at C’; through C two chords VCE and FCG aro drawn 
equally inclined to AJB and terminated by the circles: 
shew that DE and FG are equal, ss 
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166. Through either of the points of intersection of 
two given circles draw the greatest possible straight line 
terminated both ways by the two circumferences. 

167. If from any point in the diameter of a circle 
straight lines are drawn to the extremities of a parallel 
chord, the squares on these s!raight lines are together equal 
to the squares on the segments into which the diameter is 
divided. 

14s. A and Bare two fixed points without a circle 
PQH; it is required to find a point 7? in the cireumfer- 
ence, so that the sum of the squares described on 4 P and 
BP muy be the least: possible. 

169. If in any two given circles which touch one an- 
other, thore be drawn two parallel diameters, an extremity 
of ench dinmeter, and the point of contact, shall lie in the 
same straight line. 

170. A circle is described on the radius of another 
circle as diamoter, and two chords of the larger circle are 
drawn, one through the centre of the less at right angles to 
the common diameter, and the other at right angles to the 
first through the point where it cuts the less circle. Shew 
that these two chords have the segments of the one equal 
to the segments of the other, each to each. 

171. Through a given point within a circle draw the 
shortest chord 

172. Ois the centre of a circle, P is any point in its 
circumference, ?N a perpendicular on a fixed diameter: 
show that the straight line which bisects the angle OPN 
always passes through one or the other of two fixed points, 

173. Three circles touch one another externally at the 
points 4, 8, C; from A, tho straight lines AB, AC aro 

roduced to cut the circle BC at J) and Z: shew that DE 
is @ diameter of BC, and is purallel to the straight live 
, Joining the centres of the other circles, 

174. Circles are described on the sides of a quadri- 
lateral as diameters: shew that the common chord of any 
adjacent two is parallel to the common chord of the other 
two. 

175. Deacribe a circle which shall touch a given circle, 
have its centre in a given straight line, and puss thruugh 
given point in the given straight lin, 
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IIT. 16 to 19. 


176. Shew that two tangents can be drawn to a circle 
from a given external point, and that they aro of oqual 
length. 

177. Draw parallel to a given straight lino a straight 
line to touch a given circle. 

178. Draw perpendicular to a given atraight line a 
straight line to touch a given circle. 

179. Inthe diameter of a circle produced, detormine 
a point so that the tangent drawn frum it to the circum- 
ference shall be of given length. 

180. Two circles have the same centre: shew that all 
ae of the outer circle which touch the inner cirele aro 
equal, 

: Isl. Through a given point draw a straight line so that 
the part intercepted by the circumference of a given circle 
shall be equal to wu given straight line nut greater than the 
diameter. 

182. Two tangents are drawn to a circle at the oppo- 
site extremities of a diameter, and cut off from a third 
tangent a portion AB: if ( be the centre of the circle 
shew that ACB is a right angle. 

183. Describe a circle that shall have a given radius 
and touch a given circle and a yiven straight line. 

184. A circle is drawn to touch a given circle and a 
given straight line. Shew that the pomts of contact are 
always in the same straizht line with a fixed point in the 
circumference of the given circle. 

155. Druw a straight line to touch cach of two given 
circles. 

186. Draw a atraight line to touch one given circle a 
that the part of it contained by another given circle shall 
be equal to a given straight line not greater than the dis- 
meter of the latter circle. 

187. Draw a straight line cutting two given circles ao 
that the chords intercepted within the circles shall have 
given lengths. 

148. A quadrilatera] ia described so that ita sides 
touch a circle: shew that two of its sides are together 
equal to the other two sides. 

149. Shew that no parallelogram can be described 
about a circle except a rhombus. 

23--.2 
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190. ABD, ACE are two straight lines touching a 
circle at Band C, and if DE be ‘uined. DE is equal to BD 
and CE together: shew that J7£ touches the circle. 

19). Jf a quadrilateral be described about a circle the 
angles subtended at the centre of the circle by any two 
opposite sides of the figure aro together cyual to two 
right angles. 

192.) ‘Two radii of a circle at right angles to each other 
when produced are cut by a straight line which touches the 
circle; show that the tangents drawn frum the points of 
section are parallel) to each other. 

193. A straight line is drawn touching two circles: 
shew that the chords are parallel which join the points of 
contact and the points where the straight line through the 
centres meets the cirenmiferences. 

194. If two circles can be described so that each 
touches the other and three of the sides of a quadrilateral 
figure, then the difference between the sums of the opposite 
sides is double the common tangent drawn across the quad- 
rilutoral, 

195, AB is the diamoter and C the centre of a semi- 
circle: shew that O the centre of any circle inscribed in 
the semicircle is equidistant from C’ and from the tangent 
to the semicircle parallel to 4/2. 

196. If from any point without a circle straight lines 
be drawn touching it, the angle contained by the tangents 
in double the angle contained by the straight line joining 
the pone of contact and the diameter drawn through one 
of them. 

197. A quadrilateral is bounded by the diameter of a 
circle, the tangents at its extremities, and a third tangent: 
show that ita area is oqual to half that of the rectangle con- 
tained by the diameter and the side opposite to it. 

198. If a quadrilateral, having two of its sides parallel, 
be described about a circle. a straight line drawn through 
the centre of the sla great to either of the two paral- 
lel sides, and terminated by the other two sidea, shall be 
equal to a fourth part of the perimeter of the figure. 

199, A sories of circles touch a fixed straight line at 
a fixed point: shew that the tangents at the points where 
they cut a parallel fixed straight line all touch a fixed circle. 

200, Of all straight lines which can be drawn from two 
given points to meet in the convex circumference of a 
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given circle, the sum of the two is least which mako equal 
angles with the tangent at the point of concourse. 

Zot. Cis the centre of a given circle, (uf a rmdins, B 
a point on a radius at right angles to ©.t: join 48 and 
produce it to meet the circlo again at 7), and let the tan. 
gent at meet C2 produced at #; shew that BOE isan 
Isoscoles triangle. 

202. Let tho diameter Ff of a circle be produced to 
P, so that 17 eqnala the radius; throngh of draw the 
tangent AL, and from 7? draw PEC touching the circle 
at Cand meeting the former tangent at A; jain AC and 
produce it to meet .LAD at 2; then will the triangle 
DEC be equilateral. 


IIT. 20 to 22, 


203. ‘Two tangents 177, fC are drawn to a circle: 
PD is any p int on the circumference ontaide of the triangle 
ABC: shew that the sum of the angles ABD and 407) 
is constant. 

204. 2?) @ are any points in the circumferences of twa 
sermments described on the same eteaicght line A, and oon 
the same side of it; the ancles 2G, PQ are bisected 
by the straight lines 2, 2/0 meeting at fo: shew that the 
angle 4A R13 in constant. 

205. Two seymenuts of a eircle are on the mune base 
AB, and 7 is any point in the crrcaniference of one of the 
segments; the strarht lines AP?1, BPC are drawn meet- 
ing the circumference of the other segment at 2 and ©; 
AC and BY are drawn intersecting ut @ Shew that the 
angle .4Q2B is constant. 

206, APS isa fixed chord posing through P a point 
of intersection of two circles AG?’, PBR, and QA ia 
anv other chord of the circles passing through 7’: shew 
that 1Q and 2B when produced mect at @ constant 
angie. 

"207. AOB in a triangle: Cand Dare points in BO 
and AO respoctively, such that the angle OC’ in equal to 
the angle OBA: shew that a circle may be described 
round the quadrilateral ACD. 
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208. ABCD is a quatrilateral inscribed ina circle, and 
the sides AB, CY) when producol meet at O: shew that 
the triangles AOC, BOD are cquiangular. 

209. Shew that no parallelogram except a rectangle 
can be inscribed in a circle. 

210. A triangle is inscribed in a circle: shew that tho 
sum of the angles in the three segments exterior to the 
triangle is equal to four right angles. 

211. A quadrilateral is inscribed in a circle: shew 
that the sum of the angles in the four segments of the circle 
exterior to the quadrilateral is equal to six right angles. 

212. Divide a circle into two parts so that the angle 
contained in one segment shall be equal to twice the anglo 
contained in the other. 

213. Divide a circle into two parts so that the angle 
contained in one segment shall be equal to five times the 
angle contained in the other. 

214. If the angle contained by any side of a quadri- 
latoral and the adjacent side produced, be equal to the 
opposite angle of the quadrilateral, shew that any side of 
the quadrilateral will subtend equal angles at the opposite 
angles of the quadrilateral. 

215. If any two consccutive sides of a hexagon inscribed 
in a circlo be respectively parallel to their opposite sides, 
the remaining sides aro javallel to cach other. 

216. A, B,C, DP aro jour points taken in order on the 
circumferenco of a circle; the stra‘ght lines A, Cl) pro- 
ducod intersect at 7?, and A/4, BC at @: shew that the 
straight lines which roapectively bisect the angles APC, 
AQC are pS olaarletaa to each other. 

217. Ifa quidrilateral be inscribed in a circle, and a 

straight line be drawn making equal angles with one pair 
of opposite sides, it will make cqual angles with the other 
rain. 
: 218. A quadrilateral can have one circle inscribed in 
it and another circumscribed about it: shew that the 
straight lines joining tho opposite points of contact of the 
inscribed circle are perpendicular to each other. 


III. 23 to 30. 


219. The straight lincs joining the extremities of the 
chords of two oqual arcs of a circle, towards the same parts 
are parallel to cach other. 
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220. The straight lines in a circle which join the ex- 
tremities of two parallel chords are equal to each other. 

221. AB isa common chord of two circles: through « 
any point of one circumference straight lines C10, CRE 
nre drawn terminated by the other circumference: shew 
that the are JF is invariable. 

222. Through a point ( in the circumference of a circle 
two straight lines ACB, DCE are drawn cutting the circle 
at Band £: shew that the straight line which biscets the 
angles ACE, DCB meets the circle at a point equidistant 
from Band £. 

223. The straight lines bisecting any angle of a qnadri- 
lateral inscribed ina circle and the opposite caterior wugie, 
meet in the circumference of the le 

224. A isa diameter of a circle, and D is a given 
point on the circumference: draw a cherd 174 on one side 
of AB so that one are between the chord and diwnecter 
may be three times the other. 

225. From 4 and J) two of the angular points of a 
triangle AC) straight linew are drawn so as to meet the 
opposite sides at 2 and @ in given cqual angles: shew 
that the straiht line joining 7? ant @ will be of the samo 
Jength in all triangles on the same bine AB, and having 
vertical angles oqual to ©. 

226. If two equal circles ent each other, and if through 
one of the points of interscetion a straight line be drawn 
terminated by the circles, the straight lines joining its 
extremities with the other point of intersection are equal. 

227, OA, OB, OU are three chords of a circle; the 
angle 1073 is equal to the angle BOC, and O.4 is nearer 
to the centre than OB. From 2 a perpendicular is drawn 
on O.4, mecting itat 7’, and a perpendicular on GC pro- 
duced, meeting it at (2: shew that 4/7? is oqual to (@. 

928, AB is a piven finite straight linc; through 
A two indefinite straight lines are drawn cqually inclined 
to AB; any circle passing through 4A and / meets these 
straight lines at Zand Mf. Shew that if AZ be between 
AL and AM the sum of AZ and AM is constant; if AB 
be not between AZ and AY the differenco of AL and AM 
is constant. 

229. AOB and COD are diameters of a circle at right 

les to each other; E is a point in the arc AC, and 
EFG is a chord meeting COV at F, and drawn iu such a 
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direction that EF ia equal to the radius. Shew that tho 
arc BG is equal to three times the are A EL. 

230. The straight lines which bisect the vertical angles 
of all triangles on the same base and on the same side of 
it, and having equal vertical angles, all intersect at the 
same point. 

231. If two circles touch cach other internally, any 
chord of the greater circle which touches the less shall 
be divided at the point of its contact into segments which 
delta equal angles at tho point of contact of the two 
circles, 


HI. 31. 


232. Right-angled triangles are described on the same 
hypotenuse: shew that the angular points opposite the 
hypotenuse all lie on a circle deatibed on the hypotenuse 
as diameter. 

233. The circles described on the eqnal sides of an 
isosceles triangle as diameters, will intersect at the middle 
point of the base. 

234. Tho greatest rectangle which can be inscribed in 
a circle is n square. 

235. The hypotenuse 47? of a right-angled trianglo 
ABC is bisected at D, and LDF is drawn at right angles 
to 4B, and DE and DF are cut off cach equal to 24; 
CE and CF are joined: shew that the last two straight 
rai will biscct the angle C' and its supplement reapec- 
tively. 

236. On the side .47 of any triangle 4 BC as diameter 
a circle is described; FF’ is a diameter parallel to BC; 
shew that the straight lines 2 and 7% biscct the interior 
and exterior angles at 73. 

237. Hf .4/2, CE be drawn perpendicular to the sides 
RC, AB of a triangle BC, sin DE be joined, shew that 
the angles 4 DEF and .fCE are equal to cach other. 

238. If two circles 4 BC, ABD intersect at A and ZB, 
and .4C, 2) be two diameters, shew that the straight 
line CP will pass through B. 

239. If 0 be the centre of a circle and O.41 a radius 
and a circle be described on 0.4 as diameter, the circum- 
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ference of this circle will bisect any chord drawn through 
it from of to meet the exterior circle. 

240. Describe a circle touching a given straight line at 
& given point. such that the tanyents drawn te it from two 
given points in the straight line may be parallel, 

241.0 Deseribe a circle with a piven radius touching a 
eet straight line, such that the tangents drawn to it 
rom two given points in the straight lino may be parallel. 


242. If from the angles at the base of any trianglo 
perpendiculars are drawn to the opposite sides, produced 
If necessary, the straight line joining the points of inter- 
section will be bisected by a perpendicular drawn to it from 
the centre of the base. 

243. AD isa diuneter of a circle; 2 and Care points 
on the circumference on the same side of 177; a perpen- 
dicular from 22 on BC produced through CL meets it at #: 
shew that the square on 11/7 is greater than the san of the 
squares on .123, BC, CD, by twice the rectangle BC, CE, 

244. of/3 is the diameter of a semicircle, Pina point 
on the circumference, 27 is perpendicalar to 474; on 
AM, BM as diamcters two semicircles are described, and 
AP, BP weet these latter ctrenmferences at @, 2: shew 
that (20 will be a common tangent to them, 

245. AB AC are two straight lines, 2 and Care given 
points in the same: 77 is drawn perpendicntar ta 0G, 
and DE perpendicular to 072. in dike manner C/ ia drawn 
perpendicular to AB, and #G to AC) Shew that £G is 
parallel to BC. 

246. Two circles intersect at the points 4 and 72, from 
which are drawn chords toa point Cin one of the ciremn- 
ferences, and these chords, produced if necessary, cut the 
other circumference at J and #: xhew that the stright 
line DE cuts at right angles that diameter of the circle 
ABC which pasacs through © 

247. Uf squares be described on the sides and hy- 
potenuse of a rizhtangled triangle. the straight ling joinin 
the mtersection of the diagonals of the latter square wi 
th right angle is perpemlicalar to the straight line Joining 
the intersections of the diagonals of the two former, 

245. (’ is the centre of a given circle, CA ao straight 
Hine leas than the radins; find the point of the circum. 
ference at which C4 subtends tho greatest angic. 
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249. AB is the diamcter of a semicirc'a, D and EF are 
any two points in its circumference. Shew that if the 
chords joining A and / with J) and F each way intersect 
at F’ and G, then FG produced is at right angles to AB. 


250. Two equal circles touch one another externally, 
and through the point of contact chords are drawn, one 
to each circle, at right angles to cach other: shew that 
the straight line joining the other cxtremitics of these 
chords is equal ai parallel to the straight line joining the 
centres of the circles. 


251. <A circle is described on the shorter diagonal of a 
rhombus as a dinmoter, and cuts the sides; and the points 
of intersection are joined crosswise with the extremities of 
that diagonal: shew that the parallelogram thus formed 
is a rhombus with angles cqual to those of the first. 


252. If two chords of a circle meet at a right angle 
within or without a circle, the squares on their segments 
are together equal to the squares on the diameter. 


TIT. 32 to 34. 


O13. Bian point in the circumference of a circle whore 
centro is C; 774, a tangent at any point 7, meets C3 
produced at A, and 7?) is drawn perpendicular to CB: 
shew that tho straignt line PB bisects the angle APD. 


254. If two circles touch cach other, any straight line 
drawn through the point of contact will cut off similar seg- 
ments. 


255. AB is anv chord, and 4D is a tanzent to a circle 
at A. DPQ is any straight line parallel to AB, meeting 
the circumference at / and Q. Shew that the triangle 
PAD is oquiangular to the triangle Q.4 B. 


256. Two circles ARDH, ABC, intersect each other 
at the points 4, 8; from # a straight line B/ is drawn in 
the one to touch the other; and from 4 any chord what- 
ever is drawn cutting the circles at G and H: shew that 
BG is parallel to DH. 


257. Two circles intersect at 4 and 3B. At A the 
tangents-AC, AD are drawn to each circle and terminated 
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by the circumference of the other. If CB, BD be joined 
shew that 1 or AZ produced, if neceaary, bisecta the 
angle CBD. : 

258, Two circles intersect at 4 and 2B. and through 
P any Jee in the circumference of one of them the 
chords 274 and 7?8 are drawn to cut the other circle at 
Cand J: shew that C2) is parallel to the tangent at 2’. 


259. Jf from any point in the circumference of a circle 
a chord and tangent be drawn, the perpendiculara dropped 
on them from the middle point of the subtended are are 
equal to one another. 


260. A is any chord of a circle, P any point on the 
circuinference of the circle; 2AZ isa perpendicular on AB 
and is produced to meet the circle at (@; and AX ia drawn 

werpendicular to the tangent ut 2’: shew that the triangle 
TAM is equiangular to the triangle PQ. 

261. Two diameters A02B, COD of a circle are at 
right angles to each other; /? is a point in the circum. 
ference; the tangent at 7? meeta COD produced at Q, 
and A??’, #2? meet the same line at #, S respectively: 
shew that 2 is equal to SY 

262, Construct a triangls, having given the base, tho 
vertical angle, and the potnt in the base on waieh the por- 
pendicular falls. 

963. Construct a triangle. having given the base, the 
vertical angie, and the altitude. 

264. Construct a triangle, having given the base, the 
vertical angle. and the length of the straight line drawn 
from the vertes to the middle point of the base, 

265. Having given the base and the vertical angle of a 
triangle, shew that the triangle will be greatest when it is 
isosceles. 

266. From a given point A without a circle whose 
centre is O draw a atraight line cutting the circle at the 
pointa 3 and C;, so that the area BOC’ may be the greatent 
possible. 

267. Two straight lines containing a constant 6 
always pass through two fixed posta, their po ition being 
otherwine unrestricted: shew that the straight line bisect- 
ing the angle always passes through one or other of two 
fixed points. ; 

268. Given one angie of a triangle, the side opposite 
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it, and the sum of the other two sides, construct the 
triangle. 


JIT. 35 to 37. 


269. If two circles cut one another, the tangents drawn 
to the two circles from any point in the common chord 
produced are equal. 

270. Two circles intersect at A and B: shew that 4B 
produced bisects their common tangent. 


271. If AD, CE are drawn perpendicular to the sides 
BC, AB of a trianglo ABC, shew that the rectangle con- 
tained by BC and BD is equal to the rectangle contained 
by BA and BE. 


272. If through any point in the common chord of two 
circles which intersect one another, thero bo drawn any two 
othor chords, one in each circle, their four extremities shall 
all lic in tho circumference of a circlo. 


273. From a given point as contro describe a circle 
cutting a given straight line in two points, so that the rect- 
angle contained by their distances from a fixed point in the 
straight linc may bo cqual to a given square. 

274. Two circles ABCD, EBCF, having the common 
tangents AF and JF, cut one another at Band C, and 
the chord BC is produced to cut the tangents at G and //: 
show that the square on G// exceeds the square on .4£ or 
DF by the square on BC. 

275. <A series of circles intersect each other, and are 
such that the tangents to them from a fixed point are 
equal: shew that the straight lines joining the two points 
of intersection of each pair will pass through this point. 

276. ABC is a right-angled triangle; from any point 
D in the hypotenuse BC a straight line is drawn at right 
angles to BC, meeting Cl at £ and B.A produced at F: 
shew that the square on DE is equal to the difference of 
the rectangles BD, DC and AE, BC: and that the square 
on DF is equal to the sum of the rectangles BL, DC and 
AF, FB. 

277. It is required to find a point in the straight line 
which touches a circle at tho end of a given diameter, such 
that whon a straight line is drawn from this point to the 
other extremity of the diameter, the rectangle contained 
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by the part of it without tho circle and tho part within tho 
circle may be equal toa given square not greater Uian that 
vn the diameter. 


IV. 1 to 4. 


278. In IV. 3 shew that the straight lines drawn 
through 4 and /} to touch the circle will meet. 

279. In IV. 4 shew that the straight lines which bisect 
the angles #2 and C' will meet. 

250, In IV. 4 shew that the straight lino 72.1 will 
bisect the angle at 4. 

251. If the circlo inscribed in a trianzle ABC touch 
the sides .12, 010 at the points 2, 2. and a straight line 
be drawn froin .4 to the centre of the circle mecting the 
circuinference at G, shew that the point @ is the centro of 
tho circle inscribed in the triangle DL 

252.) Shew that the straight lines joining the ccntres of 
the circles touching one side of a triangle and the others 
produced, pass through the angular points of the triangle. 

253. A circle touches the side BC of a triangle ABO 
and the other two sides produced: shew that the distance 
between the points of contact of the side BC with this 
circle and with the inscribed circle. is equal to the differ. 
euce between the sides {2B and uC. 

254. A circle is inscribed ina trisnele ABC, and a 
triangle is cut off at cach angle by a tangent to the circle, 
Shew that the sides of the three triangles su cut off aro 
together equal tu the sides of ARC. 

255. Dis the centre of the circle inscribed in a tri- 
angle BAC, and Ais produced to meet the straight line 
drawn through J} at right angles to 2) at O: shew that O 
is the centre of the circle which touches the side BC and 
the sides AB, AC produced. 

286. Three circles are described, cach of which touches 
one side of a triangle ABC, and the other two sides pro- 
duced. If D be the point of contact of the side BC, EF that 
of AC, and F that of 412, shew that 1# is equal to BD, 
BF to CE, and CD to AF. 

287. Describe a circle which shall tench a given circle 
and two given straight linca which themselves touch tho 
given circle. 
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288. If the three points be joined in which the circle 
inscribed in a triangle mects the sides, shew that the re 
sulting triangle is acute angled 

259. ‘Two opposito sides of a quadrilateral are toge- 
ther equal to the other two, and cach of the angles is less 
than two right angles. Shew that a circle can be inscribed 
in the quadrilateral. 

290. Two circles TPL, APM, that touch each other 
externally, have the common tangents /ZA, L4/; 77ZL and 
AM being joined, shew that a circle may be inscribed in 
the quadmilateral JA ALT. 

291. Straight lines are drawn from the angles of a 
triangle to tho centres of the opposite escribed circles : 
rhew that these straight lines intersect at the centre of the 
inscribed circle. 

292. Two sides of a triangle whose perimeter is con- 
stant aro given in position: show that the third side 
always touches a certain circle 

203. Given the base, the vertical angle, and the radius 
of the inscribod circlo of a triangle, construct it. 


IV. 5 to 9. 


294. In IV. 5 shew that the perpendicular from F on 
BC will bisect LC. 

295. If DE bo drawn parallel to the base BU of a 
triangle A /(", shew that tho circles described about the 
triangles 4 BC and .{ DE have a common tangent. 

296. If the inseribed and circumscribed circles of a 
trianglo be concentric, shew that the triangle must be 
equilateral. 

297. Shew that if the straight lino joining the centres 
of the inscribed and circumsenbed circles of a trianglo 
ante through one of its angular points, the triangle is 

ysceles. 

298. The common chord of two circles is produced to 
any point P; P.{ touches one of the circles at 4, PBC is 
any chord of the other. Shew that the circle which passes 
through A, 2, and C touches the circle to which PA is 
a tangent. ; 

209, A quadrilateral ABCD is inscribed in a circle, 
and 4D, BC’ are produced to meet at F shew that the 
circle described about the triangle ZC'D will have tho 
tangent at £ parallel to AB. 
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_ 300. Describe a circle which shall touch a given straight 
line, und pass through two given puinta, 
301. Describe a circle which shall pass through two 


given points and cut off from a given straight line a chord 
of given length. 


302. Describe a circle which shull have its centro ina 
given straight line, and cut off from two given straight 
lines chords of equal given length. 

303. Two triangles have equal bases and equal vertical 
angles. shew that the radius of the circumscribing circle 
of one triangle is equal to that of the other. 


30%. Describe a circle which shall pass through two 
given points, so that the tangent drawn to it from another 
given point may be of a given length. 

305. ( is the centre of a circle; C4, CB are two 
radii at right angles; from 2 anv chord BP in drawn 
cutting C4 at Nia circle being described round ANP, 
shew that it will be touched by 2uf. 

306, AB and CY are parallel ateaight lines, and tho 
atraight lines which join their extremities intersect at #: 
shew that the circles described round the triangles ABE, 
CVE touch one another. 


307. Find the centre of a cirele cutting off three oqual 
chords from the sides of a triangle. 


308. If O be the centre of the circle inscribed in tho 
triangle ABC, and AO be produced to meet the circum. 
scribed circle at F, shew that A’, FO, and FC’ are all 
equal. 

309. The opposite sides of a quadrilateral inacribed in 
a circle are produced to meet at /? and @, and about the 
triangles so» formed without the quadrilateral, circles are 
described meeting aguin at #: shew that /’?, #, @ are in 
one straight line. 


310. The angle ACB of any triangle is bisected, and 
the base AB is “Miscets at right angles, by straight lines 
which intersect at D: shew that the angles ACS, ADB 
are together equal to two right angles. 


311. ACDB ia a semicircle, AB being the diameter, 
and the two chonis A), BC intersect at EF: shew that if 
a circle be described round CU it wil cut the former at 
right angles, 
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312. The ban Sear of a given quadrilateral ABCD 
intersect at O: show that the centres of the circles de- 
scribed about the triangles 0.43, OBC, OCD, ODA, will 
lic in tho angular points of a parallelogram. 


313. A circle is described round the triangle ABC, 
the tangent at © meets AB produced at 2; the circle 
whose centre is J) und radius VC cuts AB at EB. shew 
that EC bisects the angle ACB, 


314. AB, AC are two straight lines given in position; 
BC is a straight line of given length; J, E are the middle 
points of 138, AC, DF, EF are drawn at right angles to 


AB, AC respectively. Shew that 4/ will be constant for 
all positions of BC. 


315. A circle is described about an isosceles triangle 
ABC in which AB ia equal to AC; from A a straight 
line is drawn meeting the base at J) and the circle at E: 


shew that the circle which passes through B, D, and £, 
touches 4 2. 


316. AC is a chord of a given circle; Band D aro 
two given points in the chord, both within or both without 
the circle: if'a circle be deseribed to pass through 73 and 
D, and touch the given circle, shew that AL and CD 
subtend equal angles at the point of contact. 


317. .4 and 2 are two points within a circle: find tho 
point P in the circumference such that if 21/7, PBA be 


drawn mocting the circle at // and A, the chord HA shall 
be the greatest possible. 


318. The centre of a given circle is equidistant from 
two given straight lines ; describe another circle which shall 
touch these two straight lines and shall cut off from the 
given circle a segment containing an angle equal to a given 
anglo. 


319 O is the centre of the circle circumscribing a 
triangle 4 #C', D, BE, F the feet of the perpendiculars from 
A, B, Con tho opposite sides: shew that U.A, OB, OC are 
respectively perpendicular to ZF, FD, DE. 

320. If from any point in the circumference of a given 
circle straight lines be drawn to the four angular points 


of an inscribed square, the sum of the squares on the four 
straight lines is double the square on the diameter. 
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321. Shew that no rectangle except a : 
lJescribed about a circle. = pea ee 

322, Describe a circle about a given rectangle. 

323. If tangents bo drawn through the extremitica of 
two diameters of a circle the parallelogram thus formed 
will bo a rhombus, 


IV. 10. 


324. Shew that the angle ACD in the figure of 1V. 10 
is equal to three times the angle at tho vertex of the 
triangle. 

325. Shew that in the figure of IV. 10 there are two 
triangles which possess the required property: shew that 
there is also an isosceles triangle whose cual angles are 
each one third part of the third angle. 

326. Shew that the base of the trinnvle in TV 10 is 
equal to the side of a regular pentagon iuscribed in the 
smaller circle of the figure. 

327, Ona given atraight Ime as base deseribe an isos. 
eeles triangle having the third angle treble of cach of the 
angles at the base. 

32h, In the fignre of TV. 10 suppose the two circles to 
cut again at £: then EL is equal to DC. 

329. If A be the vertex and B/) the base of tho con- 
structed triangle in IV. 10, 2) being one of the two pointa 
of intersection of the two circles cnaploved in the construc: 
tion, and # the other, and 4/7 be drawn mecting BY pro- 
duced at G, shew that G.1Z is another isosceles tranglo 
of the same kind. . 

330. In the figure of IV. 10 if the two Te chords 
of the smaller circle be produced to cut the larger, and 
these pointa of section be joined another triangle will be 
formed haviug the property required by the proposition, 

331. In the figure of LV. 10 suppose the two circles to 
cut again at £; join AL, CE, and produce AE, BD w 
wnvet at G: then CUDGE isa parallelogram. 

332. Shew that the smaller of the two circles employed 
in the figure of IV. lu is equal to the circlo described 
round the required triangle. te 
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333. In the figure of IV.10 if AF’ be the diameter of 
the smaller circle, DF’ is equal to a radius of the circle 
which circumscribes the triangle BCD, 


IV. 11 to lé6. 


334. The straight lines which connect the angular 
points of a regular pentagon which are not adjacent inter- 
sect at the angular points of another regular pentagon. 

335. ABCDE isa regular pentagon; join AC and 
BE, and let BE mect .iC at #; shew that 4C is equal to 
the suin of AB and BF. 

336. Shew that each of the triangles made by joining 
the extremities of adjoining sides of a regular pentagon is 
less than a third and greater than a fourth of the whole 
urea of the pentagon. 


337. Shew how to derive a regular hexagon from an 
equilateral triangle inscribed in a circle, and from the con- 
struction shew that the side of the hexagon equals the 
radius of the circle, and that the hexagon is double of the 
triangle. 

338. Ina given circle inscribe a triangle whose angles 
are as the numbers 2, 5, 8. 

339. If ABCDEF is a regular hexagon, and AC, BD, 
CE, DF, FA, FB be joined, another hexagon is formed 
whose area is one third of that of the former. 

_ 340. Any equilateral figure which is inscribed in a 
circle is also cquiangular. 


VI. 1,2 


341. Shew that one of the triangles in the figure of 
IV, 10 is a mean proportional between the other two. 


342. Through D, any point in the base of a triangle 
ABC, straight lines DE, DF are drawn parallel to t 
sides 4B, AC and meeting the sides at Z£, F': shew that 
the triangle 4 FF is a mean proportional between the tri- 
angles FLD, LDC. 
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343, Porpendiculars are drawn from any point within 
an equilateral triangle on the three sides; ahew that their 
gum 18 invariable. 

_ S44. Find a point within a triangle such that if straight 
lines be drawn from it to the three angular points the tri- 
angle will bo divided into three equal triangles. 

345. From a point £ in the common base of two tri- 
angles ACB, A208, straight lines are drawn parallel to 
AC, AD, meeting BC, BD at FY G : shew that 2 is par- 
allel to CD, 

346. From any point in the base of 9 triangle straight 
lines are drawn parallel to the sides > shew that the inter. 
section of the diagonals of every parallelogram so formed 
lies in a certain straight line. 

347. Ina triangle ABC a straight dine 17) in drawn 
perpendicular to the straight line 22) which bisects the 
angle #2: shew that a straight line drawn from 7 parallel 
to BC will hisect AC. 

34%. ABC is a triangle; any straight line parallel to 
BC meets AB at YD and AC at F; join AF and C7) mect- 
ing at F’: shew that the triangle VA’ ix equal to the 
triangle ARF. 

349. A/C’ is a triangle; any straight line parallel to 
Be meets AB at Dand AC at £; joiu BF aud CD meet- 
ing at #’: shew that if 1A’ be produced it will binect BC 

350. If two sides of a quadrilateral figure be parallel 
to cach other, any straight line drawn parallel to them will 
cut the other sides, or those sides produced, proportion- 
ally. 

“351. ABC is a triangle; it is required to draw from 
a given point 2, in the side .1B, or AZ produced, a straight 
line to AC, or AC produced, su that it may be bisected by 
BC. 


VI. 3, A. 


352. The side BC of a triangle 4 BC in bisected at D, 
and the angles ADB, ADC are bisected by the straight 
lines DE, DF, meeting 1B, AC at £, F respectively: 
shew ‘that EF is parallel to BC. 

353. AD is a diameter of a circle, (/) ia a chord at 
right angics to it, and £ is any pointtin CD; AE and BE 

24-~-2 
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are drawn and produced to cut the circle at F’ and G: 
shew that the quadrilateral C/DG has any two of its 
adjacent sides in the same ratio as the remaining two. 

354. Apply VI.3 to sulve the problem of the trisec- 
tion of a finite straight line. 

355. In the circumference of the circle of which 4B is 
a diameter, take any point ?; and draw PC, PD on 
op wsite sides of 4/7’, and equally inclined to it, meeting 

at Cand D: shew that AC is to BC as AD is to BD, 

356. AZ is aw straight line, and / is any point in it: 
determine a point ? in 42 produced such that 274 is to 
PB as DA isto DB. 

357. From the same point A straight lines are drawn 
making the angles BAC, CAD, DAE each equal to half a 
fa angle, and they are cut bya straight line BCDE, 
which makes /A £# an isosceles triangle: shew that BC or 
DE iva mean proportional between BE and CD, 

355. The angle A of a triangle 4 BC is bisected by 
APD which cuts the base at 7, and O is the middle point 
of BC: shew that 0 bears the same ratio to OB that the 
difference of the sides bears to their sum. 

359. 4D and AL’ bisect the interior and exterior 
angles at if of a triangle ABC, and meet the base at 
J) and £; and O ia the middle point of BC: shew that 
OB is a mean proportional between OD and O£. 

360. Three points J, £, fin the sides of a triangle 
ABC being joined form a second triangle, such that any 
two sides make equal angles with the side of the former at 
which they meet: shew that 4), BL, CF are at right 
angles to BC, CA, AB respectively. 


VI. 4to6. 


361. If two triangles be on equal bases and between 
the same puaralicla, any straight line parallel to their bases 
will cut off equal areas from the two triangles. 

362. ABand CD are two parallel straight lines ; E is 
the middle point of CD; AC and BE meet at F, and AZ 
and BD meet at G: shew that FG is parallel to 4B, 

363. 4, B, C are three fixed points in a straight line; 
any straight line is drawn through (; shew that the per- 

“  *" , on it from 4 and Z are in a constant ratio. 
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364. If the perpendiculars from two fixed points on a 
straight line passing between them be ina given ratio, the 
Straight line must pass through a third fixed point, 

365. Find a straight line such that the perpendiculars 
on it from three given points shall be ina given ratio to 
each other. 

366. Through a given point draw a straight line, so 
that the parts of it intercepted between that point and 
perpendiculars drawn to the straight jine frou two other 
given pointa may have a given ratio. 

3u7. A tangent to a circle at the point A intersects 
two parallel tangenta at 4, C. the points of contact: of 
which with the cirele are 2), KF respectively; and BE, CW 
intersect at #’: shew that 14° is parallel to the tangonta 
BD, CE. 

368. Pand Q are fixed points; 4/3 and CJ) are fixed 
parallel straight lines; any «traight line is drawn from / 
to meet 14 at VW, and a straight dine is drawn from @Q 
parallel to PAf meeting CL) at Ni: shew that the ratio of 
PM to QN is constant, and thence shew that the straight 
line throuzh Mf and WV paases through a fixed point. 

369. Shew that the diagonals of a quadrilateral, two 
of whose sides are parallel and one of them double of the 
other, cut one another at a point of trisection. 

370. A and 7? are two points on the circumference oC @ 
circle of which ( is the cent.o , uraw tangents at A and 
meeting at 7; aud from .f draw A.V Te aaa to 
CB: shew that 4 7'is to BC as LN is to NA, 

371. In the sides AB, AC of a triangle ABC are 
taken two pointa J), #, such that 47/7 is equal to CH; 
DE, BC are produced to meet at £: shew that 44 ms to 
AC as EF isto DE. 

372. If through the vertex and the extremities of the 
base of a triangle two circles be described intersecting 
each other in the base or hase ae their diaueters 
are proportional to the sides of the triangle. 

373. Find a point the liculars from which on 
the sides of a given triangle shall be in a given ratio, 

374. On AB, AC, two adjacent sides of a dates dh 
two similar triangles are constructed, and perpeuci 
are drawn to 48, AC from the angles which they subtend, 
intersecting at the point /. If AB, AC be homologous 
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sides, shew that 7 is in all cases in one of the diagonals of 
the rectangle. 

375. In the figure of I. 43 shew that if 2G and FH 
be produced they will mect on AC produced. 

376. APB and CQP aro parallel straight lines, and 
AP is to PB as DQ is to QC: shew that the straight 
lines PQ, AC, BY, produced if necessary, will meet at a 
point: shew also that the straight lines 2’Q, 4D, BC, pro- 
duced if necessary, will mect at a point. 

377. ACH is a triangle, and the side AC is produced 
to J) so that CD) is equal to 4C, and 32) is joined : if any 
straight Jine drawn parallel to 4/3 cuts the sides AC, CB, 
aud from the points of section straight lines be drawn 
parallel to 2128, shew that these straight lines will meet 
AA at points cquidistant from its extremities. 

378. If a circle be described touching externally two 
given circles, the straight line passing through the points 
of contact will inter-ect the straight line passing through 
the centres of the given cireles at a fixed point. 

370. D is the middle point of the side BC of a tri- 
angle ABC, and 7? is any point in 47; through 7 the 
Straizht lines APL, CPF are drawn meeting the other 
sides nt £, F's shew that 27 is parallel to BC. 

380, {2 is the diameter of a circle, # the middle 
point of the radius OB ; on Ak, FB as diameters circles 
are described; 2Q/7 is a common tangent meeting the 
Circles at 2? and Q. and 12 produced at LZ: shew that 
BL is equal to the radius of the smaller circle. 

3AL. ABCDE is a regular pentagon, and AD, BE 
intersect at : shew that a side of the pentagon is a mean 
proportional between .f0 and 4D. 

382. ABCD is a parallelogram; P and Q are points 
in a straight line parallel to 42; PA and QB meet at 
R, ry PD and QC’ mect at S; shew that 2S is parallel 
to AD. 

383. .f and Bare two given points; AC and BD are 
perpendicular to a given straight line CD; AD and BC 
intersect at FE, and #F'is perpendicular to CD: shew that 
AF and BF make equal angles with CD. 

384. From the angular points of a parallelogram 4 BCD 
perpendiculars are drawn on the diagonals meeting them at 
E, F. G, H respectively: shew that EFGH is a parailelo- 
gram similar to ALU 
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395. If ata given point two circles intersect, and their 
centres lie on two fixed straight lines which pars through 
that point, shew that whatever be the magnitude of the 
circles their common tanzents will alwaya meet im one of 
two fixed straight lincs which pass through the given puint 


VI. 7 to Is. 


356. If two circles touch cach other, and also touch 
a given straight line, the part of the atriight fine between 
the points of contact is a mean proportional between the 
diameters of the circles. 

387. Divide a given are of a circle into two parts, so 
that the chords of these parts shall be to each other ina 
given ratio. 

383. Ina given triangle draw a straight line parallel 
to one of the sides, so that it may be a miean proportional 
between the segments of the base. 

399. fC isa triangle. and a perpendicular is drawn 
froin of to the opposite side, mecting it at 72 between 2 
and C': shew that if.f/2 is a tnean proportional between 
BP and CY the angle LC isa right angle. 

390. ARC isa triangle anda perpendicular is drawn 
from A on the opposite side, mecting it at J) between 
Band C: shew that if Bot isa inean proportional between 
BD and BC, the angle LtC isa right angle. 

391. Cis the centre of a circle, and f any point within 
it: (‘4 is produced through of to i pooinie fPauch that the 
radius isa mean proportional between (uf and Ci: shew 
that if 2 be any point on the circumference, the angles 
CPA and CBP are equal, 

392. O is a fixed point in a given atraight line OA, 
and a circle of given radius moves so aa always to be 
touched by 0.1; & tangent O27 is drawn froin 0 to the 
circle, and in OP produced PQ is taken a third proper. 
tional to OP and the radias: shew that as the circle 
moves along O44, the point Q will muve in a« straight 
line. 

393. Two given parallel straight lines touch a circle, 
and SPT is another tangent cutting the two former tan- 
gents at S and 7, and mecting circle at 2’; shew 
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that the rectangle SP, P7' is constant for all positions 
of P. 

394, Find a point in a side of a triangle, from which 
two straight lines drawn, one to the opposite angle, and the 
other parallel to the base, shall cut otf towards the vertex 
and towards the base, equal triangles. 

395. ACB isa triangle having a right angle at C; from 
A astraight line is drawn at right angles to AB, cutting 
BC produced at #; from #8 a straight line is drawn at 
right angles to 4, cutting AC produced at ): shew that 
the triangle ECD is equal to the triangle ACB. 

396. The straight line bisecting the angle ABC of 
the triangle 4 C' mects the straight lines drawn through 
A and (% parallel to #C and AZ respectively, at £ and #’: 
shew that the triangles CHE, A BF are equal. 


397. Shew that the diagonals of any quadrilateral 
figuro inscribed in a circle divide the quadrilateral into 
four triangles which are similar two and two ; and deduce 
the theorem of 11. 35. 


398, 4B, CD are any two chords of a circle passing 
through a point O; F&F is any chord parallel to O72 ; join 
Ck, DF meeting AB at the points G and //, and DE, CF 
mecting AB at the points A and Z: shew that the rect- 
angle OG, Off is equal to the rectangle OA, OZ. 

399. ABCD is a quadrilateral in a circle; the straight 
lines CE, DE which bisect the angles ACB, ADB cut BD 
and AC’ at /and G respectively : shew that FF" is to EG 
as ED is to EC. 

400. From an angle of a triangle two straight lines are 
drawn, one to any point in the side opposite to the angle, 
and tho other to the circumference of the circumscribing 
circle, so as to cut fron: it a segment containing an angle 
equal to the angle contained by the first drawn line and 
the side which it mocts: shew that the rectangle con- 
tained by the sides of the triangle is equal to the rectangle 
contained by the straight lines thus drawn. 

401. The vertical angle (’ of a triangle is bisected by a 
straight line which meets the base at /), and is produced 
to a point F, such that the rectangle contained by CD and 
CE ts equal to the rectangle contained by AC and CB: 
shew that if the base and vertical angle be given, the posi- 
tion of & is invariable. 
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402, A square is inscribed in a right-angled trianglo 
ABI, one side DE of tue square coinciding with the hypo- 
tenuse A# of the trimgle: shew that the arca of the 
square is Cqual to the rectangle 4/7), BH. 

403. ABCY is a paraliclogram,; from Ba rey fe 
line is drawn cutting the diagonal 4C' at # the side Dt! 
at (7, and the side AY produced at A: shew that the 
rectangle EF, FG is eau to the square on 3 F’ 

404. If a straight bine drawn from the vertex of an 
isosceles triangle to the base, be produced to meet the 
circumference of a circle described about tho triangle, 
the rectangle contained by the whole line so prodaced, 
and the part of it between the vertex and the ae ahall 
be equal to the square on either of the equal sides of the 
triangle. 

405. Two straight lines are drawn from a point 4 to 
touch a circle of which the centre is £2; the pointe of con. 
tact are joined by a straight line which cuts 44 at #7; and 
on HA as diameter a circle is described: shew that the 
straight lines drawn through £ t» touch this circle will 
mect it on the circumference of the given circle, 


VI. 19 to D. 


406. An isosceles triangle is described having each 
of the angles at the base douile of the Unrd aagle if the 
angles at the base be bisected, and the poms where tho 
lines bisecting them meet the oppemte siden be joined, 
the triangle will be divided into two parts in the proportion 
of the buse tu the side of the triangle. 

407. Any regular polygon inscribed in a circle is a 
mean proportional between the inscribed and circumscribed 
regular polygous of half the number of sides. ; 

408. In the figure of V1. 24 shew that EG and AH 
are parallel. 

409. Divide a triangle into two equal parts by a 
straight line at right angles to one of the sides. 

410. If two isosceles triangles are to une another in 
the duplicate ratio of their bases, shew that the triangics 
are similar. 
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411. Through a given point draw a chord in a given 
circle so that it shall be divided at the point in a given 
ratio. 

412. From a point without a circle draw a straight 
line cutting the circle, 80 that the two segments shall be 
equal to cach other. 

413. In the figure of Il. 11 shew that four other 
straight lines, besides the given straight line are divided 
in the required manner. 

414. Construct a triangle, having given the base, the 
vertical angle, and the rectangle contained by the sides. 

415. A circle is described round an equilateral triangle, 
and from any point in the circumference straight lines 
are drawn to the angular points of the triangle: shew 
that one of these straight lines is equal to the other two 
together. 

416. From the extremities B, C of the base of an 
isosceles triangle .{BC, straight lines are drawn at right 
angles to AA, AC respectively, and intersecting at 2): 
shew that the rectangle BC, 4) is double of the rectangle 
AB, DB. 

417. ABC is an isosceles triangle, the side 4B being 
equal to AC; Fis the middle point of BC; on any straight 
line through 4) perpendiculars #G@ and CE are drawn: 
shew that the rectangle AC, AF is equal to the sum of tho 
roctangles FC, AG and £4, £G. 


XI. 1 to 12. 


418. Shew that equal straight lincs drawn froma given 
point toa pies plane are equally inclined to the plane. 

419. If two straight lines in one plane be equally in- 
clined to another plane, they will be equally inclined to the 
common section of these planes. 

420. From a point 4 a perpendicular is drawn to a 
plane mecting it at 2; from ZB a perpendicular is drawn 
on a straight line in the plane meeting it at (’: shew that 
AC is perpendicular to the straight line in the plane. 

421. ABC is a triangle; the perpendiculars from A 
and B on the opposite sides meet at D; throngh D a 
straight line is drawn perpendicular to the plane of the 
'”  “e, and £ is any point in this straight line: shew that 
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the straight line joining F to any angular point of the tri- 
angle is at right angles to the straight line drawn through 
that angular point parallel to the opposite side of the tri- 
angie. 

_ 422. Straight lines aro drawn from two given pointa 
without a given plane meeting cach other in that plane ; 
find when their aum ia the least. possible. 

423. Three straight lines not in the same plano meet 
at a point, and a plane cuts these straight lines at equal 
distances from the point of intersection: shew that the 
perpendicular from that point on the plane will moet it at 
the centre of the circle described abont the triangle formed 
by the portion of the plane intercepted by the planes puas- 
ing through the straight lines. 

424. Give a geometrical construction for drawing a 
straight line which shall be equally inclined to threo 
straight lines meeting ut a edhe 

425. Froma point # draw FC, ED perpendicular to 
two planes CAB, DAB which intersect in AA, aud from 
D draw PF perpendicular to the plane C02) mevting it at 
F: shew that the straight line C4, produced if necessary, 
is perpendicular to 1/3. 

426. Perpendiculars are drawn froma point to a plane, 
and to a straight line in that plane: shew that the straight 
line joining the feet of the perpendiculars is perpendicular 
to the former straight line. 


AI. 13 to 2t. 


427, BCD isthe common base of two pyramids, whose 
vertices A and # lic ina plane passing through BC; and 
AB, AC aro respectively eaenilicalar to the faces BED, 
CED: shew that one of the angles at A together with tho 
angles at E make up four right angles 

425 Within the areca of u given triangle is inacribed 
another triangle: shew that the sum of the angles sub- 
tended by the sides of the interior Griangle at any point 
not in the plane of the triangles in less than the sum of the 

es subtended at the same point by the siden of the ox- 
terior angle. 

429. From the extremities of the two parallel straight 
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lines AB, CD parallel straight lines Aa, /3h, Cr, Dd are 
drawn mecting a plane at a, 5, c, d: show that AB is to 
CD as ab to ed. 

430. Shew that the perpendicular drawn from the ver- 
tex of a regular tetrahcdron on the opposite face is threo 
times that daiw from its own foot on any of the other faces. 

431. <A triangular pyramid stands on an equilateral 
base and the angles at the vertex are right angles: shew 
that the sum of the perpendiculars on the faces from any 
point of the base is constant. 


432. Threo straight lines not in the same plane inter- 
sect at a point, and through their point of intersection 
another straight line is drawn within the solid angle formed 
by them: shew that the angles which this straight line 
makes with the first three aro together less than the sum, 
but greater than half the sum, of the angles which the first 
three make with cach other. 


433. Three straight lines which do not all lie in one 
plane, are cut in the same ratio by three planes, two of which 
are parallel: shew that the third will be parallel to the 
other two, if its intersections with the three straight lines 
are not all in the samo straight line. 


434. Draw two parallel planes, one through one straight 
lino, and the other through another straight line which does 
not meet the former. 

435. If two planes which are not parallel be cut by two 

rallel planes, the lines of section of the first two by tho 
ast two will contain equal angles. 

436. From a point 4 in one of two planes are drawn 
AB at right angles to the first plane, and AC perpendicular 
to the second plane, and meeting the second plane at B,C: 
shew that BC’ is perpendicular to the line of intersection of 
the two planes. 

437. Polygons formed by cutting a prism by parallel 

es are equal. 

438. Polygons formed by cutting a pyramid by parallel 
planes are similar. 

439. The straight line PBbp cuts two parallel planes 
at B, b, and the points P, p arc equidistant from the planes ; 
PAa, pcC are other straight lines drawn from P, p to cut 
the planes: shew that the triangles 4 BC, abc are equal. 


440. Perpendiculars AEF, BF are drawn to a plane 
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from two points 4, B above it; a plane is drawn th 
A Ne jentlicular to 42: show thal its line of ienacins 
wi © given plane is perpendicular to EF". 


I. 1 to 48. 


441. ABC ina triangle, and 7” ia any point within it: 
shew that the sum of ?.4, 2B, 2’C is less than the sum of 
the sides of the triangle. 

442. From the centres 4 and 7 of two circles parallel 
radii AP, BQ are drawn; the sat line PQ mets the 
ee again at /@ and S: shew that 422 is parallel 
to BS. 

443. If any point be taken within a parallelogram tho 
sum of the triangles formed by joining the an with tho 
extremities of u pair of opposite sides is half the parullelo- 
gram. 

444. If a quadrilateral figure be bisected by one dia- 
gunal the second diagonal is bisected by the first. 

445. Any quadrilateral figure which is bisected by 
both of its diagonals is 4 parallelogram. 

446. In the figure of I. 5 if the equal sides of tho tri- 
angle be produced upwards through the vertex, instead of 
down through the base, a demonstration of I. 14 may 
be obtained without assuming any proposition beyond I. 5. 

447. Ais a given point, and B is a given point in a 
given straight linc: it in required to draw from A to the 
given pier Or line, a ight line AP, such that the sum 
of AP and PB may be equal tw a given length. 
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448. Shew that by superposition the first case of I. 26 
may be immediately demonstrated, and also the second 
case with the aid of I. 16. 

449, A straight line is drawn terminated by one of the 
sides of an isosceles triangle, and by tho other side pro- 
duced, and bisected aM the base: shew that the straight 
lines thus intercepted between the vertex of the isusceles 
triangle and this straight line, are together equal to the 
two equal sides of the triangle. 

450. Through the middle point Af of the base BC of a 
triangle a straight line 2.7 is drawn, so as to cut off 
equal parts from the sides .1 3B, AC, produced if necessary : 
shew that #2) is equal to CE. 

45). Of all parallelograms which can be formed with 
diameters of given lengths the rhombus is the greatest. 


452. Shew from I, 18 and I. 32 that if the hypote- 
nuse BC’ of a right-angled triangle ABC be bisected at D, 
then AD, BD, CD are all equal. 

453. If two equal straight lines intersect cach other 
any where at right angles, the quadrilateral formed by 
joining their extremities is equal to half the square on 
either atruight line. 


454. Invseribe a parallelogram in a given trianglo, in 
such a manner that its diagonals shall iutersect at a given 
point within the triangle. 

455, Construct a triangle of given area, and having two 
of its sides of given lengths, 

456. Construct a triangle, having given the base, the 
difference of the sides, and the difference of the angles at 
the base. 

457. AB, AC are two given straight lines: it is re- 
quired to find in .4B a point /, such that if PQ be drawn 
perpendicular to AC, the sum of 4? and AQ may be equal 
to a given straight line. 

458. The distance of the vertex of a triangle from the 
biacction of its base, is equal to, greater than, or less than 
half of the base, accurding as the vertical angle is a right, 
ab acute, or an obtuse anyle. 

459. If in the sides of a given square, at equal distances 
from the four angular points, four other points be taken, 
one an each side, the nek contained by the straight lines 
which join them, shall also be a square. 
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460, On agiven straight lino as base, construct a tri- 
angle, having given the ditference of the sides and a point 
through which one of the sides is to pasa, 


461. ABC isa triangle in which 24 in greater than 
Cl; the angle .1 is biseetedt bya straight line which meets 
BC at DV; shew that BY is greater than CD, 


462. If one angle of a triangle be triple another tho 
triangle may be divided into two isosceles triangles. 


463. If one angle of a triangle be double another, an 
isosceles triangle may be added) to it so an to form toge- 
ther with it a single osceles triangle. ; 


464. Let ono of the equal sides of an isosceles triangle 
be bisected at 2, and let it aleo be doubled by being pro- 
duced through the catremity of the base to £, then the 
distance of the other extromuty of the base from # is doublo 
its distance from 12. 


465. Determine the locus of a point whose distance 
from one given point is doubly ite distance from another 
given point. 

466. A straight line AB is bisected at Crand on AC 
and C3 as diagonals any two parallelograms ACE and 
CFBG are described; let the parallelogram whose adja- 
cent sides are CD) and CF be completed, and also that 
whose adjacent sides are CH and CG: shew that the dingo- 
ae of these latter parallclogrims are in the sume straight 
ine, 

467. ABCD isa rectangle of which 4, C are opposite 
angles; # is any point in 4 and #’ is any point in CM; 
shew that twice the arca of the triangle AF, together 
with tho rectangle BE, DF is equal to the roctanglo 
ABCD. 

465. ABC, DBC are two triangles on the samo base, 
and ABC’ has the side A equal to the side AC’; a circle 
passing through (’ and J) has its centre £ on CA, producod 
if necessary; a circle passing through # and D has its 
centre #’ on AA, produced if necessary: shew that tho 
quadrilateral A EDF has the sua of two of ite sides equal 
to the susan of the other two. 


469. Two straight lines 4B, AC are given in position; 
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it is required to find in AB a point P, such that a perpen- 
dicular being drawn from it to AC, the straight line AP 
may exceed this perpendicular by a proposed length. 

470. Shew that the opposite sides of any equiangular 
hexagon are parallel.and that any two sides which are acl} acent 
are together equal to the two to which they are parallel. 


471. From D and &, the corners of the square BDEC 
described on the hypotenuse BC of a right-angled triangle 
A BC, perpendiculars DM, EN are let fall on AC, AB 
respectively: shew that AMM is equal to AB, and AN 

equal to AC. 

"472 AB and AC are two given straight lines, and 
P isa given point: it is required to draw through P a 
sbralgs line which shall form with 42 and AC the least 
possible triangle. 

473. ABU is a triangle in which C is a right angle: 
shew how to draw a straiht line parallel to a given straight 
line, so as ty bu terminated by C'd and CZ, and bisected 
by AB. 

474. ABC is an isosceles triangle having the angle at 
B four times either of the other angles; 44 is produced 
to ) ao that BD is equal to twice 1B, and CD is joined: 
show that the triangles ACD and ABC are equiangular to 
one another. 

475. Through a point A within a parallelogram ABCD 
straight lines are drawn parallel to the sides: shew that 
the difference of the parallelograms of which AA and AC 
are diagonals is equal to twice the triangle BAD. 

476. Construct a right-angled triangle, having given 
one side and tho difference between the other side and the 
hypotenuse. 

477. The straight lincs AD, BE bisecting the sides 
BC, AC of « triangle intersect at G: shew t AG is 
double of GD. 

478. BAC is a right-angied triangle; one straight line 
ia drawn bisecting the right angle 4, and another bisecting 
the base AC at right angles ; these straight lines intersect 
at £: if D bo the middie point of BU, shew that DE is 
equal to DA. 


479. On AC the diagonal of a square 4 BCD, a rbom- 
bus AEFC is described of the same area as the square, 


EXERCISES IN EUCLID. 385 


and having its acute angle at 4: if .4F be joined, shew 
that the angle BAVC is divided into three equal angles, 

480. AB, AC are two fixed straight lines at right 
angles; J is any point in AZ, and E is any point in AC: 
on DE as diagonal a half square is dewribed with its 
vertex at G: shew that the locus of G is the straight line 
which bisects the angle BAC. 

481. Shew that a square is groater than any other par- 
allelogram of the same perimeter. 

482, Inscribe a square of given magnitude in a given 
square. 

483. ABC is a triangle; AD ia a third of 42, and 
AE isa third of AC; CD and BE interacct at F': show 
that the triangle B/(' ia half the triangle 4.4, and that 
the quadrilateral ADFE ia equal to either of tho triangles 
CFE or BDF. 

484. ABC is a triangle, having the angle ( a right 
angle; the angle A is bisected by a eraight lino which 
mects 3" ut D. and the angle B is bisected by « straight 
line which mecta 4C at F; AD and BE intersect at 0: 
shew that the triangle AOD is half the quadrilateral 
ABDE, 

485. Shew that a scalene triangle cannot be divided 
by a straight line into two parts which will ovincide. 

486. 4BCD, ACED are paraliclograms on equal basea 
BC, CE, and between the sano parallels 4D, BE, the 
straight lines BD and AE intersect at F: shew that LF’ 
is equal to twice DF’. 

487. Parallelograms AFGC, (BAA are deacribed on 
AC, BV outside the triangle ABC; FG and AH moet at 
Z; ZC is joined, and through 1 and 4 straight lines 4D 
and BE are drawn, both parallel to ZC, and mocting FU 
and AH at D and E respectively: shew that the 
ADEB is « parallelogram, and that it is equal to the sum 
of the paraliclograms FC, CA. 

48h If a quadrilateral have two of its sidos parallel 
shew that the striight line drawn parallel to theso sidos 
through the intersection of the diagonals is bisected at that 
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490. In a right-angled triangle, right-angled at J, if 
the side AC be double of the side 4B, the angie B is more 
than double of the angle C. 


49]. Trisect a parallelogram by straight lincs drawn 
through onc of its angular points. 


492. AIK is an equilateral triangle; ABCD is a 
rhombus, a side of which is equal to a side of the triangle, 
and the sides BC and CD of which pass through 7 and 
K respectively : shew that the angle 4 of the rhombus is 
ton-ninths of a right angle. 

493. ‘Trisect a given triangle by straight lines drawn 
from a given point in ono of its sides. 

494. In the figure of I. 35 if two diagonals be drawn 
to the two illelograms respectively, one from each ex- 
tremity of the base, and the intersection of the diagonals be 
joined with tho intersection of the sides (or sides produced) 
i a figure, show that the joining straight line will bisect 

© base, 


Il. 1tol4. 


495. Produce one side of a given triangle so that the 
rectanzle contained by this side and the produced part 
may be equal to the difference of the squares on the other 
two sides, 

496, Produce a given straight line so that the sum of 
the squares on the given straight line and on the part 
produged may be equal to twice the rectangle contained by 
ai a straight line thus produced and tho part pro- 

uced, 

497. Produce a given straight linc so that the sum of 
the aquares on the given straight linc and on the whole 
straight line thus produced may be oqual to twice the 
rectangle contained by the whole straight lino thus pro- 
duced and the part produced. 

498 Produce a given straight line so that the rectangle 
contained by the whole straight line thus produced and 
resi ele aid es Me to the square on the given 
straight line. 


499. Deacribe an isoaccles obtuse-angled triangle such 
that the square on the largest side may be equal to three 
times the square on cither of the equal sides, 

500. Find the obtuse angle of a triangle when the 
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Square on tho side opposite to the obtuse angio is greater 
than the sum of the squares on the sides containing it, by 
the rectanule of the sides. 

SU], Construct a rectangle oqual te a given square 
when the sum of two adjacent ees of tho recut in 
oqual to a given quantity. 

502, Construct a rectangle equal to a given square 
when the difference of two salicuit sides of the rectangle 
is equal to a given quantity. 

503. The least square which can be inecribed in a 
given square is that which is half of the given square, 

504. Divideagiven straight line into two parte ao that 
the squares on the whole Line and on one of the parts 
may be together donble of the square on the other part. 

505. wo rectunzles have equal arcas and eqtual peri 
meters: shew that they are cal in add reapecta, 

506. ABCD is av rectangle: 7? iva point scoh that 
the sum of P44 and PC ia equal to the sum of ? 7 and 
PD: ahew that the locus of 7? consixte of the two straight 
rb through the centre of the rectangle parallel to its 
$133. 


IVI. 1 tw 37. 


607. Describe a circle which shall pass through a given 
point and touch a given straight line at a given point, 

608, Describe a circle which shall pass through a given 
point and touch a given circle at a given point. 

509. Describe a circle which shall touch a given circle 
at a given point and tonch a given straight line. 

510. AD, BE are perpendiculara from the angles 
A and B of a triangle on the opposite sides; JF is per- 
pendicular to ED) or ED produced : shew that the angle 
FBD is cqual to the angle LAA. , 

511. If ABC be a triangle, and BE, CF the gl pron 
diculars from the angics on the opposite sides, and A’ the 
middle point of the third side, shew that the angles SEK, 
EFK are cach equal to 4. 

512. AB is a diameter of a circle; AC and AD aro 
two chords meeting the tangent at J at EF and F ro- 
spectively; shew the angles FCE and FDE are 
equal, 


25-2 
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513. Shew that the four straight lines bisecting the 
angles of any quadrilateral form a quadrilateral which can 
be inscribed in a circle. 

514. Find the shortest distance between two circles 
which do not meet. 

515. Two circles cut one another at a point A: it is 
required to draw through A a straight lino #0 that the 
extreme length of it intercepted by the two circles may be 
equal to that of a given straight line. 

516. Ifa polygon of an even number of sides be in- 
scribed in a circle, the sum of the alternate angles together 
with two right angles is equal to as many right angles 
as tho figure has sides. 

517. Draw from a given point in the circumference of a 
circle, a chord which shall be bisected by its puint of inter- 
section with a given chord of tho circle. 


518, When an equilateral polygon is described about 
a circle it must necessarily be equiangular if the number 
of sides be odd, but not otherwise. 

519. AB is the diameter of o circle whose centre is C, 
and DCE is a sector having the arc DE constant; join 
AE, BD intersecting at 7’; shew that the angle 4272 is 
constant. 

520. If any number of triangles on the same base BC’, 
and on the same side of it have thoir vertical anglea equal, 
and perpendiculars, papa pete te at 2), be drawn from 3 
and (@ on the opposite sides, find the lucus of D ; and shew 
that all the straight lincs which bisect the angle BDC 
puas throagh the samo point. 

521. Let O and C he any fixed points on the circum- 
ference of a circle, and 0.4 any chord; then if AC be 
joined and produced to B, so that OB is equal to O4, 
the locus of B is an equal circle. 

522. From any point P in the diagonal BD of a 
parallelogram ABCD, straight lines PE, PF, PG, PH 
are drawn fy agit ey to the sides 4B, BC, CD, DA: 
shew that EF is lel to GH. 

823. Through any fixed point of a chord of a circle 
other chords are drawn ; shew that the vaghar Fo lines from 
the middie puint of the first chord to the middle points of 
the others will meet them all at the same angle. 


524. ABC is a straight line, divided at any point B 
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into two parts; ADB and CDB aro similar te of 
circles, having the common chord BD; CY) and AD are 
produced to meet tho circumferences at #' and & rospec- 
tively, and AF, CE, BF, BE aro joined: shew that 4 BF 
aie CBE are isosceles triangles, cquiangular to one an- 
other. 

525. If the centres of two circles which touch cach 
other externally be fixed, the common tangent of those 
circles will touch another circle of which the straight line 
joining the fixed centres is the diameter. 

526. A isa given point: it is required to draw from 
af two straight lines which shall contain a given anglo and 
intercept on a given straight line a part of givon length. 

527. A straight lino and twe circles are given: find 
the point in the straight line from which the tangents 
drawn to tho circles are of equal Jength. 

628. Ina circle two chords of given length are drawn 
so as not to intersect, and one of thein is fixed in position ; 
the opposite cxtremities of the chords are joined by 
straight lines intersecting within the circle : show that the 
locus of the point of intersection will be a portion of tho 
circumference of a circle, passing through tho extremitios 
of the fixed chord. 

529. A and # arc the centres of two circles which 
touch internally at (, and also touch a third circle, whose 
centre is D, externally and internally roapoctively at 
E and F: shew that tho angle 4D/ is double of tho 
angle ECF. 

530. C' is the centre of a circle, and (P is a porpon- 
dicular on a chord 47°23: shew that the sum of C7? and 
AP is greatest when ('P is equal to A P. 

531. AB, BC, CD are threo adjacent sides of any 

lygon inscribed in a circle; the arcs AB, BC, CD aro 
Pia cued at L, M, N; and LM cuta BA, BC reapectivel 
at P and Q@: shew that BPQ is an isoweles triangle; an 
that the angics ABC, BCD are together doublo of the 
angle LMN. 

632. In the circumforence of a given circle determine 
a point so situated that if chords drawn to it from 
the extremities of a given chord of the circle their differ- 
ence rere ahs aoe gag straight line leas than the 

en 
aio Constract a triangle, having given the sum of the 
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sides, the difference of the segments of the base made by 
the perpendicular from the vertex, and the difference of 
the base angles. 

534. On a straight line AB as base, and on the 
samo side of it are described two segments of circles; 
f is any point in the cireumference of one of the seg- 
ments, and the straight linc BP cuts the circumference of 
the other segment at Q: shew that the angle PAQ is 
equal to the angle between the tangents at A. 


535. AAZL is a fixed straight line cutting a given 
circlo at A’ and LZ; APQ, ARS are two othor straight 
lines making equal angles with AAZ, and cutting the 
circle at P, Q and R, 8: show that whatever be the posi- 
tion of APQ and ARS, the straight line joming the mid- 
dle points of ?Q and 2S always remains parallel to itself. 


536. If about a quadrilateral another quadrilateral 
can be described snch that every two of its adjacent sides 
are equally inclined to that side of tho former quadrilateral 
which meets them beth, then a circle may be described 
about the former quadrilateral. 


537. Two circles touch one another internally at tho 
point 4: it is required to draw from A a straight lino 
such that the part of it between the circles may be equal 
to a given straight linc, which is not groater than the 
difference between the diameters of the circles. 


538. ABCD isa parallelogram; AZ is at right angles 
to AZ, and CE is at right angles to CB: shew that £D, if 
produced, will cut 4C at right angles. 

539. From each angular point of a triangle a perpen- 
dicular ia let fall on the opposite side: shew that tho rect- 
angles contained by the segments iuto which each 7 n- 
dicular ia divided by tho point of intersection of the three 
are equal to Sag ania 

540. The fWo angles at the base of a triangle are 
bisected by two straight lincs on which perpendic are 
drawn from the vertex: shew that the straight lino which 
paseos through the feet of these ndiculars will be 
parallel to the base and will bisect the sides. 


541. Ina pees circle inscribe a rectangle equal to a 


542. In an acute-angied triangle ABC perpendiculars 
AD, BE are let fall on BC, CA respectively; circles 
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described on AC, BC as diametors mect BE, AD rospec- 
tively at F, G and H, A’: shew that #, G, H, A lie on the 
circumference of a circle. 

543. Two diamcters in a circle are at right angloa;: 
from their cxtremitics four parallel straight lines aro 
drawn; shew that they divide the circumfurenco into four 
equal parts, 

644. E is the middle point of a somicircular arc 4 ED, 
and CDE is any chord cutting the diameter at J, and the 
circle at C’: shew that tho square on CL is twico the quad. 
rilateral AE BC. 

645. 212 isa fixed chord of a circle, 4C in a move- 
able chord of the same circle; a parallelogram is describerl 
of which 12 and AC are adjacent sides: find the locas of 
tho middle points of the diagonals’of the parallelogram. 


546. AB isa fixed chord of a circle, AC is a moveablo 
chord of the same circle; a parallelogram ia described of 
Which 42 and AC are adjacent sides: determing tho 
greatest possiblo length of the diagonal drawn through 4. 

547. If two eqnal circles be placed at such a distance 
apart that the tangent drawn to cither of them from tho 
centre of the other is c:ynal to a diameter, shew that thoy 
will have a common tangent eqtual to the radits 

548. Find a point ina given circlo from which if two 
tangents be drawn to an equal circle, given in position, tho 
chord joining the points of contact is equal to the chord 
of tho first circlo formed by joining the points of intor 
section of the two tangents produced ; and determine tho 
limit to the possibility of the problem. 

549. AB is o diameter of a circle, and AF is any 
chord; C is any point ip AB, and through (' a straight 
line is drawn at right angles to 44, meoting AF, pro- 
duced if neceasury at (7, and mecting the circumference at 
D: shew that the rectangle F.1, 4G, and the 
BA, AC, and the square on A/) are all oqual, 

550. Construct a triangle, having given the base, tho 
vertical angie, and tho length of the straight linc drawn 
from the vertex to the base bisecting tho vertical angle, 

651. A, B,C are three given puints in the circamfer- 
ence of a given circle: find a puint / such that if AP, 
BP, CP weet the circumference at D, E, F respectively, 
the arcs DE, EF may be equal to given arcs, 
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552. Find the pone in the circumference of a given 
circle, the sum of whose distances from two given straight 
lines at right angles to each other, which do not cut the 
circle, is the greatest or least possible. 


553. On the sides of a triangle segments of a circle are 
described tnternally, cach containing an angle equal to the 
excess of two right angles abovo the opposite angle of the 
triangle: show that tho radii of the circles are equal, that 
the circles all pasa throngh onc point, and that their chords 
of intersection are respectively perpendicular to the oppo- 
site sides of the triangle. 


IV. 1 to 16. 


554. From the angles of a triangle ABC perpendi- 
culars are drawn to the opposite sides meeting them at 
D, E, F respectively: shew that DE and DF are equally 
inclined to 4D. 

555. The pvints of contact of tho inscribed circle 
of a triangle are joined; and from tho angular points of 
the triangle so formed perpendiculars arc drawn to the 
opposite sides: shew that the triangle of which the fect of 
theso perpendiculars are the an lar points has its sides 
parallel to tho sides of tho original triangle. 


556. Construct a trianglo having given an angle and 
tho radii of tho inscribed and circumscribed circles. 

557. Triangles are constructod on the same base with 
equal vertical angles; shew that the locus of the centres of 
the escribed circles, each of which touches one of the sides 
externally and the other side and base produced, is an 
arc of a circlo, the centre of which is on the circumference 
of the circle circumscribing the triangics. 

558. From the angular points 4, 77, C of « triangle 
perpendiculars are drawn on the opposite sides, and ter- 
minated at the points D, EZ, F on the circumference of the 
Circumacribing circle: if Z be the t of intersection of 
gf pl resp prey keer gal , LE, LF are bisccted 
by the of the triangle. 
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559. ABCDE isa lar pentagon ; join AC and BD 
intersecting at O: shew that 40 is cqual to DO, and that 
the rectangle AC, C'O is equal to tho square on BC. 

560. A straight line PQ of givon length mores so that 
its cnds are always on two fixed straight lines CP, CQ ; 
straight lincs from 7’ and Q at right angles to CP’ and C'¢ 
respectively intersect at  ; perpendiculars from /? and 
on CQ and C'P respectively intersect at SN: shew that tho 
a7 Rand S aro circles having their common centro 

561. Right-angled triangles are described on the samo 
hypotenuse : shew that the locus of the centres of the in- 
scribed circles is a quarter of the circumference of a circle 
of which the conmon hypotenuse is a chord. 

662. Ona given straight line 44 any triangle ACT? is 
described; the sides AC, BC aro bisected and atraight 
lines drawn at right angles to them through the points of 
bisection to intersect at a point 2; find the locus of 7). 

563. Construct a triangle, having given ita baae, one of 
the angles at the base, and the distance hetween the centre 
of the inscribed circle and the centre of the circle touching 
the base and the sides produced. 

564. Describe a circle which shall tonch a given straight 
line at a given point, and bisect the circumference of a 
given circle. 

565. Describe a circle which shall pass through a given 
point and bisect the circumferences of two given circles 

566. Within a given circle inscribe three oqual circles, 
touching one another and the given circle. 

567. If the radius of a circle be cut as in IT. 11, the 
greater segment will be tho side of a regular decagon in- 
acribed in the circle. 

568. If the radius of a rapa ent mat If. 11, the 

uare on its edie apts er with the square on 
iho radios, is equal to the square on the side of a regular 
Pascribed in the circle. 

569. From the vertex of a triangle draw a straight 
line to the base so that the square on the straight line may 
be equal to the rectangle contained by the segments of the 


870. Four straight lines are drawn in a ec forming, 
triangles; shew berg biped circles 
tease (ace tea allipace trough & coumsaen olne 


F 
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571. The perpendiculars from the angles 4 and B ofa 
triangle on the opposite sides meet at D; the circles de- 
scribed round ADC and DBC cut AB or AB produced at 
tho points EZ and F’; shew that 4Z is cqual to BF. 


572. The four circles each of which passes through the 
centres of three of the four circles touching the sides of a 
triangle are equal to one another. 


573. Four circles are doscribed so that each may 
touch internally three of tho sides of a quadrilateral: shew 
that a circle may be described so as to pass through the 
centres of the four circles. 


574. A circle is described round the triangle 4 BC, 
and from any point /? of its circumference il pate 
ure drawn to BC, CA, AB, which meet the circle again at 
D, E, F: shew that the triangles A BC and DEF are equal 
in at Seapets, and that the straight lines AD, BE, CF are 
parallel. 


575. With any point in the circumference of a given 
circlo as centro, describe another circle, cutting the former 
at 4 and 8; from #B draw in the described circle a chord 
BL) equal to its radius, and join AD, cutting the given 
circle at Q: shew that QD is equal to the radius of the 
given circle. 

576. A point is taken without a squarce, such that 
straight lincs being drawn to the angular pvints of tho 
squaro, the anglo contained by the two extreme straight 
lines fs divided into three equal parts by the other two 
straight lines; shew that the locus of the point is the cir- 
cumterence of the circle circumscribing the square. 


577. Circles are inscribed in the two triangles formed 
Ny drawing a perpendicular from an angle of a triangle on 
the opposite side ; and analogous circles are described in 
relation to the two othor liko perpendiculars: shew that 
the sum of the diameters of the six circles together with 
the sum of the sides of the original triangle is cqual to 
twice the sum of these parnenidicalark: 

578. Three concentric circles are drawn in the same 
oo draw a straight line, such that ono of its sezments 
rctween the inner and outer circamforence may be bisected 


at one of the ts at which the straight limo moots the 
tuiddle irises bs 
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VI. 1to D. 


579. AB isa diareter, and 2? any point in the ciream. 
ference of a circle: 4/7’ and 27 are joined and produced 
if necessary; from any point C in AB a straight live ia 
drawn at right angles to AB meoting AP at Dat AP 
at £, and the circumference of the circle at 4’: shew that 
CD ia a third proportional to C# and CF. 

580, A, BA, Care three points in a atraight line, and D 
a point at which 48 and #C subtend cqual angles: shew 
that the locus of J is the circuinterence of a circle. 

5Sk. Ifa straight line be drawn from one corner of a 

unre entting off one-fourth from the diagonal it will ent 
off one-third from aside. Al-o if straight lines be drawn 
similarly from the other corpers so as to form a aquare, this 
square will be two fifths of the original aquare, 

582. The sides 42, AC of a given triangle 42C aro 
produced toany points 2), £, so that DE is parallel to BO, 
he straight line JF is divided at A’ so that DA isto FE 
7 BD is to CE: shew that the locus of #4 a atraight 
ine. 

583. A, RB, Care three points in order in a atraight 
line: find a point 7? in the straight line «so that 2723 may bo 
a mean proportional between 27.1 and 12°C. 

554. 4, B are two fixed points on the circumference 
of a given circle, and 7? isa moveable point on the circam- 
ference; on P# is taken a point D auch that 1’D is to 
PA in a constant ratio, and on 7’ is taken a point # 
such that ’# is to P 4 in the same ratio; shew tat DE 
alwars touches a fixed circle. 

585. ABC’ is an isuaceles triangle, the angle at A bein 
four times cither of the others: shew that if iC’ be biace 
at J and £, the triangle AVE is equilateral. 

586. Perpendiculars are let fall from two opposite 
angles of a roctangle on a diagonal: shew that they will 
divide the diagonal into equal parta, if the srjuare on une 
side of the rectangle be double it on the other. 

687. A straight line AZ is divided into any two parts 
at C, and on the whole straight line and on the two parts 
of it equilateral triangles AUB, AVE, BCF are de 
scribed, the two latter buing on the sawe side of the straight 
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line, and the former on the opposite side; G, H, K are the 
centres of the circles inscribed in these triangles: shew 
that the angles AGH, BGK are respectively equal to the 
angles ADC, BDC, and that GH is equal to GR. 

588. On the two sides of a right-angled triangle squares 
are described: shew that the straight linos joining the 
acute anglos of the triangle and the opposite angles of the 
squares cut off equal segments from the sides, and that 
each of these equal segments is a mean proportional be- 
tween the remaining segments. 

589. ‘Two straight lincs and a point hetween them are 
given in position: draw two straight lines from tho given 
point to terminate in the given straight lines, so that they 
shall contain a given angle and have a given ratio. 

590. With a point A in the circumference of a circle 
ABC os contre, a circle PBC is described cutting the 
former circle at the points B and C’; any chord 4 JD of the 
former meets the common chord BC at £, and the circum- 
ference of the other circle at O: show that the angles 
EPO and DPO are oqual for all positions of 2. 

591. APLC, ABF are triangles on the same base in the 
ratio of two to one; AF and BF produced meet the sides 
at Dand £; in FB a part FG is cut off equal to FF, and 
ay is bisected at UO: shew that BO is to BE as DF is to 


592. A is the centre of a circle, and another circle 
passos pans A and cuts the former at Band C; AD is 
a chord of the latter circle meeting BC at Z, and from D 
are drawn DF and DG tangents to the former circle: shew 
that G, EZ, F lie on one straight line. 

593. In AB, AC, two sides of a triangle, are taken 
points D, E, AB, AC are produced to F, G such that BF 
1a equal to AD, and CG equal to AE; BG, CF are joined 
meeting at 47: shew that the triangle F-HG is equal to the 
triangles BHC, ADE together. 

594. In any triangle ABC if BD be taken equal to 
one-fourth of BC, and CE one-fourth of AC, the straight 
line drawn from C through the intersection of BE and 
.{ D will divide 4B into two parts, which are in the ratio of 
uine to one. 

595. Any rectilineal figure is inscribed in a circle: 
shew that by bisecting the arcs and drawing ts to 
the points of bisection parallel to the sides of recti- 
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lineal figure, we can form a similar rectilineal figure cir- 
cumscribing the circle. 

596. Find a mean proportional between two similar 
right-angled triangles which have one of the sides contain- 
ing the right angle commun. 

597. In the sides AC, BC of a triangle 42¢' points 
P and E are taken, such that CD and CE are reapoctively 
the third parts of fC and BC; BD and AE are drawn 
intersocting at UO: show that £U and YU aru respectively 
the fourth parte of AF and BD. 

598.) CA, CB are diameters of two circlea which touch 
each other externally at C; a chord AD of the former 
circle, when produced, touches the latter at &, while a 
chord BF of the latter, when produced, touches the former 
at G: shew that the rectangle contained by 40 and BF 
is fuur times that contained by JA and 4G. 

599, Two circles intersect at A, and AAC in drawn 
mecting them at 2 and ('; with 2, Cas centres are de 
scribed two circles each of which intersecta one of the 
furmer at right angles: shew that these circles and tho 
circle whose diameter is BC mect at a point 

(00. ABCDEF is a regalar hexagon; slew that BF 
divides 4) in the ratio of one to three. 

601. ABC. DEF are triangles, having the anzle 4 equal 
to the anzle Y; and AZ is equal to DF’; shew that the 
areas of tho triangles are as AC to DE. 

602. If Af, N be the points at which the inscribed and 
an escribed circle touch the side AC of a triangle ANC, 
shew that if BAL be produced to cut the escribed circlo 
again at /, then N/’ is a diaincter. 

603. The angle A of a triangle ABC is a right angle, 
and D is the foot of the perpendicular from A on BO; 
DM, DN are perpondiculars on AH, AC’: show that the 
angles BMC. NC are equal. 

604. If from the point of bisection of any given arc of 
a circle two straight lines he drawn, cutting the chord of 
the arc and the circumference, the four points of intersec- 
tion shall also lie in the circamference of a circle. 

605. The side 4B of a triangle ABC is touched by the 
inacribed circle at D, and by the escribed circle at £: 
shew that the rectangle contained by the radii a9 to 
the rectangle AU, D4 und to the rectangle AZ, £. 
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606. Shew that the locus of the middle points of 
straight lines parallel to the base of a triangle and termi- 
nated by its sides is a straight line. 

607. A parallelogram is inscribed in a triangle, having 
one side on the base of the triangle, and the adjacent sides 

rallel to a fixed direction; shew that the locus of the 
intersection of the diagonals of the parallelogram is @ 
straight line bisecting the base of the triangle. 

68. On a given straight line AB as hypotenuse a 
right-angled triangle is described; and from A and £ 
straight lines ure drawn to bisect the opposite sides: shew 
that the locus of their intersection is a circle. 

609. From a given point outside two given circles 
which do not meet, draw a straight line such that the por- 
tions of it intercepted by each circle shall be respectively 
proportional to their radii. 

610. In a given triangle inscribe a rhombus which 
shall have one of its angular points cuincident with a point 
in the base. and a side on that buse. 

Gll. ABC is a trianglo having a right angle at C; 
ABDE is the square described on the hypotenuse; F, G, H 
aro the points of intersection of the diagonals of the squares 
on the hypotenuse and sides: shew that the angles DCE, 
GFH aro together equal to a right angle. 


MISCELLANEOUS, 


612. O isa fixed point from which any straight line is 
drawn meeting a fixed straight line at ?; in OP a point 
Q is takon such that the rectangle U/’, OQ is constant: 
show that the locas of @ is the circumference of a circle. 

613. O is a fixed Sgt on the circumference of a circle, 
from which any aby Hh line is drawn meeting the circum- 
ference at P; in O a oir Q is taken such that the 
gcse ly ltd is constant: shew that the locus of @ is 
a straight line. 

614. The opposite sides of a quadrilateral inscribed in 
a circle when produced meet at P and Q: shew that the 
aquare on PQ is to the sum of the squares on the 
tangents from Q to the circle. 
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615. ABCD is a quadrilateral inacribed in a circle: 
the opposite sides 42? and DC are produced to meet at A 
and the st Se sides BC and 40) at Fs show that the 
circle deseribed on £4" as diamcter cuts the cirde .AHCy 
at right angles. 

616. From the vertex of a right-angled triangle a 

rpendicular is drawn on the hypotenuse, and from the 
vot of this perpendicular another is drawn on each side of 
the triangle: shew that the area of tho triangle of which 
these two latter perpendicniars are two of the aides cannet 
be greater than one-fourth of the area of the oriyinal 
triangle. 
_ 6L7, Tf the extremities of two intersceting straight 
lines be joined so as te form two vertically opposite ts- 
angles, the figure made by connecting the pointa of hisee- 
tion of the given straight Jines, will bo a parallelysrans 
equal in ures to half the difference of the triangles, 

GIs. AZ, 1 are two Cangenta too circle, touching it 
at Band CG; ois any point in the stright line which 
joins the middle points af AB and AC; shew that 44 ia 
equal to the tangent drawn from 7 to the circle. 

619. AB, fC are two tangents to a circle; 7'Q@ ta 
a chord of the cirele which, produced if necessary, meetn 
tho straight line joining the middle points of .£43, 40 at 
R; shew that the angles RAP, AGH are equal to one 
another. 

620. Shew that the four circles cach of which passes 
through the middle points of the sides of one of the four 
triangles formed by two adjacent sides and a diaguual of 
any quadrilateral all intersect at a point 

621, Perpendiculars are drawn from any point on the 
three straight lines which bisect the angles of an equi- 
lateral trianzle; shew that one of them is equal Wo the sum 
of the other two. 

622. Two circles intersect at A and #2, and CLD is 
drawn through J perpendicular to 4/3 to meet the circles; 
through A a straight line is drawn bisecting cither the 
interior or exterior angle between 1C and AD, and meet- 
ing the circumferences at F and F’: shew that the tangraate 
a the circumferences at KF and £' will internect in AZ pro- 

uced, 

623. Divide a triangle Ly two straight lines intu Uirce 
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bed which, when properly arranged, shall form a paralle- 
ograim whose angles are 0 oh magnitude. 

624. ABCD isa elogram, and P is any point: 
shew that the triangle PAC is equal to the difference 
of the triangles PAB and PAD, if P is within the angle 
BAD or that which is vertically opposite to it; and that 
the triangle PAC is equal to the sum of the triangles PAB 
and PAD, if P has any other position. 

625. Two circles cut each other, and a straight line 
ABCDE ia drawn, which meets one circle at A and D, 
the other at B and £, and their common chord at C: 
shew that tho square on BD is to the square on AZ as the 
rectanglo BC, CD is to the rectangle AC, CE. 


THE END. 
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